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SEGMENTS OF ORDERED SETS(') 


BY 
W. D. DUTHIE 


SECTION I. INTRODUCTION 


A set P of elements a, b, c, - - - in which is defined a binary relation “ S” 
having the properties (1) aSa for all aE P, (2) aSb and bSa imply a=), 
(3) ab, bSc imply aSc, will be called an ordered set. If for any pair of ele- 
ments a, b€P one of the three relations a<b, bSa, a=b necessarily holds, 
P is said to be completely ordered(*). In such a set, the subset of all elements x 
which satisfy the condition ax 3b is the segment joining a and 5; however, 
this definition cannot be used for any pair of elements of an arbitrary ordered 
set, since it implies that a <b. In Section II a definition of a segment is given 
which is applicable to any pair of elements of an ordered set. Lattices and 
their fundamental properties can then be defined entirely in terms of the no- 
tion of segment. In Section III, the lattice of segments of a lattice is defined, 
generalizing the lattice of quotient lattices of Ore [3]. A significant difference 
between our theory and Ore’s is that our ordering relation for segments pre- 
serves the relation of set-theoretic inclusion between the segments as sets. 

Section IV contains a discussion of the convex subsets of a lattice which 
may be defined in the natural way in terms of segments. An imbedding of any 
lattice in a complete lattice is obtained by use of the lattice of its convex 
subsets. In Section V we define in terms of segments two new types of lat- 
tice with interesting geometric interpretations. 

The following definitions and notation are used: A Jattice L is an ordered 
set which contains with any pair of elements a and b their least upper bound 
a+b (an element such that a+5)2a, b and c2a, b implies c2a+5) and their 
greatest lower bound ab (an element such that ab Sa, b and dsSa, b implies 
dsab). An element 0€L such that 0a for all a€L is the zero of L; dually 
an element 1€L such that 1 2a for all aE L is the unit of L. Two elements a 
and 6 such that ab=0 are called y-independent; if a+5b=1, they are a-inde- 
pendent(*); and if they are both a-independent, and y-independent, they are 


Presented to the Society, January 1, 1941; received by the editors June 11, 1940. 

(*) This paper is the major portion of the author’s doctoral thesis, Duthie [9]. (Numbers 
in brackets refer to the bibliography at the end of the paper.) The omitted portion consists of a 
fuller treatment of Section II and a discussion of segments and their applications in Boolean 


(?) This terminology differs from the usual designation of partially ordered and linearly 
ordered, respectively, for the set P; since this paper is concerned only incidentally with the latter 
type of order, it is more convenient to make specific mention of it when it occurs. 

(®) The a and yu abbreviations for additive and multiplicative follow a convention of Stone 
[5], where they are used to denote additive and multiplicative ideals. 
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complements. A lattice in which every element has a complement is called 
complemented. L is modular if aSc implies (a+6)c=a+bc for all b, cEL; 

- distributive if (a+b)c=ac+bc for all a, b, cEL; complete if any subset of ele- 
ments of L has a least upper and greatest lower bound in L. Two lattices L 
and L* are isomorphic if there is a one-one mapping of their elements such 
that b<>+b* implies and abe>a*b*; they are dually iso- 
morphic if a+b<+a*b* and abea* +5*. The set-theoretical intersection of two 
subsets A and B of elements of a lattice will be denoted by ANB. a<b 
means a <b and a<x<b has no solution. 


SECTION II. LATTICE PROPERTIES IN TERMS OF SEGMENTS 


1. Definition of a segment and a lattice. Let a, b be any two elements of 
an ordered set P. If ab, “the segment [a, b] joining a and b” is defined to be 
the set of all elements x of P such that aSx3b. We order such segments so 
as to preserve set-theoretic inclusion; that is, [a, b] < [c, d] if and only if a2c 
and b Sd and hence if and only if the set [c, d] contains the set [a, b]. 

If neither aSd nor b Sa, we define the symbol [a, 6] as the set-theoretic 
intersection of all segments [u, v] containing both a and b. It is easily seen 
that [a, 6] will be a segment if and only if a and } have a least upper bound 
a+b and a greatest lower bound ab in P, and in this case, it equals [ab, a+b]. 
We thus arrive at the following definition: 


DEFINITION 2.1. The segment joining any pair of elements x and y of an 
ordered set P is the set of all elements z©P which satisfy the condition 


This set will be denoted by the symbol |x, y]. The elements xy and x+y will be 
called the lower and upper extremities, respectively, of the segment [x, y]. 


COROLLARY 2.2. An ordered set P is a lattice if and only if there is a segment 
[x, y] joining every pair of elements x, yEP. 


Because of the uniqueness of least upper and greatest lower bounds in a 
lattice L, the following corollaries are also immediate consequences of Defini- 
tion 2.1. 


COROLLARY 2.3.. There is one and only one segment joining each pair of 
elements of a lattice L. 


COROLLARY 2.4. Two segments coincide if and only if their extremities co- 
incide. 

Since the condition xy $2 Sx+y is transformed into itself by dualization, 
being a segment is a self-dual property of subsets of an ordered set. 

2. Principal ideals as segments. As an example of a segment in a lattice L, 
consider the principal y-ideal or a-ideal generated by an element a€L, which 
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is denoted by (a), or by (a). respectively. Then (a), ((a).) is the set of all 
elements of the form xa (x+a), x€L; but that is the same as the set of all 
yEL such that ySa (y2a). Hence if L has a zero element (unit element), 
then (a), = [0, a] ((a)a= [0, 1]) proving 


THEOREM 2.5. If L is a lattice with a zero (unit), then a segment of L is a 
principal p-ideal (a-ideal) if and only if it contains the zero (unit) element. 


This theorem is used in what follows as the definition of principal ideals, 
and other concepts of lattice theory will also be characterized by means of 
segments; hence it is desirable to show that all the fundamental definitions 
of the theory can be stated in terms of segments, and the remainder of this 
section is devoted to that purpose. 

3. Modularity. Given a segment and a point in a completely ordered set 
such as the real line, it is trivial that if the segments joining the point to the 
extremities of the given segment coincide, then the segment is a point. On 
the other hand, in the case of segments and elements of a lattice, this fact is 
not only not trivial but even untrue, as is shown by 


THEOREM 2.6. A lattice L is modular if and only if the identity of the seg- 
ments joining an element to the extremities of the segment joining two other ele- 
ments implies the identity of these two elements. 


Proof. It is known (Ore [3, p. 413]) that L is modular if and only if for any 
a, b,c, a2=b and a+c=b+<c, ac=bc imply a=b. Thus by Corollary 2.4, L is 
modular if and only if a2b and [a, c] =[b, c] imply a=b. Since a+b =ab if 
and only if a=b, and since a+b 2ab always, L is modular if and only if for 
any a, b, c [a+b, c] = [ab, c] implies a=. This last statement is equivalent 
to the theorem. 

4. Distributivity. Since the definition of distributivity to be given below 
involves set-theoretic intersection of segments, the following simple lemma 


will be needed. 


Lemma 2.7. [a, b]\[c, d]=[ab+cd, (a+b)(c+d)] if the intersection is 
non-empty. 


Proof. Any element x€L which belongs to both [a, 6] and [c, d] is sub- 
jected to the simultaneous conditions ab Sx Sa+b and cdSxSc+d. Hence 
the smallest x which satisfies these conditions is x =ab+cd and the largest is 
x=(a+b)(c+d). The intersection will be non-empty if and only if 


ab +cd S (a+ b)(c +d). 


In a completely ordered set such as the real line, a point lying on the seg- 
ment joining two points is uniquely represented as the intersection of the 
segments joining it to each of these points. That this is likewise a non-trivial 
property of elements and segments of a lattice is shown by 
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THEOREM 2.8. A lattice is distributive if and only if any element belonging 
to the segment joining two elements a, b is the intersection of the segments joining 
it to each element a, b. 


Proof(*). If c&[a, 6], then by Lemma 2.7, [a, c]N[c, 6] = [ac+bc, 
(a+c)(b+c)]. Hence it suffices to show that L is distributive if and only if 

(i) a+b2c2ab implies ac+bc=c and (a+c)(b+c) =c. 

Now (i) is easily seen to be equivalent to 

(ii) LZ contains no non-distributive sublattice of order five. 
But (ii) is a necessary and sufficient condition for distributivity, (G. Birkhoff 
[2, Theorem 3.7, Theorem 5.2 with second corollary ]). 

5. Complementation. The fact that an element a of a lattice has a com- 
plement is easily translated into segment terms by the following definition. 


DEFINITION 2.9. An element a of a lattice L with zero and unit elements is a 
complement of another element b if and only if the segment joining a and b is the 
whole lattice L. 


The following proof of the well known fact that complements in a dis- 
tributive lattice are unique illustrates the use of segments in deriving other 
lattice properties: Assume that an element a has two complements, a’ and a’’. 
Then [a’’, a’] = [a’’, a’ [0, 1] = [a”’, a’ [a’, a] = a’], where the last 
equality follows from Thedrem 2.8. Hence by Corollary 2.4, a’’+a’ =a’ =a'‘a’, 
and so a’’=a’. 


SECTION III.-FORMAL PROPERTIES OF SEGMENTS 


1. Segments as lattices. As an immediate corollary of Definition 2.1, we 
have the following properties of the symbol [a, 5]: 


[a, = [b, a] = [ab, + 5] = [a + 5, ad). 


Thus there is no loss in generality if the symbol [a, }] is considered to be an 
ordered pair with the additional condition a $b; then [a, b] is a sublattice of L 
whose zero element is a and whose unit element is 6. Such a sublattice has 
been called by Ore [3] a “quotient structure.” : 

Properties of ZL such as modularity, distributivity, completeness, and com- 
plementation carry over from L to [a, 6](*). 


THEOREM 3.1. A sublattice of the direct sum of two lattices is a segment if 
and only if it is the direct sum of a segment in one by a segment in the other. 


Proof. Let (a, b) and (c, d) be the lower and upper extremities of a segment 
in the direct sum. Then an arbitrary element of the segment satisfies the con- 


(*) A longer, but purely combinatorial, proof of this theorem due in part to J. von Neumann 
is given in Duthie [9]. This proof was supplied by the referee, to whom the author is indebted 
for considerable revision of this section. 

(*) The proofs are given in von Neumann [6, vol. 1]. 
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dition (a, 6b) S(x, y)S(c, d). But from the definition of direct sum, this is 
equivalent to the two conditions a Sx Sc and bSy<d together. 
This theorem is used in the following example. 


EXAMPLE 3.2. Let E; be the completely ordered real line, and consider 
the real plane as the (lattice) direct sum E,@ £;. With respect to this ordering, 
segments in the plane are of three types: (1) single points, (2) closed segments 
parallel to either axis, (3) closed rectangles with sides parallel to the axes. 


The usual theorems on the modularity, distributivity, and complementa- 
tion of the direct sum of two lattices are corollaries of Theorem 3.1, in view 
of the formulation of these properties given in Section II. 

2. Ordered sets of segments. The set of segments of a lattice, which will 
‘be denoted by L,, may be ordered as follows: 


DEFINITION 3.3. There is an element CL, such that for all [a, b]EL,, 
$< [a, d]. 


The element ¢ should not be confused with the element [0, 0], in case L 
has a zero element. 


DEFINITION 3.4. [a, b]$ [c, d] if and only if a=c and bSd. The segment 
[c, d] is called an extension of {a, b]. 


It is immediately apparent from Definition 3.4 that the set L, —¢ is closely 
related to the direct sum of La (the dual of L obtained by interchanging < 
and 2 in L) and L. In fact, the only thing which prevents L,—¢ and La@L 
from being isomorphic is the restriction ab on the elements [a, b] of L,. We 
are thus led to the consideration of a subset S of elements (a, b) of La@L 
subjected to a similar restriction. Since (a, b)+(c, d) = (ac, b+d) and acsb+d 
if ab and cSd, the set S is closed under addition. However, it is not closed 
under multiplication, for (a, b)-(c, d) = (a+c, bd) and the condition a+c bd 
will not in general hold. Hence S is not a sublattice of La@L, but it is possible 
to make it into a lattice by adjoining an element @ with the properties 


6-(a, b) = (a, b)-6 = 8, 
6 + (a, b) = (a, b) + 6 = (a, d), 
(a, b)-(c, d) = ifa+ct bd, anda+c bd. 


for all (a, 6) ES, 


This discussion may then be summarized as follows: 


THEOREM 3.5. The set of segments of a lattice L, ordered as in Definitions 3.3 
and 3.4, is a lattice isomorphic to the subset S of La@L with the element 6 ad- 
joined, and the elements and 0 correspond under the isomorphism. 


Furthermore, the operation of multiplication in L, is equivalent to set- 
theoretical intersection of segments, by virtue of Lemma 2.7. 
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If the sum of two segments is defined as the intersection of all segments 
containing them, then the same L, is obtained as above. However, the deriva- 
tion by use of the direct sum of L and Lg makes some later results more easily 
proved. 

3. Relations between L and L,. In looking for special properties of L,, 
it is natural to seek first those properties of L which carry over to L,. By 
definition, ZL, always has a zero element, even if L does not, and it is easily 
seen that L, will have a unit if and only if L has both a zero and a unit, in 
which case the unit is [0, 1]. It is also obvious from the definition of the lat- 
tice operations in L, that if L is complete, then L, is also complete. Another 
property of L, which carries over from L is given in 


THEOREM 3.6. If L is complemented, then L, is complemented. 


Proof. Two elements [a, 5] and [c, d] of L, are complements if and only if 


[a, b]-[c, d] = [a + ¢, bd], 
[a,b] + [c, d] = [0,1] = [ac, b+]. 


Hence [a, 6] and [c, d] will be complements if their lower extremities are 
u-independent in L and their upper extremities are a-independent in L, and 
a+ctbd, and a+c#bd, conditions which can obviously be satisfied if L is 
complemented. 

This proof also shows that an element of L, may have more than one com- 
plement, even though complementation in L is unique; hence there is no hope 
that distributivity will carry over from L to L, in general. That it does not 
even carry over into modularity is shown by 


EXAMPLE 3.7. Let L be the completely ordered set 0<a<1, and consider 
the elements [0, 0], [0, a], and [1, 1] of L,. Since [0, 0] < [0, a], the modular 
law may be applied to these three elements, giving 

{[0, 0] + [1, 1]} [0, 2] = [0, 1]-[0, 2] = [0, a]; 
but 
[0, 0] + [1, 1]-[0, a] = [0, 0] + ¢ = [0, o]. 
Hence L, is not modular. Incidentally, L is not complemented, and neither 
is L,. 


Two more general types of lattices have recently been defined and dis- 
cussed by Wilcox [8, pp. 495-496]. Making use of a binary relation (0, c)M, 
which means (a+))c=a+5c for all aSc, a lattice is said to be symmetric if 
it satisfies 


Axiom A. If bc=0 and (b, c)M, then (c, b)M. 
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L is called semi-modular if, in addition, it satisfies 
Axiom B. If bc#0, then (6, c)M. 


THEOREM 3.8. If L is modular and contains more than two elements, then L, 
satisfies Axiom B but not Axiom A. 


Proof. In Example 3.7, it was shown that ((1, 1], [0, @])M does not hold; 
but [0, a]-[1, 1]=@ and ((0, a], [1, 1])M since [1, 1] is atomic(*). If L has 
only two elements, then L, has the four elements [0, 1], [1, 1], [0, 0], @ and 
is a Boolean algebra—hence a fortiori satisfies Axiom A. 

Now consider the so-called one-sided modular law, valid in any lattice 
whatsoever, written in terms of elements of L,: [a1, a2] S [c:, ce] implies 


{ [a1, a2] + [c1, co] [a1, a2] + [b1, be] [c1, ce]. 


Assuming that b2]-[ci, and [a:, a2]#@ (the equality of the two 
sides of the above expression is trivial if [a:, a2] =) all elements and combina- 
tions of elements in the inequality are different from ¢@, and hence the rules 
for combining elements in L, will be valid. Therefore 


{ [a1, a2] + co] = [aibs, a2 + be] co] = [orbs + (a2 + b2)ce]. 
Since L is modular, and Sa; 


[ayby + (ae + ba)co] = + c1), a2 + bace] = a2] + [(d1 + 1), dace] 
= [a1, a2] +} be] ca); 


proving that Axiom B holds in Z,. 

L, thus belongs to a class of lattices satisfying Axiom B but not Axiom A. 
Since the term semi-modular has already been applied to those lattices satisfy- 
ing both axioms, the larger class satisfying Axiom B will be called pseudo- 
modular. This property and the analogous one of pseudo-distributivity will be 
discussed in Section V. 

4. Special properties of L,. It has already been noted that L, has a zero 
even if L does not. L, has other properties not necessarily shared by L, some 
of which will be exhibited in the theorems of this paragraph. 


THEOREM 3.9. There is a one-to-one correspondence between elements of L 
and atomic elements of L,, and every non-atomic element of L, can be expressed 
uniquely as the sum of exactly two atomic elements. 


Proof. The correspondence is a++[a, a]; furthermore, [a, a]+[b, 6] 
= [ab, a+b] = [a, b] if a<bd, and [a, a]- [b, =¢ if 


THEOREM 3.10. The principal a-ideal generated by an element [a, b] of L, 
is isomorphic to the direct sum of the principal y-ideal generated by its lower ex- 
tremity and the principal a-ideal generated by its upper extremity. 


(*) An element 9 of a lattice L with a zero is atomic if p > 0. 


7 
\ 


W. D. DUTHIE [January 


Proof. b]). is composed of all [x, y] such that x Sa and y2); hence 
from the definition of direct sum, it is isomorphic to (2),@(b).q. 


CorROLLARY 3.11. The set of all principal p-ideals (a-ideals) of a lattice L 
with a sero (unit) element is a divisorless(") principal a-ideal of L,, which is 
isomorphic (dually isomorphic) to L. 


Proof. Theorems 3.10 and 2.5. The ideal is divisorless because [0, 0] (or 
[1, 1]) is an atomic element. 


COROLLARY 3.12. Every principal a-ideal of L, can be represented uniquely 
as the intersection of two divisorless principal a-ideals. 


Proof. Theorem 3.9. 

5. Representation of segments by principal ideals. Since (a), is the set of 
all x€L such that x2a and (bd), is the set of all xEL such that x3), it is 
possible to reverse the procedure of §2 of Section II and express segments in 
terms of principal ideals by 


THEOREM 3.13. Every segment [a, b] is uniquely represented by the set-theo- 
retical intersection of the principal a-ideal generated by its lower extremity and 
the principal y-ideal generated by its upper extremity. 


Lemma 2.7 then becomes a corollary of this theorem, since 
[a,b] [c, d] = {(a)aM (b)u} (d)u} 
= {(a)aM (c)a} { (uA 
which by Corollary 3.11 
= (a+ chal  (bd)s 
= [a +c, bd]. 


SEcTION IV. CONVEX SUBSETS OF A LATTICE 


1. Convexity. Segments are used to define the convex subsets of a lattice 
in the same manner as in metric or linear spaces. 


DEFINITION 4.1. A subset S of elements of a lattice L is called convex if it 
contains the segment joining any pair of its elements. 


Since a, bE S implies [a, 6] = [ab, a+b]CS, we have the obvious 


CoROLLARY 4.2. A convex subset of L is a sublattice of L, and if it is not a 
segment it will lack either a zero or unit or both(®). 


(7) A p-ideal (a-ideal) is divisorless if it is contained in no other y-ideal (a-ideal) except L 
itself. 

(*) This corollary shows that “convex subset” as here defined is equivalent to what Ore [3] 
calls “dense substructure.” It is not however equivalent to the definition of convexity given by 
Birkhoff [2], since there the convex subsets need not be lattices. 
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CoroLiary 4.3. If a lattice L has finite dimension, then all convex sets are 
segments. 


2. Ideals and convex sets. In the two preceding sections, the relationship 
between segments and principal ideals was discussed. Analogous relationships 
will now be derived for convex sets and ideals. 


THEOREM 4.4. The intersection of an a-ideal and a p-ideal is a convex set 
and every convex set is the intersection of the least a- and y-ideals containing it, 


Proof. Let C be the intersection of an a-ideal A and a yp-ideal M. Since 
A and M are sublattices of L, C is also a sublattice, and if a, b€C, then 
ab,a+b€c. Now M contains a+) and therefore all xEL such that xSa+); 
dually, A contains ab and with it all yEL such that abSy. Hence A(\M 
contains all xEL such that abSxSa+b. 

Now assume that A and WM are the least a- and y-ideals containing C. 
Then M (A) is composed of elements xEC and all elements v€L such that 
vSx (v2x) for any xEC. Hence C= AN M. 


COROLLARY 4.5. All ideals are convex sets. 


COROLLARY 4.6. Every convex set is the intersection of all the ideals contain- 
ing it. 

3. The lattice of convex subsets of L. The set-theoretical intersection of 
a set of convex sets is again convex and so the set of convex subsets of a lattice 
L can be made into a complete lattice, which will be denoted by L.., by the 
usual process of defining the lattice sum of any number of convex sets as the 
intersection of all convex sets containing each of the sets. The symbols A 
and \V will be used to denote the lattice operations in L,,. The zero and unit 
elements of L., are the empty set and L itself. 

Most of the significance of this lattice lies in 


THEOREM 4.7. L, is a sublattice, but not in general a complete sublattice, 
of Les 


Proof. It has already been pointed out that L, is not necessarily complete. 
If A=[a, b] and B=[c, d], then AAB=[a, b]-[c, d] by Lemma 2.7. Like- 
wise, AV B=[a, b]+[c, d], since any convex set containing both A and B 
must contain the segments joining the elements ab, cd and a+b, c+d, hence 
abcd and a+b+c+d. 

In particular, L., has as atomic elements the atomic elements of L, (al- 
though they no longer form a basis for L,,) and hence a class of divisorless 
principal a-ideals each of which contains as a sublattice the corresponding 
divisorless principal a-ideal of L,. Hence if L has a zero or unit element, then 
by Corollary 3.11 we have an imbedding of a lattice isomorphic or dually iso- 
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morphic to L in a complete lattice. Moreover, this lattice is isomorphic to the 
lattice of y-ideals or a-ideals of L, by virtue of 


THEOREM 4.8. If L is a lattice with a sero (unit) element, then a convex sub- 
set A of L is a p-ideal (a-ideal) of L if and only if it contains the sero (unit) 
element of L. 


Proof. A being convex, it must contain with each of its elements a the 
segment [0, a] (a, 1]). Hence with each a it contains all elements of the form 
xa (x-+a), xEL, and with each a, b€ A, a+b (ab). The converse is obvious. 

In the case of distributive lattices, the lattice of u- or a-ideals is known to 
be distributive; hence ([0, 0]). and ([1, 1]) (in L,.) are also distributive, and 
the above imbedding process preserves this lattice property. 

If L is a Boolean algebra, then by introducing an operation called ortho- 
complementation, it is possible to identify ideals in such a way as to make 
this operation actually a complementation (at the same time preserving the 
completeness and distributivity of the lattice of ideals). Hence one obtains 
an imbedding of a Boolean algebra in a complete Boolean algebra(°). 


SECTION V. PSEUDO-MODULAR AND PSEUDO-DISTRIBUTIVE LATTICES 


1. Definitions and examples. In Section III, it was shown that the L, of 
a modular lattice satisfied the condition of Axiom B, and such a lattice was 
called pseudo-modular. The following corollary is an immediate consequence 
of Axiom B and gives an equivalent formulation of the property of pseudo- 
modularity which is more conveniently specialized to the corresponding no- 
tion of pseudo-distributivity. 


Coro.uary 5.1. If every sublattice of a lattice L with a zero element which 
does not contain the zero element is modular, then L is pseudo-modular, and con- 
versely. 


The method of defining the analogous property of pseudo-distributivity 
is then obvious: 


DEFINITION 5.2. A lattice with zero element is said to be pseudo-distributive 
if and only if every sublattice not containing the zero element is distributive. 


It is now possible to make a formal distinction between the lattices of seg- 
ments of modular and distributive lattices by 


THEOREM 5.3. The lattice of segments of a modular (distributive) lattice is 
pseudo-modular (pseudo-distributive). 


(The theorem has already been proved for modularity, but the following 
proof is applicable to both cases.) » 


(*) A detailed discussion of the lattices of ideals of Boolean algebras and distributive lat- 
tices will be found in Stone [4] and [5]. 
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Proof. Every sublattice of an L, which does not contain the zero of L, is 
also a sublattice of one of the divisorless principal a-ideals generated by an 
atomic element of L,. Hence by Theorem 3.10 it is isomorphic to a sublattice 
of the direct sum (a),@(a)., which is modular (distributive) if ZL is modular 
(distributive). 

This theorem completes the discussion of lattices of segments, and the re- 
mainder of this section will be devoted to the development of properties of 
pseudo-modularity and pseudo-distributivity, which seem to have some in- 
terest in themselves, especially the latter, since it is applicable to modular 
lattices. 

Examples of pseudo-modular lattices which are not lattices of segments 
of some modular lattices are the semi-modular lattices, one type of which 
can be constructed from modular lattices by a process due to Wilcox [8, 
p. 497 ff. ]. Pseudo-distributive lattices may be constructed from distributive 
lattices by the same process, the restrictions on the distributive lattices being 
less stringent since there is no need to satisfy Axiom A of Section III. The 
method is as follows: 

Let D be an arbitrary distributive lattice with zero element. If S is a_ 
u-ideal of D with 0 deleted, then the set L= D-—S is a lattice with its opera- 
tions U,()\ defined by 


a if abel, 
0 if 


The proof that ab and af\b are actually effective as least upper and 
greatest lower bounds in L depends only on the fact that S is a u-ideal with 0 
deleted, and not on the distributivity of D, so the argument given by Wilcox 
applies directly. The distributivity of any sublattice of L not containing 0 
is immediate from the definitions of ab and af/\b and the distributivity of 
sublattices of D. 

2. Duality considerations. The above examples show immediately that 
pseudo-modularity and pseudo-distributivity, unlike modularity and dis- 
tributivity, are neither self-dual properties of a lattice nor.do they imply their 
duals. A repetition of the above construction using an a-ideal in place of the 
p-ideal will yield examples of dual pseudo-modular or dual pseudo-distributive 
lattices from modular or distributive lattices with unit elements. However, 
under certain conditions pseudo-distributivity is equivalent to dual pseudo- 
distributivity. We first give examples to show that modularity and pseudo- 
distributivity are independent properties of a lattice. 


ExampLe 5.4. Ls is a 5-element lattice with order relations as follows: 
0<a<1,0<d<c<1,a 
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ExamPLeE 5.5. Define order in a 6-element lattice Lg by 0<a;<b<1, 
é=1, 2, 3. 


Ls is a non-modular pseudo-distributive lattice, while ZL. is modular and 
pseudo-distributive. 


THEOREM 5.6. In a complete complemented modular lattice, pseudo-distribu- 
tivity is equivalent to dual pseudo-distributivity. 


To prove this theorem, the following lemma is needed: 


Lemma 5.7. In a modular lattice L, the segment [ab, a| is isomorphic to the 
segment [b, a+b] for all a, bEL. 


The proof of this lemma is given in Birkhoff [1] and in Ore [3, p. 418, 
Theorem 2]. 

Proof of the theorem. By duality, we need only prove that pseudo-dis- 
tributivity implies dual pseudo-distributivity. Assume that LZ is not dual 
pseudo-distributive; then there is some sublattice S of LZ which does not con- 
tain the unit of ZL and which is not distributive. Since L is complete, S has a 
unit element x¥1, and S is a sublattice of [0, x]; also L is complemented, 
so there exists an element yCL (#0) such that x+y=1, xy=0. Then by 
Lemma 5.7, [0, x] is isomorphic to [y, 1], which is distributive if L is pseudo- 
distributive, contradicting the assumption that S is not distributive. 

Remark. The hypotheses of this theorem can be weakened somewhat; for 
instance, modularity may be replaced by the condition [ab, a] isomorphic to 
[b, a+] for all a, bE L. Ward [7, p. 448] has shown that such a lattice need 
not be modular, but is modular if one of the chain conditions holds. Ex- 
ample 5.5 shows that it is not possible to omit the requirement of complemen- 
tation, since L¢ is pseudo-distributive but not dual pseudo-distributive. 

3. m-distributivity in modular lattices. In lattices on which there is de- 
fined a positive monotone dimension or measure function() d(a) it is possible 
to make a slight generalization of the notions of pseudo-distributivity and its 
dual as follows: 


DEFINITION 5.8. A lattice L with a dimension function d(x) is said to be 
m-distributive (dual m-distributive) if all sublattices whose zero elements (unit 
elements) have dimension d(a)=m (d(a)=(n—m) in the finite case and 
d(a) =(1—m) in the continuous case) are distributive. 


Coro.iary 5.9. In a lattice in which d(x) has the range 0, 1, 2,---, n, 
1-distributivity (dual 1-distributivity) is equivalent to pseudo-distributivity (dual 
pseudo-distributivity). 

(°) The function d(a) is a numerical function whose range is either discrete (0, 1, 2, - + - , n) 
or continuous (0 $d(a) $1), and has the properties (1) a $b implies d(a) $d(b), (2) d(a)+d(b) 
a for all a, bEL. For more details, see von Neumann [6, vol. 1], or Birkhoff 

2, chap. 4}. 
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When d(x) is continuous, it never has a value m such that m-distributivity 
or its dual is equivalent to pseudo-distributivity or its dual. 


CoROLLARY 5.10. Every lattice of dimension n is (n—1)-distributive and 
dual (n —1)-distributive. In particular, all lattices of dimension 2 are both pseudo- 
distributive and dual pseudo-distributive. 


It is obvious that in either the finite or continuous case, 0-distributivity is 
equivalent to distributivity as is also dual 0-distributivity. 


EXAMPLE 5.11. An example of an m-distributive lattice which is not 
pseudo-distributive is the free modular lattice generated by three elements. 
It is of finite dimension (n =8) and is both 4-distributive and dual 4-distribu- 
tive. 


Since lattices of finite or continuous dimension are complete, a slight modi- 
fication of the proof of Theorem 5.6 yields 


THEOREM 5.12. In a complemented modular lattice of finite or continuous 
dimension, m-distributivity is equivalent to dual m-distributivity. 


The 4-distributive lattice of Example 5.11, while complete and modular, 
is not complemented. The class of m-distributive lattices which are complete, 
modular, and complemented is greatly restricted by the following, 


LemMa 5.13. If a complete complemented modular lattice is irreducible, then 
for any a, bEL, [a, b] is irreducible(#). 


An immediate consequence of this lemma and Corollary 5.10 is 


THEOREM 5.14. An irreducible complemented modular lattice of finite di- 
mension n is m-distributive only if m=n—1, and there are no irreducible m-dis- 
tributive or pseudo-distributive complemented modular lattices of continuous di- 
mension. 


In particular, the only pseudo-distributive projective geometries are one- 
dimensional, and their pseudo-distributivity is trivial. 

Now consider the reducible(!*) complemented modular lattices of finite or 
continuous dimension. The index of such a lattice is defined as follows: 


DEFINITION 5.15. If Z is the center of a reducible complemenied modular lat- 
tice L of finite or continuous dimension, then m=maxuz {min [d(x), d(x’)]} 
(where x’ denotes the (unique) complement of x) is the index of L. 


THEOREM 5.16. A complemented modular lattice of index m which is m-dis- 
tributive is a Boolean algebra. 


("t) For proof of this lemma, see von Neumann [6, vol. 1]. 
(8) These lattices are discussed in von Neumann (9, vol. 2, Part III], and Birkhoff [2 
chap. 41. 
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Proof. Let a be an element of Z such that d(a)=m. Since a€GZ, 
L=[0, a]+[0, a’]; also d(a)=m and d(a’)2m, making both [0, a] and 
[0, a’] distributive by Theorem 5.12. Hence L is distributive and is a Boolean 
algebra. 


COROLLARY 5.17. The only pseudo-distributive reducible complemented mod- 
ular lattices of finite or continuous dimension are Boolean algebras. 


The preceding sequence of theorems and corollaries indicates that if sig- 
nificant examples of pseudo- and m-distributive modular lattices and their 
duals are to be found, the requirement of complementation must be dropped. 
The lattices of invariant subgroups of a group and ideals of a ring are lattices 
of this type, and the determination of what, if any, algebraic properties of 
groups and rings are implied by the various degrees of distributivity of their 
lattices of invariant subgroups and ideals is a problem which might be of some 
significance. For instance, consider the following example of the lattice of (in- 
variant) subgroups of the quaternion group +1, +4, +j, +k. Its proper in- 
variant subgroups are A;=(+1, +7, —1, As=(+1, +j, —1, —J), 
Az;=(+1, +k, —1, —k), and B=(+1, —1), and these together with the 
whole group and the unit element constitute a lattice dually isomorphic to the 
lattice L, of Example 5.5. Hence it is dual pseudo-distributive. 
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THEORY OF MONOMIAL GROUPS 


BY 
OYSTEIN ORE 


The process of imbedding a group in a larger group of some prescribed 
type has been one of the most useful tools in the investigation of properties 
of groups. The three principal types of representation of groups, each with 
its particular field of usefulness, are the following: 

1. Permutation groups. 

2. Monomial groups. 

3. Linear or matrix representations of groups. 

These three types of representation correspond to an imbedding of the 
group in the following groups: 

1. The symmetric group. 

2. The complete monomial group. 

3. The full linear group. 

The symmetric group and the full linear group have both been exhaus- 
tively investigated and many of their principal properties are known. A 
similar study does not seem to exist for the complete monomial group. Such a 
general theory seems particularly desirable in view of the numerous recent 
investigations on finite groups in which the monomial representations are 
used in one form or another to obtain deep-lying theorems on the properties 
of such groups. The present paper is an attempt to fill this lacuna. 

In this paper the monomial group or symmetry is taken in the most gen- 
eral sense(!) where one considers all permutations of a certain finite number 
of variables, each variable being multiplied also by some element of a fixed 
arbitrary group H. In the first chapter the simplest properties such as trans- 
formation, normal form, centralizer, etc., are discussed. Some of the auxiliary 
theorems appear to have independent interest. One finds that the symmetry 
contains a normal subgroup, the basis group, consisting of all those elements 
which do not permute the variables. The symmetry splits over the basis 
group with a group isomorphic to the symmetric group as one representative 
group. A complete solution of the problem of finding all representative groups 
in this splitting of the symmetry is given. This result is of interest since it 
gives a general idea of the solution of the splitting problem in a fairly compli- 
cated case. 

In the second chapter all normal subgroups of the symmetry are deter- 


Presented to the Society, February 22, 1941; received by the editors November 28, 1940. 

(*) See W. Specht, Eine Verallgemeinerung der symmetrischen Gruppe, Schriften des mathe- 
matischen Seminars, Berlin, vol. 1 (1932), also W. Specht, Hine Verallgemeinerung der Permuta- 
tionsgruppen, Mathematische Zeitschrift, vol. 37 (1933), pp. 321-341. 
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mined. This is, as one knows, a simple problem in the case of a symmetric 
group. For the monomial group the problem becomes very complicated and 
it is found that usually a large number of normal subgroups of various types 
must exist. The solution depends on the determination of certain types of 
subgroups of direct products. The successive commutator groups of the sym- 
metry are determined as an application (?). 

The most difficult problem in this theory is the determination of all auto- 
morphisms of the symmetry. The solution given in the third chapter depends 
on the previous results on the splitting of the symmetry and the form of its 
normal subgroups. This case is different from the case of the symmetric group, 
for outer automorphisms will usually occur. The necessary and sufficient con- 
dition for all automorphisms to be inner automorphisms follows from the 
general result. These investigations are considerably complicated by several 
exceptions which occur in groups of the lowest orders. These cases have also 
been completely investigated except in the case m=6. Here all the necessary 
preparations for the calculations have been made, but since the actual solu- 
tion depends on a somewhat laborious method, the work has not been carried 
through. It would be desirable if someone would complete the theory at this 
point. 

The final chapter is concerned with the imbedding of an arbitrary group G 
in a monomial group Z(H). Relations between the various representations are 
discussed and the position of the imbedded group G in ,, is investigated. Its 
centralizer and normalizer are determined, and the automorphisms of G in- 
duced by the elements in the normalizer are obtained. 


CHAPTER I. THE SYMMETRIES 


1. Definitions. Let H be some group, finite or infinite. A monomial sub- 
stitution over H is a linear transformation 


(1) 

where each variable is changed into some other variable multiplied by an ele- 
ment of H. We shall call the elements 1; in (1) the factors or multipliers in p. 
The multiplication r;x; is a formal one to be taken only as a pair (r;, x;) with 


the associative property 7(sx) = (rs)x. 
If another such monomial substitution 


is given, then the product of p and « is defined by 


(*) W. K. Turkin, Ueber Herstellung und Anwendungen der monomialen Darstellungen end- 
licher Gruppen, Mathematische Annalen, vol. 111 (1935), pp. 743-747. 
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) 
pr = 
Rif ,%4; 5 jn 


The inverse of x is 


By this definition of the multiplication, the set of all monomial substitu- 
tions on m variables is seen to form a group 2,,(H). This group we shall call 
the complete monomial group of degree m, or somewhat more simply, the sym- 
metry of degree m of H. If H is a finite group of order mg then one finds that 
2m(H) has the order m!(nqz)”. The ordinary symmetric group can be consid- 
ered the symmetry of the unit group. 

A permutation in 2» is a monomial substitution of the form 


M1, °° Xm 
(4) r= ( = ( vi 

The permutations form a subgroup S,, of Z,, and S,, is obviously isomorphic 
to the ordinary symmetric group on m letters. 


A monomial substitution which only multiplies each variable by a factor 

in H 

x “ee Xm 

will be called a multiplication. The multiplications » form a subgroup V,,(H) 
of Z(H) which we shall call the basis group. It is easily seen that the basis 
group is a normal subgroup of 2,,(H). Furthermore it is the direct product 
of m groups isomorphic to H 
(6) 
where H*# consists of the multiplications 


(7) n® = 


where 7; runs through H. 
The special multiplications 


u = [a,a,---, a) = [a] 


where all factors are equal, will be called scalars. The scalars are the only ele- 
ments which commute with all permutations. The center of the symmetry con- 
sists of all scalars 


o = [c,c,*++,¢] 
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where c belongs to the center of H. This shows that the centers of H and 
2m(H) are isomorphic groups. 

Any monomial substitution can be written uniquely as the product of a 
permutation and a multiplication. If p, r and u are given by (1), (4) and (5), 
respectively, one finds p=7p. This shows that one has 


(8) =SmUVm, = E. 


2. Auxiliary results. Before we proceed to a more detailed study of the 
symmetries, it is necessary to derive a few auxiliary theorems which also have 
some independent interest. 

We first prove the following theorem: 


THEOREM 1. Let di, d2,+ ++, dy be n elements of a group H all belonging to 
the same class. Then there exist elements c; in H such that 


(9) dy = Cn, de = On = * Cat 


Proof. According to the assumption we may write 


Then is is only necessary to determine the element c, such that d=; + + + Ca-iCa 
and one finds that all other relations (9) are satisfied. 
For n =2 the theorem expresses the fact that if d; and dz belong to the same 
class then there exist elements and cz in H such that dz = C201. 
Next we prove: 


THEOREM 2. Let the products Gn, bibs - - b, belong to the same class 

in a group H. Then there exist elements qi,- ++, Qn in H such that 
at 

(10) bi = qi 4192, b2 = bn = Qn 

Proof. If one writes - + - - + + then one finds that the 
relations (10) can be satisfied by putting 

-1 


3. Cycles and transformations. In the theory of monomial groups as well 
as in the theory of substitution groups it is advantageous to introduce cycles 
of monomial substitutions, i.e., substitutions having the form 


(11) 1= = (61%, * 
* » CnX1 


As in the theory of permutation groups one shows: 


THEOREM 3. A monomial substitution can be written uniquely as the product 
of commutative cycles without common variables. 


ia 
§ 
+ 
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One finds that the mth power of a cycle (11) of length is a multiplication 


Aix, AnXn 
Here the factors A; are determined by 
(13) Ai = 6102+ Cn, Ae = An = * Cau 


These elements in H will be called the determinants of y. Since one can write 
the relations (13) in the form 


(14) As = Arcs, Mn Cy Ai 


one concludes that with each cycle (11) there is associated a unique determi- 
nant class in H. 
From (12) one concludes: 


THEOREM 4. The order of a cycle y of length n is nt where t is the order of its 
determinant class. The order of any monomial substitution is the least common 
multiple of the orders of its cycles. 


We shall next prove the following fact. 


THEOREM 5. Any elements di, -- - ,d, in the same class in H are the determi- 
nants of some monomial substitution of length n. 


Proof. This theorem is a restatement of Theorem 1. 

We shall now turn to the transformation of one monomial substitution 
by another. Obviously it is sufficient to study what happens to a single cycle 
(11) by transformation. From (2) and (3) one obtains 


15 = ( ). 
( ) ki "Cake. ke jy Rn j, 


This shows that every cycle goes into a cycle of the same length. Furthermore 
the determinants of the transformed cycle (15) are similar to those of y¥, 
namely 


(16) Ai = ky Aik, A= kn Ankn. 


This proves that the determinant class of a cycle is invariant under trans- 
formation. 


THEOREM 6. The necessary and sufficient condition for two monomial cycles 
to be similar is that they shall have the same length and the same determinant class. 


Proof. It has already been shown that the condition is necessary and the 
sufficiency follows from (15) and Theorem 2. 
From Theorem 6 one draws the more general conclusion that two mono- 
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mial substitutions are similar if and only if the cycles in their cyclic decom- 
positions may be made to correspond in such a manner that corresponding 
cycles have the same length and determinant class. 

We show next: 


THEOREM 7. Any cycle of length n may be transformed to the normal form 


(17) Y -( )- (Sigg Bigs ax;,) 


Vien’ °° y 


where a is any element in the determinant class of y. Any monomial substitution 
p ts similar to a product of cycles without common variables p=71 - - - Yr where 
each cycle is in normal form. 


Proof. The determinant class of the cycle (17) is the same as the class of a, 
and hence a cycle may be transformed into the form (17) by Theorem 6. One 
sees also directly from (15) that a cycle may be transformed in such a way 
that the »—1 first factors become the unit element. Since the transformation 
of y into the form (17) may be performed by means of a substitution involv- 
ing only the same variables, all cycles in p may be transformed into normal 
form simultaneously. 

4. Centralizers. We shall use the preceding results to determine the cen- 
tralizer of an arbitrary element p in the symmetry. Since similar elements 
have similar centralizers one can assume that p is in the normal form of 
Theorem 7. 

The centralizer shall be determined by the investigation of a few special 
cases. We assume first that p=7, is a single cycle 


(18) Yo = (ax, Xn). 
When j, is transformed by « in (2) one finds as in (15) 
~1 


(19) = (ke by Bat yy 


Since this cycle will be identical with (18) when «x belongs to the centralizer 
one sees first that x must have the form 


k= 
1 


while the substitution on the remaining m—n variables is immaterial. For 
this reason we consider only the centralizer C, of y in 2,(H). The values of 
the factors k; in x can be obtained by comparison of (18) and (19) and one 
finds without difficulty that an arbitrary element « in the centralizer C, has 
the form 


i 
i 
u 
td 
4 
} 
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k= 
CX °° * COX%1, *** COX 


where c is an arbitrary element in the centralizer of a in H. Obviously the 
powers of the cycle y, must belong to C, and one sees directly that 


«= = 


where [c] is the multiplication in which every variable is multiplied by c. This 
shows that the centralizer C, is isomorphic to a cyclic extension of degree n 
of a group isomorphic to the centralizer of a in H. If this last centralizer is 
finite and of order r, then one sees that the order of C, is nr,. 

Next let us determine the centralizer C, of a product of cycles of the same 
length n and the same determinant class a, 


in the symmetry of degree corresponding to the variables involved. Obviously 
any permutation of the cycles y‘” in (20) among themselves must belong to 
the centralizer C,, and an element of the centralizer leaving all cycles in p 
fixed by transformation must have the form 


a= cM... 


where c‘ belongs to the centralizer of y“® in the symmetry on its variables. 
From these results one concludes that C, is isomorphic to the symmetry 
2.(C,), where C, is the centralizer of a single cycle y. 

Since any element p in Z,,(H) can be written as a product of cycles y 
when it is transformed to normal form, one finally obtains: 


THEOREM 8. Let an element in Z(H) be transformed into its normal form 


4) 

where for a fixed i the 7 are the normalized cycles of the same length n; and the 
same determinant class a;. Then the centralizer C, of p in 2»(H) is isomorphic 
lo the direct product of symmetries 


where Ca, is the centralizer of a single cycley\) in 2n,(H). The group Cu, consists 
of all elements of the form x= (c;}y, where the element c; belongs to the normal- 
izer of H. 


Again if r; is the order of the centralizer of a; in H one finds that the order 
of C, is 


N= II ™. 
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5. Splitting of the symmetry. A group G containing a normal subgroup N 
is said to split over N if there exists a subgroup M such that 


G=MUN, MI\N=E. 


In this representation the group M can be replaced by any of its conjugates 
and the relations will still hold. There may, however, exist other groups Mi 
such that 

G=M,UN, Mi1\N=E 
and such that M; is not a conjugate of M. This leads to a division of all repre- 
sentative groups M into classes, each consisting of conjugate groups. When 
there is only one class, hence when all M are conjugate, we say that G splits 


regularly over N. 
We have already seen in (8) that for the symmetry one has 


(21) lm =SmUVm = E 


and hence 2» splits over V,,. We shall now consider the problem of finding all 
groups JT such that 
(22) = TUV an, TI\V, = E. 


One sees immediately that T is a group isomorphic to S,, and the isomorphism 
is such that each element in T is obtained from the corresponding element j in 
Sn by multiplication with an element in the basis group V,,. 

The group S,, contains the transpositions (1, 1). This implies that T con- 
tains m—1 substitutions of the form 


Let us transform all \; by the multiplication 
One finds that the group x7x~'! contains all the substitutions 


where j is an index different from 1 and i. This shows that it is possible to 
choose « in such a manner that a,;=1 for every i, and in the following we shall 
make this assumption. 

Next one finds 


2 2 2 


and since it is a multiplication contained in T one must have \}=E; hence 


(24) = 1,5 = 1, = 1, 


| 
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In the special case m=2 it follows already from these conditions that 
\2=(1, 2) and we have shown: 
THEOREM 9. For m=2 the symmetry splits regularly over its basis group. 
In the following we can assume m2 3. Let us form the product 
( 1 fy k ) 


where k is any index different from 1, 7 and 7. Since the third power of this 
substitution must also be the unit substitution one obtains the conditions 


= 1. (ax, k# k j. 
When the first of these conditions is combined with (24) one obtains 


(25) = 


The results expressed in (23) and (25) are already sufficient to give a com- 
plete solution for the case m=3. One finds then 


X2, %1, & 
(26) m= 2 m= 2 
%2, X1, %3, X1 


These two elements generate a group isomorphic to S; consisting of the sub- 
stitutions (26), the unit element and the following three substitutions: 


Xa, X1, Xa, X3 
= 
2X1, Xe aXe, X3, 
Xe, Xs ) 
y= . 
2X1, AXe 
From now on we can even assume m24. We evaluate the product 


(27) 


where k denotes any index different from 1, 7, 7. In the isomorphism between 
S», and T the substitution \; corresponds to the transposition (1, 7) in S,, 
and hence A,\,A; must correspond to (i, 7). 

Next we utilize the fact that in S,, 


for four different indices 1, h, 7, 7. This implies for the corresponding elements 
in T 
= 


E 


24 OYSTEIN ORE [January 


When these products are compared one finds that they imply the identities 


When the first of these relations is applied to (28) one finds the simpler ex- 
pression 


(29) AA, = [a:,4] >. 
This important relation shows that if i#1, 71, then the element in T 
corresponding to (7, 7) in S,, is obtained simply through the multiplication of 
(i, 7) by a scalar [a;,;]. But the transpositions (i, 7) generate the group of all 
permutations 7 leaving the element 1 fixed; hence one has for any such per- 
mutation 


[a,, 


Since the scalars commute with all permutations this shows that the a,, form 
a subgroup of H which is homomorphic to the symmetric group on m—1 let- 
ters. 

This leads to the following theorem: 


THEOREM 10. The symmetry 2n(H) splits over its basis group Um=TWU Vm, 
TI\Vn=E. Any group T in this decomposition is the conjugate of some group Ty 
obtained by the following construction. Let A be any subgroup of H homomorphic 
to the symmetric group on m—1 letters, and let m:—a,, indicate the homomor- 
phism between A and the permutations min the symmetric group SQ), on the 
m—1 letters 2,--+,m.In particular we shall write 


(i, j) > (i, > 1 = 


Then the elements of To are obtained from the permutations of the symmetric 
group Sm by the isomorphism 


— | for m in 
(1, i) —nr, [1, Om,i|(1, i). 


It has already been shown that any group T after suitable transformation 
must have the form indicated by the correspondence (30). It remains to show 
that the set of substitutions defined by the correspondence (30) actually forms 
a group isomorphic to S,,. 

We observe first that any permutation in S,, can be written uniquely in 
the form 


where 7; leaves 1 fixed. Thus (30) defines a unique substitution T, correspond- 
ing to each permutation 7, namely, 


(30) 


4 

i 

i 


MONOMIAL GROUPS © 


T's = T 1,4)° 


and therefore 


Our problem is to prove that this correspondence is an isomorphism. Let 
p=(1, 7)p1 be another permutation in the normal form (31) where p; leaves 1 
fixed. We shall then have to prove 


(34) T, = 
From the definition (33) of T, it follows that 
Tro, = 


for any 7 and any p: leaving 1 fixed. When this is applied to (34) one sees 
that it is no limitation to assume simply p=(1, /). 
We shall have to prove, therefore, that 


Tray = Te Tay = Tay: Tey Tay 
and this follows if one can prove the two simpler relations 
(35) T, = Tai). 
for any permutation p, and 
(36) Try, = Ts,'T, 


for any 7 leaving 1 fixed. 
Let us first turn our attention to the relation (35). By the preceding re- 
mark it is sufficient to prove 


(37) Tay Tay = Tawa: 


For i=j this relation follows simply from aj,,=1. We assume therefore i#j 
and find 


Tay Tay = ( 


where ¢ is any index different from 1 and 7. On the other hand one obtains 
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Gi, iy * * 5 Di, 
Since @;,;=4@;,;, the relation (37) follows. 

To prove the relation (36) let us observe that 7 can be written as the prod- 
uct of transpositions not involving 1. If (36) is proved for any transposition 7 
it will therefore follow in general. By the preceding remarks we can also as- 
sume p=(1, j), and hence the proof of (36) reduces to 


(38) Tao Tay = Tana: 


Here we may assume k#/ and one needs only to study the two cases j7#/ 
and j=/ since k and / occur symmetrically. A simple calculation which we 
shall not reproduce here shows that (38) actually holds in both cases. 

This concludes the proof of Theorem 10. It should be observed that this 
theorem is of interest since it gives complete information about a splitting 
extension in a general and rather involved case. 

to conclude let us prove: 


THEOREM 11. The necessary and sufficient condition for the symmetry Z(H) 
to split regularly over its basis group Vm(H) is that H contain no subgroup differ- 
ent from E homomorphic-to the symmetric group on m—\ letters. 


Proof. If H contains no such group, all the factors a;,; in Theorem 10 are 
the unit element and the group constructed i$ the symmetric group Sp. 

Conversely if 2,, splits regularly the group T can be transformed into S,,. 
Since the transformation of a substitution in 2, by a permutation only per- 
mutes its factors it follows that this transformation is a multiplication, 


k= Rm|- 
But when x transforms 


into a permutation one finds that all k; are equal and a;,;=1. 


CHAPTER II. NORMAL SUBGROUPS OF THE SYMMETRY 


1. Permutation-invariant subgroups. The main problem to be considered 
in the following is the determination of all normal subgroups of the symmetry 
2m(H). Before this problem can be solved it is however necessary to solve a 
preliminary problem which also has some independent interest. 

We shall say that a subgroup of the symmetry is permutation invariant 
if it is transformed into itself by all permutations 7 of the symmetric group S,,. 
The first problem to be considered is then the determination of all permutation 
invariant subgroups of the basis group Vm. 


| 
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Let WN be a permutation invariant subgroup of Vm, 
(1) k= kml 


one of its elements and 


@ 


an arbitrary permutation. Since NW is permutation invariant it must also con- 
tain all multiplications 


(3) = = [Ri,, kin | 


and conversely if WV contains all multiplications (3) when it contains x, NW is 
permutation invariant. One sees easily that if W and M are permutation in- 
variant subgroups of V,, then WUM and NO\M have the same property, and 
hence the permutation invariant subgroups of V,, form a structure. 

Let us mention three simple types of permutation invariant subgroups 
of Vin. 

1. Subgroups W where the &; in (1) run through all elements in a certain 
subgroup K of H independently. Then W is isomorphic to the direct product 
of m groups, each isomorphic to K. 

2. The k; run through K in such a manner that ki= kp = --- =k». In this 
case W is isomorphic to K. 

3. K is Abelian and the &; are so restricted that kike- + kn =e. In this 
case WV is isomorphic to the direct product of m—1 factors, each isomorphic 
to K. 

In the following we shall show that all permutation invariant subgroups 
of V,, may be obtained essentially through a combination of these three types. 

The proposed problem may also be formulated in a slightly different man- 
ner. We have already seen that the basis group V,, is isomorphic to the direct 
product 


Vn 
where each group H“® is isomorphic to H. Now conversely let m such groups 
H® be given and let 7; denote the isomorphism which takes H into H”. 


Then the direct product P=H™ X -- - XH™ consists of all elements of the 
form 


(4) p= hel. 


Our problem is then equivalent to the determination of all those subgroups 
of P which have the property that when (4) is contained in the subgroup, then 
it also contains all the products p’=hj'h?? - - - hi obtained by an arbitrary 
permutation of the indices. 
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2. Permutation invariant subgroups for m =2. From now on let W denote 
a fixed permutation invariant subgroup of the basis group V,, and let x in (1) 
be one of its elements. All elements k; of H which occur as the ith factor in 
any such multiplication will form a subgroup K; of H. But since W is permuta- 
tion invariant this group must be the same, say K, for all indices 7. One sees 
then that in order to determine N it is necessary to know K and the rule which 
determines which elements k; in K may be combined to give an element (1) 
of 

There exist certain subgroups of the permutation invariant subgroup WV 
of V,, which are of particular importance. Those elements of W which have 
the form 


(5) = 1] 
form a subgroup 5; of W. When a; is transformed by x in (1) one finds 


cog = [ki Saki, he 1). 


This shows that S; is normal in WV. Furthermore those s; in (5) which occur 
as factors at the jth place also form a subgroup S; of H independent of j and 
S; is normal in K. 

When the various permutations z in (2) are applied to 5S; one obtains C,,,; 
other subgroups 5{*) ledving i variables unchanged. Among these groups we 
shall consider first the m groups SY (j=1, 2,-- +, m) consisting of the ele- 
ments of the form 


(6) 1]. 


We have already seen that the corresponding s; form a normal subgroup S; 
of K. But then the direct product 


is a normal subgroup of NW. Furthermore P, is permutation invariant of the 
first type indicated in §1 and obviously it is the largest such group contained 
in NV. This means that if x in (1) is an arbitrary element of W then any k; may 
be multiplied by an arbitrary s; in S; and still x remains in V. This shows 
that the eventual conditions on the relations between the various k; in an ele- 
ment (1) in W can only be conditions mod 5;. It is therefore no limitation if 
we consider the quotient group K/S, in the following and therefore assume 
S:=1; hence s;=1 in (6). 

The case m=2 presents a certain exception and we shall therefore solve 
our problem first in this case. If WV contains two elements 


a= [a, 42), 6 = 


with the same first component a; then 


4 
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of '=(1, bz a2] = [1,1] 


and hence a2=b:. This shows that a; determines a2 uniquely and conversely. 
Furthermore the correspondence between a; and a2 is an automorphism T 
of K: a2=a‘. But since W is permutation invariant, a; and az may be inter- 
changed and one finds a;=aJ, and T is an automorphism of order 2. Con- 
versely one finds that the multiplications [a:, a7] do form a permutation 


invariant subgroup of V2 if T is an automorphism of K of order 2. We have 
therefore shown: 


THEOREM 1. All permutation invariant subgroups N of V2(H) can be ob- 
tained by the following construction. A subgroup K of H is chosen. S; denotes 
an arbitrary normal subgroup of K while T is a fixed automorphism of order 2 
of the quotient group K/S,. Then N consists of all elements 


a= a2] 


where a and a2 run through K in such a manner that 


= a, (mod 


3. Permutation invariant subgroups of the basis group in the general case. 
We shall now turn to the determination of the permutation invariant sub- 
groups NW of V,,(H) in the general case where m 23. Let us recall also that we 
have assumed S;=1. We shall first study in some detail the properties of the 
group 52 which was defined in §2 as the set of all elements of W of the form 
a2=[s:, 1]. Since W is permutation invariant, 5S, must be un- 
changed when s; and sz are interchanged. Theorem 1 may therefore be applied 
and one concludes that 


where T is some automorphism of order 2 of the group S:. 


When az in (7) is transformed by an arbitrary permutation one finds that 
for any element 


in W one has s;=s7. But when N contains (7) it also contains 


and hence the quotient 


= [1, Sty (3), 1, 1], 


and one finds 
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But if a group has an automorphism changing each element into its inverse 
then (s152)” = (sise)~! = or 515, and the group is Abelian. We 
have therefore obtained the following result: 


The group 5: consists of all elements 


(8) a= [s1, ’ 


where s; runs through a normal Abelian subgroup of K. 

When the elements s; and sj! in (8) are permuted into all possible posi- 
tions, the corresponding substitutions generate a normal subgroup R of WV 
which is also permutation invariant. From the construction of this group it 
follows that if p=([r:, - - + , rm] is one of its elements, then 


(9) + tm = 1, 


and hence R is a group of the third type indicated in §1. From the definition 
of R it follows that it contains all substitutions 


-1 
i, Pm-1) 
where the p; are arbitrary elements in S:. But then R contains the product 
Y = pip2*** 
or 
-1 -1 


and one sees easily that every element in R can be expressed in this form. 
By a suitable choice of the elements ; in (10) one can make the first m—1 
factors arbitrary in S; while the last is uniquely determined by the condition 
(9). The following has been shown therefore: : 

The group R consists of all elements of the form 


where the r; run through the Abelian group Sz independently. The group R is 
isomorphic to the direct product of m—1 factors each isomorphic to Sz. 

We can now turn to the final step in the determination of the permutation 
invariant subgroups W of V,. Let « in (1) be an arbitrary element of WV and let 


A= ki, ks, km| 
be the element obtained by interchanging k; and ke. Then one finds 


| 
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showing that the quotient belongs to 52, and hence k:~'k; is an element of Sp. 
Since the same result can be obtained for any k7-'k; one concludes that the 
elements « of N must have the form 


(12) = [kri, kro, ktm] 


where all the r; are elements of S, and & runs through K. 

It remains to determine the relations between the 7; in (12) which will 
insure that these elements form a permutation invariant group. Since R con- 
tains (11) one finds that V must contain the element 


(13) (k, k, k, k’). 


All elements of this form in N must form a group and the element k’ is 
uniquely determined by k. This correspondence must be a homomorphism 
and one can write therefore k’=k? where T is an endomorphism of K. When 
applied to (11) this gives the final form 


for the elements belonging to N. 

In (13) one has k’ =kr, where r belongs to Sz, and hence the endomorphism 
T of K must transform any element k into an element obtained by multiplica- 
tion of k by an element in S:;. When ont considers the special element 
[r,-++.7,77-] in R it follows that 


| 


for any element r in S:. This relation shows that in (12) the last factor is 
uniquely determined by the m—1 first ones. 

Conversely one verifies that under the stated conditions on T and under 
the assumption that S; is an Abelian group, the elements (14) form a group. 
Furthermore if two factors in (14) are permuted the quotient between the 
corresponding substitutions also belongs to the group, and hence it is permu- 
tation invariant. We have therefore obtained the principal result: 


THEOREM 2. Let m=3. Then all permutation invariant subgroups N of 
Vin(H) may be constructed by the following process. A subgroup K of H is chosen. 
In K two normal subgroups S2>S, are selected such that the quotient group 
S2/S; is Abelian. Then WN consists of the elements 

«= [ki ++, km] 
where the k; run through K subject to the conditions 
ky = ks; (¢ = 1,2,---,m— 1); 
(mod $1), 
Rm = kt (si 


where the s; are arbitrary elements in Se. Furthermore T is an endomorphism of 
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K/S; multiplying each element of K/S; by an element in S2/S; and in particular 
s? = (mod S;) 
for any element s in So. 


Here we have solved the problem of finding all subgroups of V,,(H) which 
are invariant under all permutations of the symmetric group. A much more 
difficult problem is the determination of those subgroups of V,,(H) which are 
invariant under the permutations of a fixed subgroup of the symmetric group. 

4, Normal subgroups of the symmetry contained in the basis group. We 
shall now turn to the determination of the normal subgroups of the symmetry 
and we consider first those normal subgroups of 2,,(H) which are contained in 
the basis group. Since we have observed in the preceding that every substitu- 
tion in 2,, is the product of a permutation and a multiplication, we shall have 
to determine those normal subgroups of V,, which are permutation invariant. 

We use the same notations as before. If (1) is an element of a normal sub- 
group WN of V,, the factors k; must run through a normal subgroup K of H. 
Furthermore the subgroups S; defined by the elements (5) must also be nor- 
mal in V,, and the corresponding factors s; run through a normal subgroup 
S; of H. 

The case m =2 must again be considered separately. When NW contains the 
element «= [ki, ke] it must also contain the element x’ = [hkih-, ke| for an 
arbitrary 4 in H. But in Theorem 1 the factor ke was uniquely determined 
by k: (mod S:). This implies that 


hkih- = (mod 
for every h, and hence k; belongs to the center of H/S;. We have therefore: 


THEOREM 3. For m=2 the normal subgroups of the symmetry which are 
contained in the basis group can be obtained vy the following construction. Two 
normal subgroups KS; of H are chosen such that K/S; belongs to the center of 
H/S,. Furthermore T is some fixed automorphism of order 2 of K/S;. Then the 
normal subgroups N consist of all those elements 


t= ke] 
where k, and ke run through K subject to the condition that 


ks = hy (mod S}). 


In the general case where m 23 the elements of W are given by (14). Here 
again the last factor is uniquely determined by the m—1 first ones. Let us 
transform x by 7=[h, 1,---, 1]. Then 


ki 

| 
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This shows first that 
hkrih = ks 


where s belongs to S:, and since the last factor must be the same as before one 
finds s=1; and hence kr; belongs to the center of H. 
We have therefore: 


THEOREM 4. For m23 the normal subgroups of Z(H) contained in the 
basis group are obtained by the construction in Theorem 2 with the additional 
condition that KD S2)S; are normal subgroups of H such that K/S, belongs to 
the center of H/Si. 


5. Other normal subgroups of £,,(H). We shall complete our investiga- 
tions of the normal subgroups of the symmetry by the determination of those 
normal subgroups which are not contained in the basis group. 

Let M be such a normal subgroup of 2,,. The cross-cut 


consists of the multiplications contained in M and N is normal in 2,,. Since V 
is contained in V,, it must have one of the forms determined in the preceding. 
But in this case one can make a further statement about V. 

Let a be a substitution in MZ and 


=> 
C1X2, °° * CnX 


a cycle in a, while 
hm] 


is an arbitrary multiplication in V,,. Since M is normal in 2,, it must contain 
the multiplication defined by the commutator 


where only the factors corresponding to the cycle y have been indicated. Since 
the elements /; in H are arbitrary it follows that the factor at any position 
can be made to take an arbitrary value. Using these results we can say: 


THEOREM 5. Let M be a normal subgroup of 2m not contained in the basis 
group. The multiplications contained in M form a normal subgroup N of =n 
in which H=K, 1.e., the factors in any fixed position run through the whole group 
and the quotient H/S; for N is an Abelian group. 


Again we shall have to consider the case m=2 separately. In this case 
every element which is not a multiplication is a cycle of length 2 and every 
element in @ must belong to one of the cosets 
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(15) M=N+7N 
where 7 is any fixed cycle, 
Xe, O24 

in M. Since 

7? = [a, a] 
must belong to N it follows from Theorem 3 that 
(17) a? = a (mod Sj), 


i.e., a is an element in H invariant under the automorphism T of H/S,. 

Now let us consider a group M defined by (15) where 7 is the cycle (16) 
and N is a normal subgroup of 22 contained in V2 having the properties indi- 
cated in Theorem 5. If the condition (17) is satisfied it is obvious that the 
elements defined by (15) form a group. In order that it should be normal in 2 
it is necessary and sufficient that it be transformed into itself by any multi- 
plication 

he] 


and by the transposition ¢=(1, 2). Since W already is a normal subgroup 
of ~,, it is sufficient to show that 7 is transformed into an element of M. This 
in turn is equivalent to the fact that the commutators 


oro 


shall belong to WN. 
For the first commutator one finds 


t= [a hs ahs, hs). 
This implies that 

a hy ah; = (hy hs) (mod S) 
and since H/S; is Abelian 

= (mod S1), 


hence T is an automorphism of H/S, taking each element into its inverse. 
For the second commutator one finds 


oro = [a-', a] 
which is always in N. By the condition (17) one must also have a?=1. 
THEOREM 6. The normal subgroups of 22(H) not contained in V2(H) can 


‘ 
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be obtained by the following construction. A normal subgroup S, of H is chosen 
so that H/S, is Abelian. Then the group N consisting of the elements 

= ke] 
where 

= ki (mod S;) 


forms a normal subgroup of 22 contained in V2. The general normal subgroup M 
of 2. not in V2 consists of the two cosets 


M=N+7N 


) 
T= 

Xe, 
a? = 1 (mod §)). 


We shall now turn to the general case where m 23. As before we denote 
by M a normal subgroup of Z,, not contained in V,, and by W the cross-cut 
of M@ with V,,. Furthermore we denote by P the subgroup of W consisting 
of permutations only. Since WM is normal it follows that P is normal in the 
symmetric group S». 

We shall prove first: 


where 


with 


THEOREM 7. Every normal subgroup M of 2m, m=3, not contained in Vm 
contains permutations. 


Proof. Let a be a substitution in M@ and 7 a cycle in a of length n22. 
According to a previous result a can always be so transformed that 


5 Xn ) 
Xe, °° * Xny ax, 
We shall now have to separate several cases. Let us assume first n23. Then 
one puts r=(1, 2) and one finds that 
trata! = (1, 2, 3) 


belongs to P. 
We can assume therefore that every cycle which occurs in any substitution 
in M has the lengths 1 and 2. If a contains at least two cycles of length 2 


one can write 
X1, Xe X4 
Qa = 
Xe, \x4, 


\ 
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If one puts r= (1, 3) one obtains 
= (1, 3)(2, 4). 


Finally if a contains only one cycle of length 2 one can write 


a= 
Xo, 2X1, bx3, 
When 7 =(1, 3) one finds 


%1, Xe 
= 
Xs, bay 


and M contains a cycle of length 3 contrary to assumption. 

Since P is a normal subgroup of the symmetric group, there exist only the 
following three possibilities: 

1. P is the symmetric group S,,. 

2. P is the alternating group Am. 

3. When m=4, P can be the four group P, consisting of the elements 


1, (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3). 
On the basis of this result one can prove a stronger statement than Theo- 
rem 5: 


THEOREM 8. Let M be a normal subgroup of Xm(H), m=3, not contained 
in the basis group. Then the multiplications in M form a normal subgroup N 
consisting of the elements 


(18) n= hm] 

where the h; run through H subject to the condition 

(19) hy +++ hm = 1 (mod 

Here S; is a normal subgroup of H such that H/S; is Abelian. 


Proof. Let us assume first that the group of permutations P in M is the 
symmetric or alternating group. Then it contains the cycle r=(1, 2, 3), and 
hence also the commutator 


(20) = [by hs, bi he, he hs, 1] 
where 
t= ++, Rm] 


is an arbitrary multiplication. But in (20) two factors may be made perfectly 
arbitrary. Hence when one compares it with the group in Theorem 2 one must 
have S:=H and an element (18) in W is subject only to condition (19). 
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In the exceptional case when P=P, is the four group, it must contain 
(1, 2)(3, 4) =7 and 


kre = [ke ks, hi ka, ha hs, "ke 1,---,1] 


belongs to VV. Here the third and the first factors may take arbitrary values 
in H and the same argument as before applies. 

We may also observe that in Theorem 8 the quotient pie Vin/N is 
Abelian and this holds even when m=2. 

We shall now proceed to the actual construction of the normal subgroups 
of 2. The quotient group 2,,/V, is isomorphic to the symmetric group. 
Furthermore 


MU M/N 


is a group isomorphic to a normal subgroup of S,,, and hence the group M/N 
is isomorphic to either S,,, Am or P,. 

The group P was also isomorphic to one of these groups. Let us now sup- 
pose first that P~M/N and hence M= PUN. We then have the following 
theorem: 


THEOREM 9. Let P be a normal subgroup of the symmetric group and N a 
normal subgroup of the basis group of the type defined in Theorem 8. Then 


M=PUN 
is a normal subgroup of 2m. 


Proof. The group VW is normal in 2,, by assumption, and hence it is only 
necessary to show that an element in P is transformed into an element in W. 
Since P is normal in S,, it is sufficient to show that a permutation 7 in P is 
transformed into an element in M by any multiplication 


But if one forms the commutator 


= [ 


one sees, since H/S; is Abelian, that the condition (19) is satisfied. 

It remains therefore only to consider the case where P is isomorphic to a 
proper subgroup of M/V. This can only happen in the following two cases: 

1. P=P,and M/N~S,, or M/N~Ax. 

2. P=A,, and M/N~S,,. 

The first case is easily disposed of. If M/N is isomorphic to S», or Am it 
follows that M@ must contain a cycle of length 3 and by the argument used 
in the proof of Theorem 7 it follows that P contains a cycle (1, 2, 3) contrary 
to the assumption that P= P,. 
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We consider therefore the second case where P=A,,. Then there must 
exist some permutation 
1X9, °° * 


in M. According to Theorem 8 the factors in any element in W may be taken 
arbitrarily in H except for one of them and it is therefore no limitation to 


assume d3= -- + =d,,=1. Furthermore one sees that \ may be so transformed 
that 


(21) ‘ag ). 
Xe, 
Since \? must belong to W one finds 
(22) a? = 1 (mod §)). 
We can then prove: 
THEOREM 10. Let 
M,=A,zUN 


be a normal subgroup of. 2» defined by the procedure of Theorem 9 and let 
L= {nr} be the cyclic subgroup defined by a cycle (21), where a satisfies the con- 
dition (22). Then 


M = U M, 
is a normal subgroup of 2m. 


Proof. As before it is sufficient to prove that the commutator of \ with a 
permutation and with a multiplication again belongs to M and this is easily 
verified. 

We can now summarize the preceding investigation as follows: 

For m=2 the normal subgroups of the symmetry are of the forms given 
in Theorem 3 and Theorem 6. 

For m23 the normal subgroups of the symmetry are of the forms deter- 
mined by Theorem 4, Theorem 9 and Theorem 10. 

6. Commutator groups. We shall now determine the commutator group 
Zn of the symmetry 2,,(H). The commutator group of H shall be denoted 
by H’. It is then easily seen that the commutator group V,, of the basis group 
consists of all elements 


n= [hi, 
where the #/ run through the elements of H’ independently. 
From the well known properties of the symmetric group it follows that 
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the commutator group of the symmetric group is equal to the alternating 
group A,, for all m, when one puts A:=1 in the special case m=2. Thus the 
commutator group 2’ must contain A». 

Next let us form the commutator of the, two elements (x:, x2) and 
[h, 1,- ++, 1] where h is an arbitrary element in H. One finds that this com- 
mutator is the multiplication 


h, 1). 


From this result one concludes as in §3 that 2’ also contains the group V,,*(H) 
consisting of all multiplications 


(23) 7 = hm | 
where 
(24) hyhe hm =1 (mod H’). 


The quotient group V/V* is seen to be Abelian and isomorphic to the group 
H/H*. 
From these remarks one can conclude: 


THEOREM 11. The commutator group of the symmetry is 


= AnU Vm 


where A», is the alternating group and V,** the normal subgroup of 2m contained 
in Vm consisting of the elements (23) which satisfy the condition (24). 


Proof. It has already been shown that the commutator group must contain 
A, and V,*. Thus it is sufficient to show that the quotient group 2»/AmU V,.* 
is Abelian. Obviously any two multiplications commute (mod V,,*) since this 
group contains V,,. Furthermore the quotient group is seen to be generated 
by residue classes defined by multiplications and the transposition (x, x2) and 
these generating classes are also seen to commute (mod A,,U V,*). 

Next let us determine the second commutator group 2,’ (H). Since the 
alternating group is simple, one has A,, =A,, except for the well known ex- 
ceptions, 


As=1, <As=1, Ag=Py 


These remarks show that for m25 the group 2,’ must contain A, except 
for m=4 when it contains P,. 

We shall now determine certain multiplications which must be contained 
in Let us suppose that m2 3. 

If h; and hz are arbitrary elements in H then 2’ contains the multiplica- 
tions 


n= 1,---, 1], [he, 1, ha, 1,---, 1). 


\ 


4 
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By forming the commutator it follows that =’’ contains 


-1 -1 
= he ,1,---, 1], 
hence 2’’ must contain V,/. 


We shall now prove that in most cases 2’’ contains the group V,*. To 
obtain this result let »23 be some odd number not exceeding m. The cycle 


Xa, °° Xmy 
then belongs to A,,. Furthermore let 

+++, a, 1] 
with 
(25) hyhe hy = 1 (mod B’) 


be an element in V,*. The commutator 


must then belong to 2’’. We shall consider (mod V,; ) and eliminate h, by 
means of the condition (25). Since H/H’ is Abelian one finds 


-1 


(mod V’,) 


and here the A; (¢=1, - ++, m—1) can take on arbitrary values in H. 

For h,=1 the first multiplier in (26) becomes the arbitrary element hp. 
Thus the group of multiplications in 2’’ must have the property that the 
multiplier at any position runs through H. 


Next let us make all 4; (¢=1, 2, - - - , m—1) equal to the same element h. 
From (26) one obtains 


(26) 


w= [i,---,1, h",1,---, 1] (mod V,) 
and one sees that 2’’ contains 

for any odd m such that m2n23. 


If now m25 one can take n=3 and »=5 and by combining the results 
one finds that 2’’ contains 


m = 4], 


hence it contains the full group V,,*. 


a 
4 
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In the special case m=4 one can obtain the same result as follows. The 
alternating group A, contains the substitution 


Xe 
Te 
X2, X1/ \X4, Xs 
and one finds by the same process of forming commutators that 2/’ must con- 
tain 74 and since it contains 7; it also contains 7. Thus it has been shown: 
THEOREM 12. For m25 the second commutator group Xm'(H) is equal to 

the first commutator group Xm (H). For m=4 one has 

>; (A) = PA 
where V# consists of all multiplications — 

with 

=1 (mod BH’). 


In the case m=3 the second commutator group is contained in the basis 
group, hence it must be a normal subgroup of the form determined by Theo- 
rem 9. We mention the result without proof: 


THEOREM 13. For m=3 the second commutator group 24' (H) isa subgroup 
of the basis group consisting of the multiplications n= |h, he, hs] where the fac- 
tors are subject to the conditions 

hy = he = hha, hs = h (mod H’) 
and h, ki, ke are arbitrary elements in H. 

One finally finds: 

THEOREM 14, For m=2 the second commutator group 24 (H) consists of the 
multiplications 

he] 
where hy and he run through H’ subject to the condition 
he = hy (mod H) 


where H is the group generated by the commutators of an element in H with an 
element in H’. 


For m=2, 3, 4 one can also determine the higher commutator groups. One 
can also, through similar methods, determine the commutator groups of the 
normal subgroups of the symmetry. 
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CHAPTER III. AUTOMORPHISMS 


1. The basis group as characteristic subgroup. We shall now turn to the 
problem of the determination of the automorphisms of the symmetry. Again 
the case m=2 presents a real exception and we shall assume, therefore, to 
begin with that m23. We shall assume also that the group H with respect to 
which the symmetry 2,,(H) is constructed is a finite group. This condition is, 
however, not essential in most of the results, but it simplifies several of the 
special considerations which are necessary for the lowest values of m. 

We begin our investigations by deducing the following theorem: 


THEOREM 1. For m23 the basis group is a characteristic subgroup of the 
symmetry. 


Proof. Let us assume that the theorem is not true. Then there would exist 
some automorphism a which takes a subgroup M into the basis group Vm. 
The group M is a normal subgroup of ~,, not contained in the basis group 
and hence its form is determined by Theorem 6, Chapter II. 

The quotient group ~,,/ V» is isomorphic to the symmetric group Sp. Since 
M is transformed into V,, by a one must also have 


Next let us write - 


K=MUVn 


Since K is a normal subgroup of ,, containing V,, there exist only the follow- 
ing three possibilities 

K Va, K =AnU Va, K=P,UV, 

where as before A,, denotes the alternating group and P, the four group. 
BS According to (1) the two quotient groups 2,,/V,, and 2,/M are isomor- 
phic. Thus the quotient groups K/V,, and K/M must have the same order 


and since both of them are isomorphic to a normal subgroup of S,, one must 
have 


K/M =~ R/V 
Then one concludes from the second law of isomorphism 
(3) K/Van~=M/N ~V,/N. 


The form of the normal subgroup W can also be determined from Theo- 
rem 6, Chapter II. According to this theorem there must exist a normal sub- 
group S of H such that H/S is Abelian. Then W consists of all multiplications 


n= ++, hel 


if 
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where the elements /,; run through H subject only to the condition 
hy hy = 1 (mod S). 


This shows that the quotient group V,,/N is isomorphic to H/S, hence S is a 
proper subgroup of H. But furthermore, since V,,/N is Abelian it follows from 
(2) and (3) that one is led to a contradiction in all cases except possibly in 
the two special cases 


m = 3, M/N =~ Az, 
m = 4, M/N = Py. 


To prove the theorem also for these two cases we proceed somewhat differ- 
ently. Since the two groups M and V,, are isomorphic, their commutator 
groups M’ and V,/ and also the corresponding quotient groups M/M’ and 
Vin/Vm must be isomorphic. 

The group V,, is seen to consist of the elements 


(4) x= [hi +++, km] 


where the k&; run through the commutator group H’ of H. We can now show 
that in the case m 23 the commutator group of the cross-cut W of W and V,, 
consists of the same elements (4). When h; and /z are arbitrary elements in H 
the group WV must contain the two elements 


hi [he, 1, ha 1,--+, 1); 


thus the commutator group W’ must contain 


1] 
and consequently V,,. 
We obtain the desired contradiction by showing that MZ’ contains V,/ as 
a proper subgroup. According to Theorem 7, Chapter II, there exists some 
permutation in WM and the proof of this theorem shows that there must exist 
some permutation P in M@ taking x: into x2. But then for any element 


the commutator 


P = [heh | 
must belong to M’, By a suitable choice of h; and hz one obtains that in MZ’ 


the factors of any variable in a multiplication can run through the full group 
H. But according to the construction of WV the group 


S> H' 


is a proper subgroup of H hence M’ contains V,! as a proper subgroup. 
The result obtained in Theorem 1 can be supplemented as follows: 


43 
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THEOREM 2. In the case m=2 the basis group need not be a characteristic 
subgroup of the symmetry. 


To prove this statement we turn to the simplest example of a symmetry 
where H is a cyclic group of order 2 generated by an element a for which 
a*=1. Then the group 22(H) consists of the following eight elements: 


(5) 1, [c,.a], 1], [1, a], 
(x1, (x1, x2) [a, a], (x1, x2) 1], (x1, x2) [1, a]. 


If one puts x= (x1, x2), y= (x1, x2) [a, 1], then the group 22(2) can also be de- 
fined by the generating relations 


(6) x? = 1, = 1, = 


We shall now determine the group of outer automorphisms of this group. 
The two first elements in (5) constitute the center of the group and they are, 
therefore, invariant by all automorphisms. Since the two last elements in (5) 
are the only ones of order 4, any automorphism a must take y into y or y’. 
But in the latter case one can, according to (6), multiply a by the inner auto- 
morphism x and one can, therefore, always assume 


(7) yt = y. 


The element x must be transformed under a into some other element of 
order 2. It cannot be left invariant because then according to (7) every ele- 
ment would be invariant. It cannot be transformed into [a, a] since this ele- 
ment belongs to the center. There remain, therefore, only the three possibilities 


(8) = [a, 1], x* = [1, a], (x1, [a, a). 


The last alternative in (8) can be ruled out since one finds that it corresponds 
to the inner automorphism defined by y. One finds that the two remaining 
correspondences (8) differ only by an inner automorphism and that they ac- 
tually define an outer automorphism 


(x, x2)* = [a, 1]; [a, 1]* = (x1, x2)[a, a], 
((a1, x2) [a, a])* = [1, a], [1, a]* = (21, x2). 


Since this automorphism does not leave the basis group invariant, Theorem 2 
has been proved. 

2. The automorphisms of the basis group. Before we proceed to the de- 
termination of the automorphisms of the symmetry it is necessary to make 
some remarks about the automorphisms of the basis group. This is of course 
the same as the determination of the automorphisms of a direct product of m 
factors all isomorphic to H. 

Let H be some group. An endomorphism of H is a homomorphic image 
of H- upon some subgroup. Since any homomorphic image is isomorphic to 


(9) 


a 
| 
if 
¥ 
a 
Fea 
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some quotient group H/A all endomorphisms are obtainable from the sub- 
groups of H isomorphic to some such quotient group. 

The endomorphisms of the basis group V,,(H) can easily be determined 
from those of the group H. The group V,,(H) is the direct product of the m 
isomorphic groups H“ each consisting of the elements 


(10) m= [1,---,1, hy 1,---, 1). 


Now let T be some endomorphism of V,,(H). Then one must have 


_ where the 7 denote correspondences in H. One sees immediately that these 
correspondences must be endomorphisms in H. Furthermore, since the two 
elements 7; and 7; are permutable one finds that 


for arbitrary elements / and k in H. 
Through the correspondences (11) one finds the element corresponding to 
the general element 


to be 


T (2) 


Conversely one sees that if a set of endomorphisms 


(15) = 1, 2,-++,m) 


are given and the element 7 corresponding to 7 in (13) is given by (14) then 
T represents an endomorphism of V,,(H) if the conditions (12) are satisfied. 


THEOREM 3. All endomorphisms of V»(H) are obtainable through the possi- 
ble sets of m* endomorphisms (15) of H satisfying (12), by letting the general 
element n in (13) correspond to the element (14). 


The endomorphism thus defined is an automorphism if and only if the set 


of equations 
hy’ +++ = (¢ = 1,2,---,m) 


have a unique solution /, hz, , h» for arbitrary ki, ke,-- +, km in H. 
3. Conditions on automorphisms. We shall now proceed to the actual de- 
termination of the outer automorphisms of the symmetry in the general case. 


| 
| 
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These investigations are based upon the following remarks. Let G be a group 
and N some normal subgroup of G such that G splits over N 


(16) G=MUN; M(\N = E. 


Now let M’ and N’ be groups isomorphic to M and N under the isomorphisms 
a and £, respectively. Then to each element y-v in G can be made to corre- 
spond a unique symbol y*-v*. Now let us determine when this correspondence 
defines an isomorphism between G and a group 

G=M'UN', M'(\N' =E, 


Since the multiplication in G is defined by the rule 


-1 
Mave = Milla’ Me Viper Ve 
one must have 
ap e,- 6 8B 
Mave, = * (ua V2. 
This reduces to the necessary and sufficient condition 
which must hold for all win M and vin N. 
For the symmetry one can always write according to §1, Chapter I, 


where S,, is the symmetric group and V,, the basis group. This relation corre- 
sponds to the preceding (16). Now let r be any automorphism of 2,,. Since 
V,, is a characteristic subgroup for m2 3 according to Theorem 1, one obtains 
from (18) 


=SmUVn, = E. 


The possible form of such a group 5S;, is determined by Theorem 10, Chapter I. 
There exists an isomorphism + between S,, and S;, generated by the corre- 
spondence 


(19) (1, i)’ = [1, i) 


which indicates the elements corresponding to the transpositions (1, 7) gen- 
erating S,,. Here the a;,; are elements of H generating a subgroup of H homo- 
morphic to the symmetric group on m—1 letters by means of the correspond- 
ence 


(i, j) 44,4, #1. 
We have now the same situation as in the introductory remarks. There 


exists an isomorphism a between S,, and S;,, hence 7 and a can only differ in 
their effect upon S,, by an automorphism of S. But according to a result due 


(18) = SmU Vn, Sm°VVm = E ; 

hy 
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to Hélder(*), the symmetric group on m letters has only inner automorphisms 
except when m =6. Since we are only interested in outer automorphisms of 2, 
we can, therefore, when m#2 and m6, multiply 7 by such an inner auto- 
morphism that the isomorphism a between S,, and S;, is given by the rela- 
tions (19). 
Next let the T in (15) denote a set of endomorphisms of H satisfying 
‘the permutability conditions (12). The effect of any automorphism 8 of V,, 
upon any element 7 in V,, given by (13) is then expressed in (14), where it 
must be additionally verified that the 8 thus defined is an automorphism and 
not only an endomorphism. 

After having defined the correspondences a through (19) and 8 through 
(14), one can find all automorphisms of 2,, through the combination of them 
in the manner indicated in the preceding. It remains only to verify when the 
conditions corresponding to (17) are satisfied for the two correspondences. 
One finds easily that it is sufficient to consider these conditions for generating 
elements of the two groups, hence for u=(1, 4), v=; where n; is defined by 
(10). 

From 


(20) (1, (1, = ny, 


follows first 


-1 
[1, G24," Om,s|(1, i) [h; h; Ja, i) Q2i,°°° 


After simplification this leads to the relations 
ry) 


h 
(21) rf? 


= (k= 1,2,---, m) 
which hold for an arbitrary 4 in H. The first relation (21) shows that if one 
puts 
(22) = = inj, 


then one has the simpler form for the automorphism 6 when j #1: 


With the notations (22) the second relation (21) splits into the two 


| 
ai= h. k j, 
24 
( ) a;,sh = h 
(5) O. Hilder, Bildung zu gesetzter Gruppen, Mathematische Annalen, vol. 46 
(1895), pp. 321-422. 


i j,j #1, 
T 
= [hj hy ]. | 
| 
| 
| 
| 
| 
| 


+ 
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Next we turn to the relation corresponding to (20) for j=1 or j =i, 
(1, #)m(1, 4) = 
This leads by (17) to the following three relations deduced in the same man- 
ner as (21) 
(25) 
From the second of these relations it follows that 


(26) Tet’ 


is independent of i. From the first relation (25) one finds supplementing (23), 
(2) (m) 

(27) | 

and by combination of (23) and (27) one finds for the general element 7 in 

Vm defined in (13) 


r™ R® T r™ 


(2) 


(28) (m) (2) (m—1) 
By combining the first and the last relations (25) one also has 
@ 
(29) = sh” 4 
and according to (24) a;,;is permutable with any h? and any h® if ixk, jk. 
After having derived the conditions corresponding to (17) it remains only 
to verify that the correspondence 8 defined by (23) and (27) or (28) actually 
is an automorphism of the basis group. We observe first that the permutabil- 


ity conditions (12) in this case became 
At RR RRO HT, 
(30) ARO i j. 


When these relations hold the correspondence 8 is an endomorphism accord- 
ing to Theorem 3. To make it an automorphism the relations 


(31) 
he 


must have a unique set of solutions h; for any set of elements k; in H. To 


4 

| 

| 

be 

@) (m) 

R R 
(3) (m) 
rR R 
hy heh = 
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analyze these conditions we put 
(32) = ky = 


and form the quotient between the first and the ith relation (31). Using the 
permutability conditions (30) this leads to the m—1 relations 


-1 2 
If one puts symbolically 


then T—R® is a correspondence of H to a subset of itself. It should be noted 
that this correspondence need not be an endomorphism. When the notation 
(34) is used one can write (33) slightly simpler, 

(35) (i= 2,---,m). 
- Since these conditions must be satisfied by some y; for every set of elements x; 
in H, it follows that T— R® is a one-to-one correspondence of H to itself and 
conversely if this is the case the y,; are uniquely determined by the x;. 

When (32) is substituted in the relations (31) it follows by the permutabil- 
ity conditions (30) and from (35) that the relations (31) reduce to a single 
condition 

(36) Y2 hy hy hy = hy. 
Here it is convenient to put 


(2) (m) (2) (m) 
S — == eve 
AS = = he 


and it is seen immediately that 
+ R™ 


is an endomorphism of H. If, however, there shall exist a unique solution }, of 
(36) for given ki and ye, --~- , ¥m it is seen that S must be an automorphism 
of H. Conversely if this is the case and if all T—R“ are one-to-one corre- 
spondences of H to itself, the correspondence # is an automorphism of the 
basis group. This concludes the.set of conditions for an automorphism of 2». 
4. Explicit determination of the automorphisms. Through an analysis of 
the previous necessary and sufficient conditions for an automorphism one can 
‘ obtain an explicit representation of all automorphisms of the symmetry. 
Let us observe first that since the correspondence T—R“ is a one-to-one 
correspondence of H to itself, every element 4 in H can be written in the form 


(37) 


where h is some element in H. Let H? and H®“ denote the subgroups on 
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which H is mapped by these endomorphisms. Then one concludes from (37) 
that 


H = HTU He”. 


But if 17 then the elements of R“ are permutable with the elements ot 
H®® and HT hence with all elements of H. This shows that H®” belongs to 
the center of H. But since R“ and R™ differ only by an inner automorphism 
they must be identical and 


(38) R = R® 
does not depend on 7, and one can write 
H = HU B®. 


The elements a;; are permutable with the elements of H? and also with the 
elements of H® since they belong to the center. 

This shows that also all a;; belong to the center. But the a;; are known to 
generate a group A homomorphic to the symmetric group on m—1 letters. 
Thus one has only the two possibilities 


In the first case a;;=1 forall 7 and 7. In the second case A is cyclic of order 2. 
Thus one can put in both cases 


(39) a3; = a, i # a’ = 1 


where a belongs to the center of H. 

The endomorphism R projects H upon a subgroup of its center. One sees 
that such an endomorphism can only exist if the anti-center, i.e., the quotient 
group of the commutator group of H has a subgroup isomorphic to a subgroup 
of the center. One sees also that if R has this property and if the a;; are defined 
through (39) then all the preceding conditions are satisfied except that it re- 
mains to verify that the correspondence 6 in (28) actually is an automorphism. 

Under the conditions just derived the relation (28) simplifies to 


where we have put 
(41) S=T-R 


and 
(42) p = hm. 


It should be noted that since H® belongs to the center the correspondence S 
in (41) is actually an automorphism of H. 


Ny 
iz} 
{ 
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The correspondence (40) can obviously be considered the product of two 
correspondences of the form 


iad hs, hn), 


n* = hnp*] 


where S and p are defined by (41) and (42) while K = RS~' is also an endo- 
morphism projecting H upon a subgroup of the center. Since o is an auto- 
morphism of V,, the correspondence 6 is an automorphism if and only if x 
has this property. By a previous method one sees that this is the case if and 
only if the correspondence 


h—> = 


is an automorphism of H. This last automorphism is a central automorphism 
where every element is multiplied by an element in the center. 
We have thus finally arrived at the main result: 


THEOREM 4. Let m#2 and m#6. Any automorphism of the symmetry 
2m(H) can be obtained by transformation from an automorphism r constructed 
in the following manner: 

The images of the permutations in 2, are determined by 


(1, i)? = a), 


(i, j)’ = [a,--- , a}(i, j), i# 1j# 1, 


where a is any element of order 2 belonging to the center of H. The image of an 
element in the basis group 


n = he, +++, hm] 


nt = - ++ , 
where Sis any automorphism of H and 
= hm, 


while K is any endomorphism of H projecting H upon a subgroup of its center 
in such a manner that 1+mK is a central automorphism of H. 


From this result all outer automorphisms of 2,,(H) can be determined. 
Let us find the conditions for 2,,(H) to be a complete group, i.e., a group in 
which all automorphisms are inner automorphisms. First it is easily observed 
that the correspondence determined in Theorem 4 for the permutations in ,, 
cannot be obtained by an inner automorphism except when a=1. Thus the 
center of H can contain no elements of order 2. When a=1 all permutations 
in 2, are left invariant by 7 and the only inner automorphisms in 2,, which 
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will have this property are the scalars [h]. Next let us choose K such that 
h* =1 for every h in H. Then one finds 


= ++, hm] 


and this can only be obtained by transformation with a scalar if S is an inner 
automorphism of H. Finally a correspondence 


nt = +, hmp*] 


is never obtainable by transformation with a scalar except when A* =1 for 
every h. Thus we have shown: 


THEOREM 5. Let m#2 and m#6. The necessary and sufficient condition for 
the symmetry Z(H) to be complete is that H be complete and have a center of odd 
order. Furthermore, there shall exist no endomorphism K of H such that H® be- 
longs to the center and 1+-mK is an automorphism of H. 


If H has no center Z(H) is complete if and only if H is complete. 

Theorems 4 and 5 give the main results on the automorphisms of the sym- 
metry when m#2 and m#6. The case m=2 will be considered in the follow- 
ing. The case m=6 is complicated by the fact that in this case the group S,, 
has an outer automorphism. But since this automorphism is known(*), the 
preceding method can be used to determine the automorphisms of Z,, also 
in this case. Since the calculations are somewhat laborious they have not been 
carried through here. It would be of interest, if someone would take the 
trouble of carrying through this investigation. 

5. Automorphisms for m =2. We shall now analyze the automorphisms of 
the symmetry in the exceptional case m=2. As we have already observed in 
§1, the basis group V2(H) need not be invariant by the automorphisms of 
2:(H). We shall say, however, that an automorphism is regular if it does have 
the property that it leaves V2(H) invariant. We shall show a little later that 
except for a special type of groups H the automorphisms of 22(H) are always 
regular. 

We shall first determine the form of the regular automorphisms of 22(H) 
by the same method as the one used in §3 in the general case. According to 
Theorem 2, Chapter I, the symmetry splits regularly over its basis group and 
it can be assumed, therefore, corresponding to (19) that we have multiplied 
the regular automorphism 7 in question by an inner automorphism such that 


(1, 2)" = (1, 2). 
(*) According to O. Hilder (loc. cit.) the single outer automorphism to be considered may 
be taken as 


(1, 2) > (1, 2)(3, 4)(5, 6), (1, 3) + (1, 6)(2, 3)(4, 5), (1, 4) — (1, 5)(2, 4)(3, 6), 
(1, 5) —> (1, 3)(2, 5)(4, 6), (1, 6) > (1, 4)(2, 6)(3, 5). 
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Furthermore one must have . 
(1) (1) é (2) (2) 
with the permutability conditions (12). By taking the image of the relation 
(1, 1](1, 2) = [1, 4] 
one obtains the conditions 


=T;, R=T; 


and consequently 


where the elements of the two groups H? and H® are permutable. It remains 
only to determine when this homomorphism of V2(H) is an automorphism. 
One finds that the relations 


= ky, hight = he 


can be solved uniquely for 4; and fz with arbitrary k, and k in H if and only 
if T—R is a one-to-one correspondence of H to itself while 7+R is an auto- 
morphism of H. Thus we have shown: 


THEOREM 6. For m=2 a regular automorphism of Z2(H) differs only by an 
inner automorphism from the automorphism defined by 


(1, 2)" = (1, 2), 
= [hihe, ha | 


where the endomorphisms T and R of H have the property that 
hihy = hg hy 


and T+R is an automorphism of H while T —R is a one-to-one correspondence 
of H to itself. 


The existence of two such endomorphisms T and R of H implies a permut- 
able decomposition 


H = 


Conversely if a permutable decomposition of H exists then one can obtain 
by a few additional conditions that endomorphisms T and R with the desired 
properties will exist. We shall not discuss these conditions here. 

We shall now determine when irregular automorphisms of 22(H) can exist. 
For an irregular automorphism 7 there must exist some subgroup M such that 


. 
| 
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M = V.(H). 
Here M must be normal and obviously 
= MU 
Since M is isomorphic to V2 one can write 
(43) M=HXA 


where each direct component is isomorphic to H. The group M must con- 
tain cycles 


and consequently at least one of the groups H and Hi contains such cycles. 
Since M is normal in 2 and since any transformation of WM results in some 
other decomposition (43) we can assume that H contains a cycle 


(45) ne ( ) 
in the normal form. 


The centralizer of such a cycle (45) has already been determined in §4, 
Chapter I and it was found to consist of the elements of the form 


volc, c] (i = 0, 1) 


where c is any element in the centralizer of a in H. 

The order of the centralizer of yo in 2 is, therefore, 2c, where c, is the 
order of the centralizer of a in H. On the other hand, all elements in must 
belong to the centralizer of yo according to the direct decomposition (43). 
Furthermore some elements of 7, for instance the powers of 7» must belong 
to it. Thus the order of the centralizer becomes at least mo: mg where mp is the 
order of yo and ny the order of H. By comparison with the previous determina- 
tion of the order of the centralizer this can only be possible if c, = ng and m = 2. 
But then 


ve = 0] = 1 


and a=1, so that yo in (45) takes the special form Yyo= (x1, x2). It has been 
shown, therefore, that every cycle y in (44) contained in HT has the order 2 
and consequently it has the special form 


Xe ) 


Now let us assume again that H/ has been so transformed that it contains 


j 
t 
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"Yo = (x1, x2). We expand in cosets 
H = Hy + voHo 


where Hy is the normal subgroup of H consisting of its multiplications. If 
[a, 6] is an element of Hy then yo[a, 5] is a cycle contained in H and from 
the preceding result it follows that b=a~'. Thus all the elements of Hy have 
the form 


a = [a, a]. 
If 
= 
is another element in Hy then their product 
= [ba, ba] = [ba, (ba)-*] 


is also in Hp. This implies ab = ba and Hy is Abelian. Since H is isomorphic to H 
this shows that H is obtained from an Abelian group H) by an extension of 
order 2. 

One can make a further statement about the group Hp. It follows from the 
preceding that the group H cannot contain any other elements of the cen- 
tralizer of yo than 1 and 7 itself. However all elements [a, a] belong to the 
centralizer of yo and such elements must be contained in H if Hy contains an 
element [a, a-*] with a?=1. This occurs if and only if Hy contains elements of 
order 2. Hence we have shown: 


THEOREM 7. Irregular automorphisms of 22(H) can only exist if H con- 
tains a normal Abelian subgroup Hp of odd order and index 2. 


If H has the form indicated in Theorem 7 one can write 
H=AUH, AMH=E 
where 
A={a}, a=1 


is a cyclic group of order 2. Let us write V2(H») for the group consisting of all 
elements 


[ 

where h® and 42 run through Hy independently. Obviously V2(Hp) is a nor- 
mal subgroup of 22(H). Since its order is an odd number it is relatively prime 
to its index 8, consequently V2(Hp) is a characteristic subgroup. It is also seen 
that 2:(H) splits over V2(Ho): 


(46) 2e(H) = 22(A) U Ve(Ho), 22(A)\V2(Ho) = E 
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where 22(A) is the group of order (8) whose elements are given in (5). We 
have shown that 22(A) was the simplest group for which irregular automor- 
phisms existed. 

The automorphisms of 22(H) can now be constructed by the method in- 
dicated in §3 from the decomposition (46). The possible automorphisms of 
V2(Ho) are defined by 


(1) (1) (2) (2) 
1] = , J[1, = , | 


where k; and kz are elements of Hy and the T denote endomorphisms of Hy 
satisfying the permutability conditions (12). 

Since the order of V2(Ho) is relatively prime to its order the group 22(H) 
splits regularly over V2(Ho), i.e., any other group which can replace 22(A) 
in (46) is obtained from 22(A) by an inner automorphism. Since tr may be 
multiplied by an arbitrary inner automorphism one can assume that 7 leaves 
2:(A) invariant. This means that the 8 elements of 22(A) are transformed 
by 7 according to the automorphism of 22(A) already determined in §1. The 
elements 


(x1, %2), (x1, x2) 1] 
generate the group and one has according to (7) and (9) 


v= [a, 1], y= y. 


The method indicated in §3 can now be used. We shall not go into the details 
of the calculations, but only give the final result: 


THEOREM 8. Let H be a group for which 22(H) can have irregular automor- 
phisms. Then H has a normal Abelian subgroup Hy of odd order and of index 2, 
hence 


H={a}UH, a@=1. 
The irregular automorphisms of 22(H) are then determined by 
(x1, = [a, 1], 
[a, (x1, 2) [a, al, [1, X2), 


and 


he)’ = hs, ha in Ho, 


where h*=aha and T denotes an automorphism of Ho such that 
(he)? = 


Furthermore the element a must satisfy the condition that every element in Hg is 
expressible as a commutator hah™a-". 
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CHAPTER IV. MONOMIAL REPRESENTATIONS 


1. Construction of monomial representations. Let G be some group. A 
monomial representation of G isa homomorphism of G to some subgroup Me 
of the symmetry Z,,(H) of some group H. A monomial representation may 
also be considered a homomorphism of G to a set of matrices such that to 
each g in G there corresponds a monomial matrix M,, i.e., a matrix of the 
special type that each line and column contains only one nonvanishing ele- 
ment. Since the multiplication of such matrices involves only the products of 
the elemerits which occur in them, one can suppose that the elements in the 
monomial matrices belong to some group H. 

If K is some normal subgroup of H then any monomial representation in H 
also gives a monomial representation in the quotient group H/K simply by 
considering the elements of H (mod K). 

For the monomial groups one can introduce the analogues of the ordinary 
concepts of transitivity and primitivity. Any monomial representation can be. 
written uniquely as a product of transitive representations. 

All transitive monomial representations of a group can be obtained by the 
following construction: 

Let H be a subgroup of G of finite index m and let 


(1) G = Hgit+--- + Hgm, gi =1, 


be the corresponding coset expansion. Then for any z in G one has a relation 


(2) git = he 

This relation defines for each z a monomial substitution 
*1, x2, hm 


The elements h® in H shall be called the factors of z. If t is another element 
in G and 


bit = hy 


then 


gi(2t) = he gecit he 


and one sees that 
Mu = M.M.,. 


This shows that there exists a transposed homomorphism between the ele- 
ments in G and the monomial substitutions (3). One can of course obtain a 
direct homomorphism by letting M, in (3) correspond to the element z-'. 
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If K is any normal subgroup of H then one obtains a monomial representation 
of G with respect to H/K by considering the factors h{* in (3) (mod K). 

From the manner in which the construction of the monomial representa- 
tion has been performed it follows that there exist substitutions M, taking an 
arbitrary variable x; into any hx;. The elements in H correspond to substitu- 
tions for which x:—hx, and those in K to substitutions in which x:—>;. 

Conversely it is easily seen that all transitive monomial representations 
may be obtained in this manner. For a given monomial group, the group H 
consists of those substitutions for which x:—>/;x; and K those for which x;—>x,, 
while the generator g; in (1) is taken as the substitution for which x,—>x;. 

The preceding theory applies only to a group G having a subgroup of 
finite index. There is however no serious difficulty in extending the theory to 
the case of an arbitrary transfinite number of cosets in (1). This would in- 
volve the extension of the theory of the symmetry Z,,(H) to such transfinite 
degrees. 

The question immediately arises when the monomial representation is iso- 
morphic to the group G. If an element z shall correspond to the unit substitu- 
tion, one must have, according to (2), giz#g71CXK for all i, hence K contains 
a normal subgroup of G. Conversely all the elements of such a subgroup of K 
must correspond to the unit substitution. 

We may summarize.these results as follows: 


THEOREM 1. All transitive monomial representations of a group G are ob- 
tainable by selecting a subgroup H of G and a normal subgroup K of H and con- 
structing the monomial representation of G in H/K by the coset expansion (1) 
and defining the factors of the substitutions from (2). The corresponding repre- 
sentation is isomorphic to G/N where N is the largest normal subgroup of G 
contained in K(5). 


2. Various properties of the monomial representations. We observe first 
that the monomial representation of a group obtained by the process just in- 
dicated depends on the choice of the representatives g; in the coset expansion 
(1). If g; is replaced by 


gi = 
then one finds from (2) 
hence the factors in the new representation are 
f= 


But this shows that M, is replaced by the substitution 
(*) See W. K. Turkin, loc. cit. 
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M, = «Mx 
where «x is the multiplication 
x= hel. 


One could also have changed the order of the cosets in (1) and this would 
have the effect of renumbering the variables x;. But any such change can also 
be obtained by transforming M, by a permutation and we can therefore say: 


THEOREM 2. All the different transitive monomial representations of a group 
G in quotient group H/K which can be obtained through permutations of cosets 
and change of representatives are conjugate subgroups of Xm(H/K). Conversely 
any two transitive conjugate subgroups of Xm(H/K) can be considered as repre- 
sentatives of the same group where one representation is obtained from the other 
by the two processes indicated. 


The actual determination of the monomial substitution corresponding to 
a given element z may often be made by such a transformation. One chooses 
the representatives in the coset expansion (1) in sets 


(4) Bis * 
where f; is the smallest exponent such that 


C Hg; 


gr Agi. 
If one writes 
(5) gilt = dig; 


then one finds that in the monomial representation z—M, where M, is in the 
normal form 


(6) M. = (" ). 


The cycles in this substitution correspond to the terms in the expansion of the 
group into double cosets 


(7) G = HZ + HgnZ 


where Z = {z} is the cyclic group defined by z. Each double coset in (7) con- 
tains f; cosets with respect to H and 


(8) Dh =m. 


} 
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These remarks permit us to decide when the substitution M, correspond- 
ing to z can be transformed into a permutation. In this case one must have 
d;=1 in (6) for every i and one concludes: 


THEOREM 3. Let z be an element in G and M, the monomial substitution cor- 
responding to z in the representation of G with respect to a quotient group H/K. 
Then a necessary and sufficient condition that M, be transformable into a per- 
mutation is that the elements of the cyclic group Z = { s} and its conjugates which 
belong to H also belong to K. 


One can also find when the monomial substitution corresponding to 2 is a 
multiplication. In this case one must have, for every g; in (1), 


(9) ga = hi 
or 
ging, CH; 
hence the element z must belong to a normal subgroup of G contained in H. 


Conversely if z belongs to such a group the relation (9) will hold. 


THEOREM 4. Those elements of G which correspond to multiplications in the 
monomial representation of G with respect to H/K form a group which is the 
greatest normal subgroup of G contained in H. 


Let us consider briefly the case when H is normal in G. Then every element 
in G has the form z=hg;. The monomial substitution corresponding to h is 
determined by 


gih = h’g:, = he, 
hence M, is the multiplication 
M, = [h,---, hom). 
Corresponding to the representative g; in the coset expansion one has 
8185 = Si, 
where the f;,; form the factor set of the extension G over H, hence 
3. The normalizer of a subgroup in the symmetry. Let G be a group repre- 
sented monomially with respect to a quotient group H/K. As a subgroup of 
the complete monomial group 2,,(H/K) the group G will have a certain nor- 


malizer Ng. We shall now study the properties of those automorphisms which 
the elements of Ng induce in the group G. 


‘4 
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Let v be an element of Ng taking the variable x; into x;. One sees then that 
(10) vHv = H; 


where H; is the subgroup of G consisting of those substitutions multiplying x; 
by a factor. This shows that v transforms all groups H; among themselves. 
Now there also exists some inner automorphism g of G such that 


= Hy 
and one finds 
pHy = H, p= vg, 
One needs therefore only to study substitutions y transforming H into itself. 


But if 
coe ) 
hyx1, 


one can multiply uw further by such an element in My that 4;=1. In this case 
one sees that ( 


=H, wKy'=K 


and further by transformation with u the quotient group H/K is left element- 


wise invariant. 
Conversely let A be an automorphism of G leaving H/K elementwise in- 
variant. Then one can associate with A a monomial substitution 


= 

where the factors /; are defined by 


A 
Bi = 


Next we form the substitution 


ee ’ “ee 
BM = ( (2) ) 
for an arbitrary element z in G. We shall show that 
uM yp" = M.A, 


To construct the factors of M,A we observe that 


A -1 A -1 A 
= = eas) 


and since A leaves H/K invariant 
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A 


as desired. We have proved therefore: 


THEOREM 5. Let G be a group which is represented as a transitive monomial 
group of degree m with respect to a quotient group H/K. Then the normalizer Ne 
of G in the symmetry 2,(H/K) consists of all those substitutions which aside 
from a factor in G induce such automorphisms in G that the quotient group H/K 
is left elementwise fixed. 


Under certain circumstances all automorphisms of G may be induced by 
the elements of the normalizer Ng. Let us determine when this occurs. We 
denote by A an arbitrary automorphism of G. Then one must have 


H4 = H, = He 


for some g; in G, hence A has the effect of an inner automorphism upon H 
and H is a typical(®) subgroup of G. Then B=Ag7" leaves H invariant and 


K® = K, K4 = K%, 


hence H and K are compatible typical subgroups. Finally H/K must be left 
elementwise invariant by B. 


THEOREM 6. The necessary and sufficient condition that all automorphisms 
of G shall be induced by the elements of the normalizer Ng of G in the symmetry 
2m(H/K) is that H and K be typical compatible subgroups of G such that any 
automorphism of G which leaves H fixed, shall, aside from an inner automorphism 
of H, leave the quotient group H/K elementwise fixed. 


The conditions of this theorem are satisfied when: 

1. H is typical, 

2. K is characteristic in H, 

3. H/K is complete, i.e. all automorphisms are inner automorphisms. 

The two first conditions are, for instance, always satisfied for a Sylow 
group and its normalizer. 

4, The centralizer of a subgroup in the symmetry. Again let G be a group 
represented as a monomial group with respect to a quotient group H/K. Asa 
subgroup of 2,,(H/K) the group G has a certain centralizer Zg whose proper- 
ties we shall now study. 

The center C of 2, consists of the multiplications 


ip 


where c belongs to the center of H/K. Obviously the center of Z,, belongs to 
Za. We can prove further: 


(*) Such groups will be studied in greater detail in another paper on group theory which 
will be submitted for publication shortly. 
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Any multiplication in 2m belonging to Zq must belong to the center C of Lm. 
Proof. Let the multiplication 
p= cal 
belong to Zg. Since there exist elements in G carrying x; into hx, for any 4, 
where h is an arbitrary element in H/K, one must have 
= h 
and c; must belong to the center of H/K. Furthermore since G contains ele- 


ments carrying x; into x; one finds c:=c; for every i. 
Next we show: 


Let o be a substitution belonging to Zg which only changes some variable by 
a factor. Then o is a multiplication and belongs to the center of Xm. 


Proof. Let o take x; into hx; and let M, be some substitution in G carrying 
x; into some other variable x;. Then one finds 


= oM,:x%; = = M,:hx; = hx; 


and ¢ is a multiplication. This result also shows that two substitutions in Z¢ 
taking a variable x; into the same variable x; differ only by a factor which is 
an element of C. 

We shall now give a method of constructing elements of 2,, which belong 
to Zq. Let z be an element in G which belongs to the normalizer of H and in 
addition has the property that it leaves the quotient group H/K elementwise 
invariant by transformation. Then one can associate with za unique mo- 


nomial substitution 
ee ’ Xis “ee 
5S,= 


= 


where 


Next let y be an arbitrary element in G and let us consider the product zgy. 
By the associative law this product, which belongs to G can be evaluated in 
0 ways, namely, first 


and secondly by the stated property of z 


This implies, however, M,S,=5S,M,, hence S, belongs to Za. 
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We have thus established a correspondence z—S, between the elements z 
of G which leave H/K elementwise invariant by transformation and certain 
elements S, of Zg. This correspondence is seen to be a homomorphism and the 
elements corresponding to the unit element are the elements of K. 


Now conversely let 
J +4 ) 
hyxi, 


be an element in Zg. Then there exists an element z in G such that 


ee 
hy xi, eee 


and the element z is determined uniquely (mod K). Let M; be the substitu- 
tion corresponding to an arbitrary element h in H. Then 


M,M,M. = = MS = M.S” thy, = 
This shows that 
M.M,M, = (mod Mx), 


hence M, and z have the property of leaving H/K invariant by transforma- 
tion. By this correspondence between S and z the unit element corresponds 


to the elements in K. We have shown therefore: 


THEOREM 7. The centralizer Za of a group G in the symmetry Xm(H/K) is 
isomorphic to the quotient group M/K where M consists of the elements in G 
which have the property of leaving the quotient group H/K elementwise invariant 
by transformation. 


One may ask finally when the centralizer consists only of elements in G, 
hence when Zg is equal to the center of G. Let z be an element in G leaving 
H/K invariant by transformation. The corresponding substitution S, belongs 
to G if there exists an element y in G such that 2g;=g:y (mod K). Clearly y 
must belong to the center Cg of G and for i=1 one finds z= y-k where k be- 
longs to K. This gives immediately: 


THEOREM 8. The necessary and sufficient condition that the centralizer of G 
in Xm(H/K) be the center Cag of Gis that 


M=CcUK 


where M denotes the subgroup of G whose elements have the property of leaving 
the quotient group H/K elementwise invariant by transformation. 
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THE FINITE DISPLACEMENT OF THIN RODS(') 
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1. Introduction. With reference to problems in elasticity, the terms “small 
displacement,” “finite displacement,” “small strain” and “finite strain” have 
the following meanings which will be made more precise later. If the displace- 
ment of every particle in a strained elastic body is much smaller than the 
greatest linear dimension of the body, the displacement is small; otherwise 
it is finite. If the elongation per unit length of every element in the body is 
much smaller than unity the strain is small; otherwise it is finite. 

Only those problems involving small strain lie within the scope of ordinary 
mathematical elasticity. In most problems the strain is small only if the dis- 
placement is also small. However, in the case of thin rods and plates the 
displacement may be finite and yet the resulting strain may be small. Such 
finite displacement of thin rods will be considered in this paper. At a later 
date it is proposed to deal with the corresponding problem for thin plates. 

The usual theory of the finite displacement of thin rods is due chiefly to 
Kirchhoff: it has been the subject of a number of papers going back nearly a 
hundred years(?). An account of the essentials of the Kirchhoff theory has 


Presented to the Society, April 11, 1941; received by the editors December 4, 1940. 

() This paper was written originally with the aid of a scholarship from the National Re- 
search Council of Canada, and was revised at Armour Institute of Technology, Chicago. 

(2) B. de Saint-Venant, Comptes Rendus de I’Académie des Sciences, Paris, vol. 17 (1843), 
pp. 942-945, 1020-1031; vol. 19 (1844), pp. 36-44, 181-187. J. Binet, ibid., vol. 18 (1844), 
pp. 1115-1119. Wantzel, ibid., vol. 18 (1844), pp. 1197-1201. G. Kirchhoff, Journal fiir die 
reine und angewandte Mathematik (Crelle), vol. 56 (1859), pp. 285-313, or Vorlesungen tber 
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been given by Love(*). This theory appears to be in need of certain improve- 
ments which it is the purpose of the present paper to present. First, in order to 
deduce the equations governing the finite displacement of a thin rod naturally 
curved, it was necessary to assume that the rod was displaced to its final posi- 
tion through an intermediate stage in which the rod was straight. No such 
artificiality is required in the present paper. Secondly, approximation was in- 
troduced in a somewhat haphazard fashion. In the present paper approxima- 
tion is introduced systematically in a manner which permits a theoretical 
solution of the problem to any desired degree of accuracy. The method is that 
of development in a power series in a small dimensionless parameter ¢ which 
tends to zero with the sectional area of the rod. This method was used by 
G. D. Birkhoff and others for thin plates(*); it has also been used for thin 
membranes(°) and for beams undergoing small displacement(°). 

Synopsis. In this paper we consider rods of uniform cross-section with the 
external forces acting only on the ends. 

The method of tensor calculus is used. Solutions are sought for the equa- 
tions of equilibrium and compatibility by means of a systematic method of 
approximation. These solutions contain certain arbitrary functions which can 
be determined by applying the same method of approximation to certain 
macroscopic equations of equilibrium. These macroscopic equations of equi- 
librium express the fact that each element of the rod lying between adjagent 
cross-sections is in equilibrium under the action of forces acting on its ends. 


Even though the strain is small, in this work we require stress-strain relations 
which are more accurate than the usual relations. These relations involve five 
elastic constants whereas the usual relations involve only two. 

The method of approximation hinges on a dimensionless parameter € in- 
troduced in the following manner. We consider a singly infinite sequence of 
thin rods with identical lines of centroids of equal lengths, and with cross- 


mathematische Physik, Mechanik, 3rd edition, Leipzig, 1883. A. Clebsch, Theorie der Elasticitat, 
Leipzig, 1862, Part 4, or Théorie de I’ Elasticité, Paris, 1881, chap. 4. A. B. Basset, Proceedings 
of the London Mathematical Society, vol. 23 (1891-1892), pp. 108-127; American Journal of 
Mathematics, vol. 17 (1895), pp. 281-317. 

(*) A. E. H. Love, Elasticity, 4th edition, Cambridge, 1934, chap. 18. 

(*) G. D. Birkhoff, Philosophical Magazine, vol. 43 (1922), pp. 953-962. C. A. Garabedian, 
these Transactions, vol. 25 (1923), pp. 343-398; Comptes Rendus de 1’ Académie des Sciences, 
Paris, vol. 177 (1923), pp. 942-944; vol. 178 (1924), pp. 619-621; vol. 179 (1924), pp. 381-384; 
vol. 180 (1925), pp. 257-259; vol. 181 (1925), pp. 319-321; vol. 186 (1928), pp. 1518-1520; vol. 
195 (1932), pp. 1369-1371. H. W. Sibert, these Transactions, vol. 33 (1931), pp. 329-369. 
R. Higdon and D. L. Holl, Duke Mathematical Journal, vol. 3 (1937), pp. 18-34. 

(5) J. L. Synge, Philosophical Transactions of the Royal Society, (A), vol. 231 (1933), 
pp. 435-477; Transactions of the Royal Society of Canada, (3), section III, vol. 31 (1937), 
pp. 57-81. G. E. Hay, Canadian Journal of Research, (A), vol. 17 (1939), pp. 106-121; vol. 17 
(1939), pp. 123-140. 

(*) J. N. Goodier, Transactions of thé Royal Society of Canada, (3), section III, vol. 32 
(1938), pp. 1-25. 


. 
4 
ig 
id 
| 


1942] DISPLACEMENT OF THIN RODS 67 


sections having average diameters continuously decreasing to zero. We define 
¢ by the relation 
Werage diameter of cross-section of unstrained rod 


1.1 
length of unstrained rod 


¢ then varies in the interval 0<¢<6, where 6 is much smaller than unity. 

Frequently we shall find it convenient to refer to the order of magnitude 
of certain quantities. By definition, a quantity q is said to have the order of 
magnitude of e’, or to be of order e’, if g/e” tends to a finite nonzero limit as ¢€ 
tends to zero. Quantities of order €° are said to be finite. 

Let us now consider the problem as a whole. A rod of given geometrical 
form is subjected at one end to a given force-system (force and couple). It 
takes up some equilibrium configuration under the action of the given force- 
system and a suitable force-system applied to the other end. Thus the prob- 
lem may be considered as characterized by 

(a) the geometrical form of the unstrained rod, 

(b) the force-system applied to one end. 

When these are given, the problem is to determine the geometrical form of 
the unstrained rod by solving the equations of equilibrium and compatibility 
together with the macroscopic equations of equilibrium. It is found that— 

(a) When the applied force-system is of order é or lower, the strain is 
finite. 

(b) When the applied force-system is of order ¢° or higher the displace- 
ment is small. 

(c) When the applied force-system is of order é or é*, the displacement is 
in general finite, while the strain is either finite or small depending on the 
configuration of the unstrained rod and on the individual components of the 
applied force-system. We are interested only in those problems in which 
the displacement is finite and the strain small. It is found that all problems 
in which this is the case fall naturally into three classes which will now be 
discussed in turn. 

In problems of Class (i) the unstrained rod has in general an arbitrary 
finite twist and curvature. The given force-system applied to one end is of 
order é‘ but is otherwise arbitrary. In the strained rod the twist and curvature 
are in general finite and can be found by the first approximation (Kirchhoff 
theory) while the elongation per unit length is of order e? and can be found 
only by recourse to the second approximation. 

In problems of Class (ii) the unstrained rod has again in general an arbi- 
trary finite twist and curvature, but the given force-system applied to one 
end of the rod consists of an arbitrary force of order e* (much larger than in 
Class (i)), an arbitrary twisting couple of order ¢*, and a particular bending 
couple of order ¢. The strained rod is nearly straight, with its line of centroids 
coinciding approximately with the line of action of the given force applied 
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to the end. In the strained rod the twist (which is finite), the curvature (of 
order €) and the elongation per unit length (of order €) can all be found by 
the first approximation. When the magnitude of the curvature is reduced in 
this way from order e€° (finite) to order € (small), the rod will be referred to as 
“straightened.” An example of such straightening is worked out in §13. 

Class (iii) is a particular case of Class (i). It arises when the form of the 
unstrained rod is such that two special conditions ((10.20) or (10.21)) are 
satisfied and the given terminal force-system consists of an arbitrary force 
and a particular bending couple both of order ¢, the bending couple being so 
chosen that the strained rod is “straightened.” In the strained rod the twist 
is the same as in the unstrained state, while the curvature (of order €) and 
the elongation per unit length (of order ¢?) can be found only by recourse to 
the second approximation. A problem of Class (iii) is worked out in $13. 

2. The unstrained rod. A mathematical investigation involving rods is 
greatly facilitated by the use of such concepts as “normal cross-section” and 
“line of centroids.” Since these are rather difficult to define for a general 
curved rod, the present investigation will be limited to those rods which, in 
the unstrained state, can be defined in the following manner. In Figure 1a, 


Fic. 1. The unstrained rod: NV is a cross-section of the rod, C is the centroid of V, and is 
the line of centroids 


N is a region bounded by a general closed plane curve, and C is the centroid of 
V. In Figure 1b, M is a general regular skew curve. The rod is generated by V 
when C moves along M@ with the plane of WV normal to MY, as shown in Fig- 
ure 1b. When a rod is defined in this manner, it has a uniform normal cross- 
section W and a line of centroids M. Since the rod is to be thin, it is certainly 
necessary that 


(maximum diameter of N)/(length of M) < 1. 


Curvilinear coordinates x‘ (¢=0, 1, 2) will be used: x® is the arc length 
measured along M from one end of the rod to C: x! and x? are rectangular 
cartesian coordinates in the cross-section through C, with origin at C and 
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the principal axes of inertia of the cross-section as axes. Latin indices will 
have the range 0, 1, 2; Greek indices the range 1, 2; and, in accordance with 
the usual convention, repeated indices will indicate summation over the ap- 
propriate ranges. The line element in the rod will then be of the form 


(2.1) d3? = ;dx‘dxi, 


where §;; is the metric tensor and 2;;= 2;;. Because of the nature of the coordi- 
nate system, 


(2.2) (Zoe = 1, (Boao =0, Zap = dp, 


where 8% is the Kronecker delta and (Z,;)¢ means that 2;; is to be evaluated at 
the point C on M (where x*=0). 

At each point C on © there is an orthogonal triad associated with the 
coordinate axes. To describe the configuration of M, we shall use a rotation 
vector @ specifying the rotation of this triad as C moves along M: &*y; is then 
the rotation per unit length about the direction of a unit vector ),, and &° 
and @* will be referred to respectively as the twist and curvature of the un- 
strained rod. The use of &* rather than the ordinary components of curvature 
brings a greater symmetry into subsequent equations. 

The remainder of this section is devoted to the derivation of (2.8), which 
expresses @ in terms of 2;;. 


Fic. 2. A part of the unstrained rod 


Two adjacent points C (x°) and C’ (x°+dx) are taken on the line of cen- 
troids M@ (Figure 2): W and W’ denote the cross-sections at C and C’, respec- 
tively. The positions relative to C of points lying in W and near C will be 
denoted by infinitesimal vectors (5x*). Similarly the positions relative to C’ 
of points lying in W’ will be denoted by (5x). Corresponding to any point 
in WN there is a point in W’ for which (5x*)é = (6x*)g-, and all the points in V 
can be brought into coincidence with the corresponding points in W’ by a 
rigid-body displacement, which can be accomplished in two steps: (i) a rigid- 
body translation in which C moves into coincidence with C’ and W moves 
into a new position W’’; (ii) a rigid-body rotation in which each point in V’’ 
moves into coincidence with the corresponding point in N’. 
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In step (i), each vector (5x*)a is propagated parallelly from C to C’. The 
x°-component of all vectors in the field produced by this parallel propagation 
vanishes in general only at C. Presently, differentiation will be performed with 
respect to the components at C of this vector field. Thus it is necessary to 
introduce a third component (6x°)~ which will be allowed to vanish after the 
differentiation has been performed. As a result of step (i), (6x*)g becomes an 
infinitesimal vector in W’’ at C’ with components 


(2.3) — 

where Fy is the Christoffel symbol of the second kind in 3;;, 
if OB ix 

(2.4) Oxi Ox* Ox! 


bi is the minor of Z;; in the determinant | z;;| divided by that determinant, 
and (F;,)a represents Fy, evaluated at C (where x*=0). 

As a result of step (ii), (2.3) becomes (5x‘)g,, and since (6x‘)g = (dx*)z-, 
the infinitesimal displacement produced by the rigid-body rotation in step (ii) 
is 


(2.5) = . 


This rigid-body rotation is specified by the skew-symmetric tensor 


1 Ou; Ou; 1 
It can also be specified by the contravariant vector @idx®, such that Xjaidx® 


is the angle of rotation about a direction specified by a unit vector ),. If 
z= | Zii| and c‘/* are the permutation symbols(’), then 


(2.7) adx = 
whence, since (Z)¢=0 by (2.2), 


(2.8) 


The differentiation with respect to (5x')@ has been performed and we now set 
(6x°)- =0. This does not alter (2.8), which thus expresses the rotation vector @ 
of the unstrained rod in terms of 2;;, as required. 

3. The strained rod. When the rod defined in §2 is acted upon by certain 
external forces, it is displaced finitely and experiences a small strain. The 


(7) For an explanation of the permutation symbols and their tensor character, see, for ex- 
ample, O. Veblen, Invariants of Quadratic Differential Forms, Cambridge, 1927, pp. 3-4, 25-26. 
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strained positions of the line of centroids M, the cross-section NW, and the 
point C on both of them will be denoted by M, N and C respectively: M, N 
and C will be referred to as the strained line of centroids, the strained cross- 
section and the strained centroid of the cross-section of the rod, respectively. It 
will be noted that in general N is a curved surface. 

In the unstrained rod, the coordinates associated with a general particle 
are x‘ (i=0, 1, 2). In the strained rod the same coordinates will be used to 
specify the same particle. Such coordinates are called co-moving coordinates. 
They are a particular set belonging to the more general coordinates used by 
Murnaghan(8). Thus, the line element in the strained rod will be of the form 


(3.1) ds? = g;;dx‘dx/, 


where g;; is the metric tensor and g;;=gji. 

In §2,.a rotation vector @' was determined for the unstrained rod. For 
the strained rod, a rotation vector w‘ can be defined somewhat analogously: 
w° and w* will be referred to respectively as the twist and curvature of the 
strained rod. We shall now derive (3.7), which expresses w‘ in terms of gi; and 
is thus the analogue of (2.8). 


Fic. 3. A part of the strained rod 


Two adjacent points C (x®) and C’ (x°+dx®) are taken on the line of 
centroids M (Figure 3): N and N’ denote the cross-sections at C and C’, re- 
spectively. The positions relative to C of points lying in N and near C will 
be denoted by infinitesimal vectors (6x*)c. Similarly the positions relative 
to C’ of points lying in N’ will be denoted by (6x*)c¢,. Corresponding to any 
point in N and near C there is a point in N’ for which (5x*)c=(6x*)c’, and 
each point in N can be brought into coincidence with the corresponding point 
in N’ by certain displacements. These displacements can be accomplished in 
two steps: (i) a rigid-body translation in which C moves into coincidence with 
C’ and N moves into a new position N’’; (ii) a system of displacements in 
which each point in N’’ near C’ moves into coincidence with the correspond- 
ing point in N’. 

In step (i), each vector (5x*)¢ is propagated parallelly from C to C’. Just 


(*) F. D. Murnaghan, American Journal of Mathematics, vol. 59 (1937), pp. 235-260. 
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as in §2, it is necessary to assume that the infinitesimal vectors (6x*)¢ have 
a third component (5x°)c¢ which can be allowed to vanish only after w‘ has 
been evaluated. Thus (5x*)¢ becomes an infinitesimal vector in N’’ at C’ with 
components 


(3.2) bx) — Jods’, 
where F;, is the Christoffel symbol of the second kind in g;;, 


if Ogi; ) 


3.3 Fy. = 
Oxi Ox* ax! 


g‘i is the minor of g,; in the determinant | g;;| divided by that determinant, 
and (Fy)c represents Fy, evaluated at C (where x*=0). 

As a result of step (ii), (3.2) becomes (5x*)¢-; and since (5x*)¢ = (5x*)c-, the 
system of infinitesimal displacements in step (ii) is 


(3.4) ui = 


This system of displacements can be considered as accomplished by means of 
a hypothetical homogeneous strain. This strain can be resolved into a pure 
strain and a rigid-body rotation. The rigid-body rotation is specified by the 
skew-symmetric tensor 


1 ou Ou; 1 F) 

It can also be specified by a contravariant vector w‘dx® such that Aw‘dx® is 


the angle of rotation about a direction specified by a unit vector d,. If g =| g;;| 
and c‘/* are the permutation symbols, then 


(3.6) widx® = 
whence 


/¢ 
The differentiation with respect to (6x*)¢ has been performed and we now set 
(6x°)c =0. This does not alter (3.7), which thus expresses the rotation vector w' 
of the strained rod in terms of g;;, as required. This rotation vector refers to 
the rotation, as C moves along M, of the principal axes at C of the hypotheti- 
cal strain introduced above. It will be noted that it does not refer to the rota- 
tion of a triad of vectors associated with the coordinate axes at C as C moves 
along the line of centroids M. 
The elongation per unit length e of an element in the rod is accurately 
ds — d§ 


(3.8) e= a = — 1, 
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For the line of centroids, 
dx* = 0, 


2:3 are as given in (2.2), and thus 
(3.9) e= (gue — 1, 
where the subscript C means that the expression in parenthesis is to be evalu- 
ated at C on the line of centroids. 

It will be observed that all arguments in §3 are purely geometrical, and 
do not actually involve any assumption that the strain is small. 

4. Stress-strain relations. The strain tensor(*) ¢;; is defined by 


(4.1) = gis — Biz. 


Since the strain is to be small, the elongation per unit length of each element 
in the rod must be much smaller than unity. Thus, by (3.8), e;; must be <1. 

The usual stress-strain relations for an isotropic elastic body involve two 
elastic constants, and in their development all powers of the stress and strain 
tensors above the first are neglected. Stress-strain relations which involve five 
elastic constants, and in the development of which all powers of the stress 
and strain tensors above the second are neglected, have been deduced from 
considerations of elastic energy by Murnaghan(?). In this paper we shall re- 
quire the latter relations, and in terms of a reduced stress tensor T;; defined by 


(4.2) Ey; = ETi;, 
E being Young’s modulus and E;,; the stress tensor, they take the form 


= — oK ages + (1 + 0) Taj — (01 (Ki) + gi 
+ (1 +6 + o2)KiTij + 201 + 15 + 


where ¢ is Poisson’s ratio, 01, ¢2, 0; are three new elastic constants which are 
dimensionless, and 


(4.3) 


Ky, 


(4.4) 2K, = 


5Y, 62%, being Kronecker deltas(1"). If on the right side of (4.3) only the first 
two terms are retained, the two-constant stress-strain relations result. 


(%) For a more detailed account of the application of tensor notation to elasticity, see, for 
example, P. Appell, Mécanique Rationnelle, vol. 5, Paris, 1926, p. 91. 

(*) F. D. Murnaghan, loc. cit. See also L. Brillouin, Annales de Physique, vol. 3 (1925), 
pp. 251-297. 

() For an explanation of the Kronecker deltas, see, for example, O. Veblen, loc. cit. 
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5. Equations of equilibrium and compatibility. Except in §2, which dealt 
with the geometry of the unstrained rod, throughout this paper the metric 
tensor g;; of the strained rod and its tensor reciprocal g‘/ will be used for lower- 
ing and raising suffixes, and also for forming tensorial derivatives. 

Body forces are neglected. Thus, in terms of the reduced stress tensor 7;;, 
the equations of equilibrium are 


(5.1) = 0, 


where | j signifies the covariant derivative. Since the space defined for the 
strained rod by (3.1) is flat, its curvature tensor R;;,; must vanish, i.e., 
(5.2) Oxidx*® aAxtdx' adaxidx' axtdx* 
+ — = 0, 


where Fj, are defined in (3.3). Contained in (5.2) are just six distinct equa- 
tions, 


(5.3) Roioi = Row2 = Rose = 0, 
= Rizo = Rinse = 0. 

In elastic problems involving small displacement only, (5.3) reduce to the 
usual equations of compatibility. Because of this, in the present work (5.3) 
will be called the equations of compatibility. 

We let ; denote the covariant components of a unit vector pointing along 
the outward normal to the lateral surface of the rod. Thus, since no stress is 
transmitted across this surface, 


(5.4) Ti = 0. 


6. Macroscopic equations of equilibrium. In this paper it is found neces- 
sary to introduce certain equations which express the equilibrium of each ele- 
ment of the rod lying between adjacent cross-sections. These equations will 
be called the macroscopic equations of equilibrium, the word “macroscopic” in- 
dicating that the equations involve an integration over the cross-section of 
the rod. 

In Figure 3, C is a point on the line of centroids M of the strained rod and 
N is the cross-section containing C. The reaction across N is statically equiva- 
lent to a force at C and a couple. The force will be denoted by EP; and the 
couple by EQ;, where E is Young’s modulus. Thus, if (\‘)c is any unit vector 
at C, then EP;(\‘)c and EQ,;(\‘)c are, respectively, the component of the force 
in the direction (A*)c and the moment of the couple about that direction. The 
quantities P; and Q; are functions of x® only. They will be called reduced force 
and reduced couple, and are actually a force and a couple divided by Young’s 
modulus. They satisfy the relations 
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(6.1) = f Ti 
N 


(6.2) = f su 
N 


where dS is an element of area on N, 7;; is the reduced stress tensor, c‘/* is 
a permutation symbol, g is the determinant | gii| , A‘ is a unit vector defined 
at a point on N by parallel propagation of (A‘)c from C, v‘ is a unit vector 
normal to N in the direction of increasing x°, u; is a unit vector at x* on N 
tangent to the straight line drawn from C, and s is the length of this straight 
line. The explicit evaluation of P; and Q; will be accomplished later (§8) by 
use of (6.1) and (6.2); and in preparation for this, expressions for \‘, v‘ and sy; 
will now be derived in turn. 
At points on NV 


(6.3) = Oe + + 


and since \‘ is propagated parallelly, 
ani 
(6.4) —+Fyr =0. 
Oxi 
Thus 
For v‘ we have 
(6.6) vo = vg = 0, v9 = (g)i/2, = 


The evaluation of su; is more difficult. In order to give full power to the 
indicial notation, the coordinates of the initial point of the straight line of 
which s is the length and y; the unit tangent vector at x‘ will be denoted by a‘. 
A straight line is a geodesic in three dimensions, and from variation of the end 
point of such a geodesic, it is known that 


(6.7) 


Also, for such a geodesic as long as the point x‘ is near the point a‘, it can be 
shown that 


4, m n n 
+ (g:sF an) stmot( —a)(x" —a")(x" — a") +--+, 
correct to the third order in x‘—a‘. Thus by (6.7), 


(6.8) 
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Os? j j. 
= 2(gi3) lmal(X = a) 


+ 


n m ™. j j. 
+ 2(gmnF ij) —a)+--- 
In order to evaluate su; as it occurs in (6.2), we set 


= 0, 
obtaining 


(6.10) sui = (ialox + + (genFislox 


In Figure 3, it is recalled that C (x°) and C’ (x°+dx°) are adjacent points 
on the line of centroids M of the strained rod, and that N and N’ are the cross- 
sections containing C and C’, respectively. The conditions of statical equilib- 
rium for the part of the rod lying between N and N’ are 


(6.11) — + (A = 0, 
(6.12) — + + = 0, 


where P;, Q; and g are as defined above, (‘)c. is a unit vector at C’ produced 
by parallel propagation of (A*)c from C, wu; is the unit vector at C’ tangent to 
the geodesic drawn from C and s is the length of this geodesic. Now 


(Pie: = (Pie + (=) 
(6.13) 


On 
(6.14) (Aer = (Ae 
Since \‘ is propagated parallelly along M, (6.14) can be written in the form 


(6.15) Jor = (No — + - 


where Fre is the Christoffel symbol defined in (3.3). To evaluate su; as it 
occurs in (6.12), we set x*=a*=0, x°—a°=dx® in (6.10). Then by substitu- 
tion for su;, and for (A*)c- from (6.15), it is found that (6.11) and (6.12) take 
the following forms, correct to the first order in dx°®, 


(6.16) — 
dx® 
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whence, since (A‘)¢ is an arbitrary unit vector, 


dP; j 
(6.18) — — (Fin)cP; = 0, 
dx 


(6.19) — + (6 = 0. 

These are the macroscopic equations of equilibrium. They can be found easily 
in vector form by vector methods. However, in that form they do not lend 
themselves to the method of approximation used in the present paper. 

7. The method of approximation. The metric tensor g;; of the strained rod, 
the strain tensor e;; and the reduced stress tensor T;; are all unknown. They 
are interrelated by (4.1) and by the stress-strain relations (4.3). They are to 
be determined by solving the equations of equilibrium (5.1) and the equations 
of compatibility (5.3). In order to solve these equations, approximation is in- 
troduced based on the thinness of the rod. In previous treatments of the 
problem, the manner in which this approximation was introduced suffered 
from certain defects which have been mentioned earlier. In this paper the ap- 
proximation is introduced in the following systematic way. 

We consider a singly infinite sequence of thin rods with identical lines of 
centroids of equal finite lengths, and similar cross-sections with average di- 
ameters continuously decreasing to zero. The relation 


average diameter of cross-section of unstrained rod 
e= 
length of unstrained rod 


(7.1) 


thus defines a dimensionless small parameter € ranging continuously toward 
zero over values smaller than unity. 

With regard to order of magnitude, a quantity g will be referred to as of 
order e” (r=0, 1, 2, - - - ) if g/e” tends toa non-infinite, nonzero limit as e tends 
to zero. A quantity of order e® will be referred to as finite. For example, if / 
is the length of the line of centroids of the unstrained rod and E is Young’s 
modulus, then /e’ is a length of order e’, E/’e* and E/*e’ are respectively a 
force and a couple of order e’, e’/] is a curvature of order e’, and so on for 
reduced force, reduced couple, etc. 

We limit ourselves to rods of uniform cross-section, and since all rods in 
the sequence have similar cross-sections, the equation of their lateral surfaces 
takes the form 


(7.2) 


It will be recalled that x* (a=1, 2) are rectangular cartesian coordinates in 
a general normal cross-section of the unstrained rod, while x® is the arc-length 
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of the line of centroids of the unstrained rod. Since the range of x* is much 
smaller than that of x°, new coordinates are introduced to replace x*. They 
are defined by 


(7.3) x* = 
so that the ranges of x® and £ are all finite. Thus (7.2) becomes 
(7.4) S(é', &) = 0. 


The metric tensor 2,;; of the unstrained rod is assumed known. It is a 
function of x° and the relatively small coordinates x. It is assumed that Z;; 
can be expanded in Taylor series in x*, and since 


= 8, 
(by (2.2)), we then have 
2.8 (a) 


where 


_(a) (as) ( ) 
7.6 =(— = yore 
( ) (= Bis Ox* 


There are similar expansions for 5‘/, 


tj(a) B,ij(aB) 


+ ES 


(7.7) wh + 


where the coefficients are defined by equations analogous 
to (7.6), and since the relations Z,5** = 5; are true for all values of ¢ and &, 
these coefficients are related to the coefficients in (7.5) by 


a a 4j(aps 


We note that Z;; is finite when i =j, and is of order € when 1+}. 
It will be assumed that the components of the unknown metric tensor g;; 
of the strained rod in equilibrium admit expansions in powers of e, 


(7.9) Big = Bisco) H + 


the coefficients being regular functions of x°, . From (4.1) it then follows 
that there are expansions for the strain tensor 


(7.10) Cig = + , 
and because of the stress-strain relations, for the reduced stress tensor, 
(7.11) Tis = Tigo) + eTisay 


To confine our attention to small strain, we must limit ourselves to those 
cases where 
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(7.12) = 9. 


Then, since strain and stress must vanish simultaneously to the same order 
of magnitude, 


(7.13) T i500) = 0. 


When we substitute in (4.1) the power series (7.5), (7.9) and (7.10) and equate 
coefficients of powers of €, we obtain, by use of (7.12), 


é _(@) _(a@B) 
(7.14) = 84 = — Big , = — E f, coe, 


These equations relate the coefficients in (7.9) and (7.10). By means of the 
stress-strain relations (4.3), we can also relate the coefficients in (7.10) and 
(7.11), or (7.9) and (7.11). Only the latter relations will be required. They 
appear in the following section (equations (8.10), (8.11)). 

In (7.9), (7.10) and (7.11), the coefficients of e° are known. If for any prob- 
lem we determine all the remaining coefficients, we shall have solved that 
problem exactly. If we determine only the coefficients up to and including 
those of €”, we shall have obtained an approximate solution of the problem 
to within an error of order e*+!, and the smaller ¢ (i.e., the thinner the rod), 
the better the approximation. In order to derive equations to be solved for 
the unknown coefficients in (7.9), (7.10) and (7.11), we shall express as power 
series in € with coefficients independent of ¢ the left sides of the equations of 
equilibrium (5.1), the equations of compatibility (5.3) and the macroscopic 
equations of equilibrium (6.18) and (6.19), and then equate to zero the coeffi- 
cients of the various powers of e. To this end, we must express as power series 
in the quantities g‘/, Fy, mi, Pi, Q:, and e. This will occupy the re- 
mainder of this section. 

In view of (7.9), g‘/ can be expressed in the form 


(7.15) g = 


and since the relations 
= 


are true for all values of ¢, it is found that 


ij 


Differentiation with respect to x° and & will be denoted by a subscript 
preceded by a comma. Thus 


(7.17) 
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The Christoffel symbols of the second kind F} are functions of g‘/ and 
the derivatives of g;; with respect to x‘. By substitution, they can thus be ex- 
pressed in the form 


‘ 
(7.18) F'n = Faw) + 


where 


0 a 0 
2F 00 (0) = 0, 2F 00.0) = — £00(1),as 2F oa(0) = £00(1),a» 


0 
(7.19) 2F 20.0) = £60(1),a — 2F ap(0) = £60(1),@ + S0a(1),6 


2F apo) = S8y(1),a — 


0 
(7.20) = G00(1),0 


0 
2Foa(1) = £00(2),a — £00(1)£00(1),a — — Soa(1),8)+ 


There are similar expressions for the remaining components of Fj,,), and for 
Fy), Fhus) * * * » Which will not be required in the present investigation. 

We shall now express as a power series in ¢ the unit covariant vector ; 
pointing along the outward normal to the lateral surface of the strained rod. 
The equation of the lateral surface of the rod is (7.4). Thus 


(7.21) m = 0, Na = Rf as 


where k~?=g*f af. In (7.15), g** is expressed as a power series in e. Thus k 
and hence also m; can be expressed as a power series in e. We obtain 


(7.22) mo = 0, Ma = Maio) + , 


where 


(7.23) tao) = = 


We note that if d§* are the components of an arbitrary displacement on the 
periphery of a cross-section N, then f,.d&* =0, whence f ;/d&* = —f »/dé'. Thus 
(7.23) can be written in the form 

dg? dé! 
(7.24) = Noo) = 

dr T 
where 


(dr)? = 


The reaction across a cross-section of the strained rod is specified by a 
certain reduced force P; and a reduced couple Q; satisfying (6.1) and (6.2), 
respectively. An explicit evaluation of P; and Q; as power series in ¢€ will 
now be made. The vectors X‘, v‘ and su; in (6.1) and (6.2) are given by (6.5), 
(6.6) and (6.10). They can thus be expressed as power series in ¢ by substitut- 
ing for x*, gi, g"4, Fp from (7.3), (7.9), (7.15) and (7.18). We then obtain 
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(7.25) = — + 

(7.26) = 1 — + — + Ole’), 

suo = + + O(e*), 

Sa = + + + + 
where O(e") means terms of order e’ and higher. The element of areadS on N 
is given by 

(7.28) dS = (g’)'/*dxldx? = 

where 

(7.29) = | | = 1+ + Ofc’). 


Of the quantities occurring on the right-hand sides of (6.1) and (6.2), 
T;;, X4, v‘, sus and dS are expressed in (7.11), (7.25), (7.26), (7.27) and (7.28) 
as power series in €; by (7.9), g= | gs5| can be similarly expressed, and thus 
the entire right-hand sides of (6.1) and (6.2) can be expressed as power series 
in €. In the resulting equations, (A‘)c appears in every term, and since (A‘)¢ 
is an arbitrary unit vector at C, we conclude that 


(7.30) Pi = is) + , 
(7.31) Qi = + Dis) 


where 


(7.27) 


(7.32) Pia) = f Toi 
N 


Pia) = f [Toic2) + 3(£aa(1) £00(1)) T0401) 
N 
— — (Faiy)cldt dé , 


(7.34) Qua = f OT 
N 


(7.33) 


jak a jak fj a 
Qics) -f — ¢ € T x0(1) 
N 


+ Tron) — Te soc} 


By (7.5), = | 2s can be expressed as a power series in ¢. Thus, by (2.8) 
we are able to express the rotation vector &‘ of the unstrained rod in the 
form 


(7.35) 
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é tak (a) 


(7.36) Zu 


By (7.9), g=|gij| can also be expressed as a power series in ¢. Thus, by (3.7) 
we can express the rotation vector w‘ of the strained rod in the form 


(7.37) = wey + + 


where 
tak 
(7.38) wo) = 4c 
‘ 408 
(7.39) way = — 48 + 


By (3.9) we can also express ¢, the elongation per unit length of the line 
of centroids, in the form 


(7.40) =e 
where 

(7.41) = 4(g00c1)c, J 
(7.42) = — 


8. The fundamental equations. In this section, there will be developed 
equations for the determination of the unknown coefficients in the expansions 
(7.9), (7.10), (7.11) for e:;, Ti;, respectively. 

The equations of equilibrium (5.1) can be written in the form 


OT ix 
(8.1) Fala = 0. 
Ox! 


All quantities in this equation are expressed in (7.11), (7.15) and (7.18) as 
power series in e. Hence we can express the left-hand side of (8.1) as a power 
series in €, and since (8.1) is true for all small values of ¢, the coefficients of 
the various powers of e must vanish identically. The coefficients of €® vanish if 


(8.2) = 0. 
These are the first order equations of equilibrium. It is found that the coeffi- 
cients of € vanish if 
Tia(2),a + — £5001) T — 80a(1),a7 40(1) 


These are the second order equations of equilibrium. Similarly there are equa- 
tions of equilibrium of the third order, fourth order, and so on. 

All quantities in the equations of compatibility (5.3) have also been ex- 
pressed as power series in ¢. The left sides of the equations themselves can 
then be expressed as power series in €, and the coefficients of the various 


(8.3) 
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powers of ¢ must vanish identically. The coefficients of e~' give rise to the first 
order equations of compatibility 
(8.4) £00(1),a6 = 0, 
323. 0, 
(8.5) 801(1),22 — §02(1),12 
802(1),11 — = O, 
(8.6) 2g12(1),12 — £11(1),22 — £220),11 = O, 
while the coefficients of €° give rise to the second order equations of compatibility 


£00(2),a8 — £oa(1),08 — £08(1),0a — 4£00(1),a£00(1),8 
(8.7) — — — 
— — = 0, 
Go1(2),22 — So2(2),12 S22(1),01 — £12(1),02 
(8.8) + a0(1),2(£02(1),1 01(1),2) = + = 0, 
G02(2),11 — S01(2),21 811(1),02 — $21(1),01 
+ + £02(1),1) = 0, 
2g12(2),12 — §11(2),22 £22(2),11 — 2g01(1),1802(1),2 
(8.9) + + — 81201),4) + — 
+ 4(go2c1),1 + — — 81101), 4) (282401),2 — = 0. 


Similarly we can write down equations of compatibility of the third order, 
the fourth order, and so on. 

By replacing ¢;; in the stress-strain relations (4.3) by 3(g;;—Z,;) and sub- 
stituting for g.;, gi; and T;; from (7.5), (7.9) and (7.11) with 7;;)=0 as per 
(7.13), in the same way we deduce stress-strain relations of the first order, 


_(@) 
(8.10) = Big E — 208 + + 0) 
and stress-strain relations of the second order, 


= hess 266 + + 52) 
+ — (20; + — ua) 
+ (02 — 63) 
— 2oT + 201 + + 02 — 93) T isa) 
+ 2[2(1 + 0)? + 
In the stress-strain relations (4.3), quantities of order (¢,;)* were neglected. If 
such quantities had been retained, it would be possible to write down stress- 


strain relations of the third order. Similarly stress-strain relations of higher 
orders could be found. 
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The boundary conditions on the lateral surface of the rod are (5.4). By 
substitution in (5.4) from (7.11), (7.13), (7.15) and (7.22), we can convert the 
left sides into power series in ¢. It is found that the coefficients of € vanish if 


(8.12) T = 0. 


These are the first order boundary conditions. Similarly the coefficients of ¢? 
vanish if 


(8.13) Tigc2y — Ti + = 0. 


These are the second order boundary conditions. In the same way there could 
be written down boundary conditions of the third order, of the fourth order, 
and so on. 

All quantities in the macroscopic equations of equilibrium (6.18) and 
(6.19) have been expressed in §7 as power series in ¢. By substitution, the 
left sides of these equations can then be expressed as power series in € and 
the coefficients of the various powers of € equated to zero. The lowest power 
of € occurring is €*, and its coefficients vanish if 

dP 


j 
(8.14) (Fioy)cP is) = 0, 


(8.15) Pais) = 0, 
These are the first order macroscopic equations of equilibrium. The coefficients 
of e* vanish if 
dP 0 
(8.16) — — = 0, 


dx°® 
dQ j iad 104 
(8.17) (Fiow)cQjay +e = 0, 
and these are the second order macroscopic equations of equilibrium. The coeffi- 
cients of e5 vanish if 
dP 
dx°® 


(5) j j 


a tkl 
+ (giacsy — +e 
a a 
+ (5; + — 45; = 0, 


j 
(8.18) — (Fioo))eP 58) — ja) — = 0, 


(8.19) 


where the required components of Fjy,) are given in (7.19) and (7.20). These 
are the third order macroscopic equations of equilibrium. Similarly there can be 
written down macroscopic equations of equilibrium of higher orders. 
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The fundamental equations listed in the previous part of this section are 
to be solved in the following manner: 

I. 7;; is the reduced stress tensor and g,; the metric tensor of the strained 
rod. In (7.11) and (7.9), they are expressed as power series in ¢, the first 
terms 7;;) and g;;) being given by (7.13) and (7.14). If any problem in thin 
rods is to be considered to the first approximation, it is only necessary to de- 
termine Tj) and gi; 1), and this is done by solving the first order stress-strain 
relations (8.10) with the first order equations of equilibrium and compatibility 
(8.2), (8.4), (8.5) and (8.6), subject to the first order boundary conditions 
(8.12) over the sides of the rod. These solutions for Tj) and g;j1) will contain 
arbitrary functions of x°. By substitution for Ti;a) and gis) in (7.32) and 
(7.34) it is then possible to express Pj;3) and Qi) in terms of these unknown 
functions of x°, which can then be determined by means of the first and second 
order macroscopic equations of equilibrium (8.14), (8.15), (8.16) and (8.17). 

II. If any problem is to be considered to the second approximation, it is 
necessary to determine T;j2) and gi;2) in addition to Ti;q) and gijqa) already 
found as above. This is done by means of the second order stress-strain rela- 
tions (8.11) and the second order equations of equilibrium and compatibility 
(8.3), (8.7), (8.8) and (8.9), subject to the second order boundary conditions 
(8.13). These solutions for T;;2) and g;;2) will also contain arbitrary functions 
of x°. By substitution for T4;) and gi) in (7.33) and (7.35) it is possible to 
express Pi) and Qs) in terms of these unknown functions of x®, which can 
then be determined by means of the third order macroscopic equations of 
equilibrium, (8.18) and (8.19). 

III. By continuing in the same way, we can consider any problem to a 
third approximation by determining 7,3) and gi;), to a fourth approxima- 
tion by determining and gija4), and so on. 

9. The first approximation: the stress. As indicated in §8, I, just above, 
the first order equations of equilibrium 


(9.1) Tia(1),a = 9, 
and the first order equations of compatibility 


(9.2) £00(1),a8 = 0, 


(9.3) £01(1),22 — £o2(1),12 = 0, 


802(1),11 — So11y,21 = O, 
(9.4) 2g12(1),12 — £11(1),22 — = O, 
with the first order boundary conditions 
(9.5) = 0, 


are to be solved for Ti;a) and gij), which are themselves related by the first 
order stress-strain relations 
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@ 
(9.6) = Big — 206 + 2(1 + 


To solve equations of this nature, recourse is usually made to Saint- 
Venant’s hypothesis, which states that these equations imply that 7.) =0. 
It is not necessary to make this hypothesis here, as in Appendix A it is proved 
that, of necessity, 


(9.7) Tapa) = 0. 


This constitutes a proof of Saint-Venant's hypothesis in the case of thin rods dis- 
placed finitely. 
From (9.2) it follows that 


(9.8) 80001) = (goo. + A,)t’ + B, 

where A, and B are arbitrary functions of x°. When 1=j=0, (9.6) then gives 

(9.9) Tooay = 3(Aag* + B). 

We now solve (9.1) and (9.3) for Toaa) and goa). From (9.3), 

(9.10) 801(1),2 — = D’, 

where D’ is an arbitrary function of x°. By (9.6), this gives 

(9.11) — = — D/(1 + 9), 

where D = —}(D’—g% +21). From (9.11) and (9.1) with i=0 it follows that 

(9.12) Toa = X.2 = — 
2(1 + 21+ 0)” 

where x is a function of &* only, satisfying 

(9.13) X.ae = — 2. 

By (7.24), the boundary condition (9.5) with 1=0 is satisfied if 

(9.14) x=0 


on the lateral surface of the rod. 
From (2.2), 2°) =0, and thus the collected results are 


D 
(9.15) Tapa = 9, = = + B), 


= — + B), 
( 
= + Deasx.s, = goo +A,t" + B, 


Cas being a permutation symbol and Aa, B and D arbitrary functions of x®. 
By means of (9.16), the leading coefficients in the expressions (7.37), and 
(7.40) for w‘ and e can now be expressed in the form 


(9. 16) 


(January 
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0 (a) 
= D, 
(9.17) 0) = + 


a _ (8) 
= $cap(Zoo + As), 


(9.18) way = — — 20)B(2D + corBor), 


dD 
= $C ap(£00(2),8)C (1 20) + As) + (x,a)e, 


(9.19) = 4B. 


10. The first approximation: the macroscopic equations of equilibrium. 
The arbitrary functions of x® occurring in (9.15) and (9.16) are now to be de- 
termined in the manner outlined in §8, I. We find that 


(10.1) Pos) = Pais) = 0, 
(10.2) = DT, = = — 
where 


f I,= f 

(10.3) 
T= —— xdvae, n= f 


N being a cross-section of the strained rod. We note that 
(10.4) Aé = A’, = 


where A’ is the area of WV (Figure 1), J,’ are the principal moments of inertia 
of VV, T’ is the torsional rigidity of a straight rod with W as cross-section, E is 
Young’s modulus and ¢« is defined in (7.1). 

The first order macroscopic equations of equilibrium (8.14) and (8.15) are 
satisfied if 


(10.5) 


(10.6) (0 + A.)B =0. 
Thus we must consider in turn the three classes of problems which arise ac- 
cording as the arbitrary functions A, and B of x° satisfy the following condi- 
tions: 
(i) B=0, (6) +A.) +A a) #0, 

(ii) B=constant #0, +A.=0, 

(iii) B=0, 
By (9.17) and (9.19) we see that, in Class (i) the curvature of M (the strained 
line of centroids) is finite (O(e°)) and the elongation per unit length of M is 
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relatively small (O(e?)). In Class (ii), the curvature is small (O(¢)) and the 
elongation per unit length is relatively large (O(e)). In Class (iii), the curva- 
ture is small (O(€)) and the elongation per unit length is relatively small 
(O(e?)). 

Classes (ii) and (iii) deal with the straightening of thin rods by terminal 
force-systems (see §13). By “straightening” we mean “reducing the curvature 
of the strained line of centroids from order e° to order e.” 


Crass (i). B=0, (29 +A (elongation per unit length rela- 
tively small, curvature finite). 


The equations (10.1) and (10.2) reduce to 
Pics) = 0, Qou) = DT, 


and the macroscopic equations of equilibrium of the second order (8.16) and 
(8.17) take the form 


(10.7) 


dP. 
+ + Ag) Pau) = 9, 


(2 
+ Aa) Pou) — + Zor. Zo1 )CapP aca) = 0, 


dx 


dQ a4) _(a) (2) 
3(Z00 + — + — Bor )CapQp — = 0. 


Thus— 

IV. In Class (i) the external terminal force-systems, which act only on 
the ends of the rod, are of order e* or higher. The nine unknown functions 
Aa, D, Pia), Qi), Of x°, can be determined from (10.7) and (10.8). Once Aq 
and D have been found in this way, the principal parts of the rotation w%, 
the reduced stress tensor 7;;1), the metric tensor of the strained rod gi;,) and 
the strain tensor ¢;;) can be found from (9.17), (9.15), (9.16) and (7.14). 

From (7.36) and (9.17), we note that 


dP a 4) _(a) 
dx® (Zoo 
(10.8) - 


0 _0 
D=wo)-@, 


(10.9) 


B 


and consequently (10.7) and (10.8), when expressed entirely in terms of the 
small quantities, become 


Qo = (w® — @)T’/E, 
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dx® 
where EP; and EQ; are respectively the force and couple statically equivalent 
to the reaction across a cross-section of the strained rod, E, T’ and J,’ are 
as defined in (10.4), &‘ and w‘ are respectively the rotations in the unstrained 
and strained rods, c‘/* is a permutation symbol and x° is the arc length meas- 
ured along the unstrained line of centroids. We note that (10.10) and (10.11) 
are a system of nine equations from which we are to determine the nine un- 
knowns P;, Q; and w‘. 

In previous treatments of the finite displacement of thin rods the equa- 
tions (10.10) and (10.11) have been deduced, but those treatments do not go 
past this point and are thus equivalent to the first stage of the systematic 
e-method of approximation developed for problems of Class (i) only. 


+ ctikwid, — = 0, 


dP; 
(10.11) —-+ctitwiP, = 0, 
dx® 


Crass (ii). B=constant #0, +A.=0 (elongation per unit length rela- 
tively large, curvature small). 


The equations (10.1) and (10.2) reduce to 


(10.12) Pos) = Pais) = 0, 
_(2) _() 
= DT, = — 4800 11, = 4200 


The second order macroscopic equations of equilibrium (8.16) and (8.17) are 
found to involve (goo(2),2)c which, by the second order equations of compati- 
bility (8.7), have the forms 


(10. 13) (g00(2),a)¢ = 2M a, 


M, being an arbitrary function of x°. By integration of these second order 
macroscopic equations of equilibrium, and by (10.12), it is then found that 


Pos) = constant, Pow) = constant, 


(1) (1) (2), _(2 
Pia) = — 4800022 + 3(2D + — Zor + 


2 2) ( ( 
(10.14) P24) = — +3(—2D+ Zoi Zoe Ts — (x,1)cPocayD, 


Qou) = DT = constant, 


(2) 
= — F800 11, = 3800 


a (2 (2) 
M,Po3) = — + + Zo: 1 


_(1) _(2), (1) _(2) _ (2) 
+ + 801 )Zo0 I2+ (Zo2,0 £o1,0)Z00 Ih, 


2 (2) (1), (1) 
M2Po3) = — + #(— 2D+ Zoi — Zor £00,012 


_(1), _(2) 


+ #(— 2D+ Zor — Zo2 


(10.15) 


(2) 
+ — Zo2,0)Z00 Is. 


89 


90 G. E. HAY (January 


The arbitrary functions M, of x° in (10.13) are given by (10.15). We note 
that D must be constant. From (9.17) and (9.18) we obtain 


0 (a) a 
(10.16) = + D, = CapM a, 


giving the principal parts of the twist and curvature. Thus— 

V. In Class (ii), there act on the ends of the rod arbitrary equal and op- 
posite forces of order e*, arbitrary twisting couples of order e* and particular 
bending couples of order e4 given by (10.14) and depending only on the con- 
figuration of the unstrained rod. The principal parts of the reaction across a 
cross-section satisfy (10.14). The principal parts of the twist and curvature 
of the strained line of centroids, of order e° and ¢€ respectively, are given by 
(10.16). The principal parts of the reduced stress tensor T;;, the metric tensor 
gi; and the strain tensor e;; can be found from (9.15), (9.16) and (7.14), respec- 
tively. 


Crass (iii). B=0, 2 +A.=0 (elongation per unit length relatively small, 
curvature small). 


The equations of equilibrium (10.1) and (10.2) reduce to 
(10.17) Pixs) = 0, 


(2 (1) 
(10.18) Qo = DT, Quay = 4800 
The three equations in (10.18) and the six second order macroscopic equations 
of equilibrium (8.16) and (8.17) are to be solved for the seven unknowns 
Qiu), Pia), D. Solutions exist only if 


(10.19) D=0, 


(1) (2), _ (2) 
+ (Z02 — Zo1 + 4(Zo2 — ) Zoo = 0, 
_ (2) _(2) 
— Zo0,00l1 + 3(Zo1,0 Bo2,0)Z00 TI, 
+ (Z01 — Zo2 )Z00,0ol2 + — Zoo 11 = 0; 


(10.20) can also be written in the form 


(10.20) 


+ 20 (eo) a =O, 


in which J;/J, is the ratio of the principal moments of inertia of the cross- 
section, w‘ is the rotation vector defined in §2, and the subscript 0 preceded 
by a comma denotes differentiation with respect to x, the arc length of the 
line of centroids. When (10.21) are satisfied, the solutions of (10.17), (10.18), 
(10.19), (8.16) and (8.17) are 


(10.21) 


= 
= 
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Pov) = constant, 


(1) (2), _@) 

Pica) = — 4800,0l2 + — B01 11, 
(2) 

Poa) — $800,011 + 3(Z01 — B00 


Qova) = 
= 
(1) 


= 3800 
and we then have 


(10.22) 


(10.23) = een = CapM a, 
for the principal parts of the twist and curvature. Thus— 

VI. Class (iii) deals only with those rods which satisfy (10.20). There act 
on the ends of the rod arbitrary forces of order ¢‘, arbitrary twisting couples 
of order e® or higher, and particular bending couples of order e* given by 
(10.22) and depending only on the configuration of the unstrained rod. The 
principal parts of the reaction across a cross-section are given by (10.22). 
From (10.23) we see that the principal part of the twist w® (of order €°) is 
equal to the twist #° of the unstrained rod, and the principal parts of the 
curvature w* (of order €) depend on M, which are arbitrary functions of x® 
and cannot be determined from the equations of the first approximation. The 
principal parts of the reduced stress tensor 7;;, the metric tensor g;; and the 
strain tensor ¢;; are given by (9.15), (9.16) and (7.14) with B=D=0, 


00 


If &°=0 (i.e., there is no twist in the unstrained rod), (10.20) reduce to 


(10.24) 200,00 = 0. 

By integrating, we obtain 

(10.25) = Vax + Way 
V., W. being arbitrary constants. Thus by (7.36), 
(10.26) &* = + Ws), 


i.e., the curvature of the unstrained line of centroids is directly proportional 
to its arc length. 

11. The second approximation: the stress. As indicated in §8, II, the sec- 
ond order equations of equilibrium (8.3) and the second order equations of 
compatibility (8.7), (8.8), (8.9) with the second order boundary conditions 
(8.13) are to be solved for T;j2) and gi;2), which are themselves related by the 
second order stress-strain relations (8.11). These equations are very compli- 
cated. We shall now determine T;j2) and gi;2) when the cross-section of the 
unstrained rod is a circle of radius d, the unstrained line of centroids is a 
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plane curve with curvature proportional to its arc length, and the force-sys- 
tems acting on the ends of the rod are such that the line of centroids remains 
in its original plane. The problem is thus two-dimensional and belongs to 
Class (iii). We choose the axis of x! perpendicular to the plane of the line of 
centroids. Thus from (10.3) we find that 


(11.1) A = I, = Ig = 
where eR =d. Also 


(11.2) = 0, @! = + Ws), = 0, 

(11.3) Zap = 53, Zoa = 0, Zoo = [1+ hx + 

(11.4) Pi = Qo = Q2 = 0, 

(11.5) Pou) = Poa) = — = — + Ws), 
(11.6) Tapa) = 9, = 9, Too) = — + Ws), 

(11.7) = (Vax + Ws), goary = 0, = 0, 


p being an arbitrary constant and V2 and W, known constants. We find that 
the second order equations of equilibrium (8.3) reduce to 


(11.8) Toa(2),a — 4V2¢? = 0, = 9, 
the second order cunetinns of compatibility (8.7), (8.8) and (8.9) to 
= 0, 
(11.9) 01(2),22 — So2(2),12 = 0, 802(2),11 — So1(2),21 + = O, 
2giec2),12 — 811(2),22 — 822(2),11 + + We)? = 0, 
the second order boundary conditions (8.13) to 
(11.10) T = 9, 


and the second order stress-strain relations (8.11) to 


§ap(2) = — T + 2(1 + 
+ (0° — (Vax + Ws)’, 
80a(2) = 2(1 + 
Bo0(2) = — + 2(1 + 7) Tooc2) + FA(E*)*(Vax® + We)?, 


(11.11) 


where 
(11.12) A =7+ 100 + 40? — 20; + 202, 


and 0:1, o2 and @ are the elastic constants introduced in §4. By solving these 
equations we find that 


4 
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if 
Too) = (R? — — + Ws)? Mak? + 4L, 


r 
(11.13) Toa) = ———— [(R’ — — \(Vax + Ws) , 
Toa(2) 2 +0) 


= 2M2§* + L, 


— 


1+o 
8ap(2) = [(1 — 2c)R*? (1 


(11.14) +40 — 63(Vax + W:) — odg(2Mat +L) 


+o) 
16(1 — o) 
Boas) = + 2a)E cast V2 — + 20)(R’ — 


Cag isa permutation, symbol; M; and L are arbitrary functions of x°®; V2 and 
W, are the constants occurring in (11.2); R=d/e, d being the radius of the 
cross-section of the unstrained rod; ¢, 01, 72 and a3 are elastic constants, A is 
given by (11.12) and 


(11.15) T = (Ao + 20? — 20;)/(1 + @). 


By (10.23), the principal part of the curvature of the strained line of 
centroids is given by 


(11.16) wa = Ms 


Also, by (7.42) the principal part of the elongation per unit length of the line 
of centroids is given by 


(11.17) = 4L. 


12. The second approximation: the macroscopic equations of equilibrium. 
The next step is the determination of the arbitrary functions M, and L of x® 
occurring in (11.13) and (11.14) by means of the third order macroscopic 
equations of equilibrium (8.18) and (8.19). Now (7.33) and (7.35) reduce to 


= — + 40)(Vex® + 
(12.1) Poa) = — 

Qics) = 
and by comparing (12.1) with (11.5), we see that 
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(12.2) L = + 40)(Vax® + + 


p being an arbitrary constant. The third order macroscopic equations of equi- 
librium (8.18) and (8.19) reduce to 


(12.3) Pos),0 + M2Po4) = 0, — = — Pas) = 0, 
and by solving (12.1) and (12.3), we find that 
Pou) = Poa) = — = — + 
Pos) = Vou cosh nx® + sinh nx° + 


(12.4) 
= 2n?u cosh nx® + 2nv sinh nx°, 


Qics) = 2mu sinh nx® + 20 cosh nx®, 
(12.5) = sinh nx® + cosh nx°), 
where , ¢, u and v are arbitrary constants and 


(12.6) n = 2R-*(p/m)", 


We assign Po), Pos), Pos) and Qxs) arbitrarily at one end of the rod and hence 
determine ¢, u and v. 

From (11.16) and (11.17) we find that the principal parts of the curvature 
and the elongation per unit length are given by 


(12.7) 8x (un sinh nx. + v cosh nx), 
(12.8) €(2) = + 40)(Vox® + W?)? + pr 


13. The straightening of naturally curved thin rods by terminal force- 
systems. A thin rod is said to be “straightened” when the curvature of the 
line of centroids is reduced from order €° (finite) to order € (small). In §10 
it is seen how all problems in which thin rods undergo finite displacement with 
small strain can be divided into three classes. Classes (ii) and (iii) deal exclu- 
sively with “straightening,” and will be considered in turn. 

Straightening as a problem of Class (ii). The theory pertaining to problems 
of Class (ii) is developed in §10, from which we obtain the result: 

VII. Any thin rod with uniform cross-section and finite curvature can be 
straightened without undergoing finite strain by terminal force-systems con- 
sisting of arbitrary equal and opposite forces of order e* and particular bend- 
ing couples of order e*. The first approximation yields the residue curvature 
of the strained line of centroids. If the curvature of the unstrained line of 
centroids vanishes at the ends, no terminal bending couples are necessary. 
Further, if the twist and rate of change of curvature both vanish at the ends 
of the rod, the lines of action of the two forces acting one on each end will 
coincide and be tangent to the strained line of centroids at its ends. 

As an example of a problem of Class (ii), we shall now straighten the rod 


if 
. 

he 
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shown in Figure 4. The unstrained line of centroids M is that part of an ellipse 
lying between the ends of the major axis, a and 6 are the semi-axes of this 
ellipse and rectangular cartesian coordinates x and y are taken as shown. 
The cross-section is assumed to be symmetrical with respect to the plane of /, 


M 


Fic. 4. An unstrained rod; the line of centroids M is the arc of an ellipse lying 
between the ends of the major axis 


the axis of x! is taken perpendicular to this plane and x° is the arc length of M@ 
measured from its middle point O’. If the equation of M is written in the form 


(13.1) x =asnf, y=beng, 
then 


(13.2) = of dn? ¢ df, 
0 


¢ being a parameter which vanishes at O’, and sn ¢, cn ¢ and dn ¢ the Jacobian 
elliptic functions of modulus k (= (1—6?/a?)!/2). We then have 


(13.3) = 0, = a~*b/dn’ = 0, 


@* being the rotation vector introduced in §2 (' is now the curvature of M/). 
From (7.36) we then find that 


(1) (2) (1) _(2) -2 3 
(13.4) = Zo = 0, Zo = —a b/dn 


whence (10.14), (10.15) and (10.16) reduce to 

Po.s) = constant, Pau) = 31,a~*bk* sn cn £/dn* ¢, 
Qiu) = 

(= ¢—sn’¢ sn? cn? 


(13.5) 


(13.6) ew = 


+ 6k 


Po dn’ ¢ dn’ ¢ 


Thus the principal part of the reaction across a general cross-section of the 
strained rod consists of a tension Pi (=EPo sé), a shearing force Pi 
(= EP24)€) and a bending couple Q/ (= EQi)e*), whence 
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Pg = an arbitrary constant of order e’, 
(13.7) Pi = 3EI{ a~*bk? sn cn ¢, 
Qi = El{ a~*b/dn’ ¢, 


I{ being the moment of inertia of the unstrained cross-section about an axis 
through its centroid and perpendicular to the plane of M, and ¢ a parameter 
related by (13.2) to the arc length x° of the unstrained rod. Also, the princi- 
pal part of the curvature of the strained line of centroids is ew) or 


3EI{ bk? (cn? ¢—sn?¢ sn? ¢ cn? ‘) 
13.8 6k? ———_—— ]. 
Péa® \ dn? dn’ ¢ 


At the right-hand end of the rod, sn {=1, cn [=0, dn {=b/a, and thus 
P?/ =0, Qi =EI{ab-*. Thus the force-system acting on the right-hand end 
of the rod consists of an arbitrary force Pg of order e* and a particular bending 
couple, as shown in Figure 5. From symmetry, a similar force-system acts on 
the other end of the rod. Further, since P/ =0 at the ends of the rod, the lines 
of action of the two forces Pj coincide and are tangent to the strained line 
of centroids at its ends. 


El'ab" El\ab”’ 


Fic. 5. The rod in Figure 4, straightened 


At O’,dn ¢=1 and hence Q/ = EI{ a~*b. Thus by taking the moment about 
O’ of the forces and couples acting on the right-hand half of the rod, we find 
that the distance d’ (Figure 5) is 

EI{ (a* — 

Straightening as a problem of Class (iii). As mentioned previously, all prob- 
lems of Class (iii) deal with the straightening of thin rods by terminal force- 
systems. From the theory developed in §§10-12 for problems of this class, 
it can be conclude that— 

VIII. Any thin rod of uniform cross-section and finite curvature, and 
satisfying (10.21), can be straightened without undergoing finite strain by 
means of terminal force-systems consisting of an arbitrary force and a par- 
ticular bending couple, both of order e*. The residue curvature of the strained 
line of centroids can be found only by recourse to the second approximation. 

As an example of a problem of Class (iii), we shall now straighten the rod 
shown in Figure 6. The cross-section is a circle of radius d. The unstrained line 


(13.9) a’ 
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of centroids M is a semicircle of radius c and x is its arc length measured from 
its middle point O’. The x!-axis is taken perpendicular to the plane of M. Thus 


(13.10) &®=0, a=0, 


@* being the rotation vector introduced in §2. Hence by comparison with 
(11.2), 


(13.11) Vi = Ve = Wi = 0, We = 2/c, 


and since the strained line of centroids M is to be a plane curve symmetrical 


Fic. 6. An unstrained rod; the cross-section is circular and the line of 
centroids M is a semicircle 


about its middle point O’ (Figure 7), we find that (12.4), (12.7) and (12.8) 
reduce to 

Pow =~, Qi) = 

Pow) = t, Pos) = 2om sinh nx®, = 20 cosh 


8 
(13.13) wen = cosh nx®, 


(13.12) 


p 
wR? 


R? 
(13.14) = (A + 4c) 
8c? 


where p is an arbitrary constant and n=2 (p/mR*)'/*. Thus the reaction 
across a cross-section of the strained rod consists of a normal force Pj +P/’ 
= Epe’, Po’ = EPqs)e*), a shearing force Pz’ (=EPxs)e*), and 
a bending couple Q/ +Q/’ (Qi = EQiae*, Of’ = ; and 

Pj = an arbitrary constant of order e+, 

Pg’ = an arbitrary constant of order e°, 

Pi! = 2Ev” sinh nx°, 

Qf = 4rEd‘/c, i’ = 2Ev” cosh nx®, 


(13.15) 
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where n=2(Pé /rEd*‘)!/? and v’’ is an arbitrary constant (=éev). In (13.15), 
the quantities with a single prime are of order ¢*, while those with a double 
prime are of order ¢*. The strained line of centroids M has a curvature w! 
(= given by 


(13.16) = cosh 


and an elongation per unit length e (=€’e)) given by 
(13.17) 
e= 
"8c? 


Figure 7 shows the straightened rod. From the consideration just above 
of the reaction across a cross-section, we see that there must act on the ends 


Qu tanh Qn tanh 
Fic. 7. The rod in Figure 6, straightened 
of the rod equal and opposite forces P of order ¢* and bending couples 
imEd*/c + Q 


as shown, }2Ed‘/c being of order and Q of order Further, since x°= 
at the ends of the rod, 


(13.18) = Q/(2E cosh $rnc), 

(13.19) P = Py, P sin 0 = Qn tanh $rnc, 

6 being the small angle shown in Figure 7. Since @ is small, we set 
sin 6 = 6, cos 6 = 1. 

Thus P=P% approximately, and 

(13.20) n = 2(P/xEd*)'/?, 


(13.21) 6 = tanh 3xnc, 


(13.22) 
‘ 8c? wEd* 


Ed‘ 

Pg +Q —+0 
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From (13.13) the curvature of the strained line of centroids is then 


(13.23) 4Q cosh nx°® 


cosh $rnc 
At O’, x®°=0 and hence 
Qi’ = Qsech $rnc. 
Thus by taking the moment about O’ of the forces and couples acting on the 
right-hand half of the rod, we find that the distance d’ (Figure 7) is 


(13.24) = — sech 


If P vanishes (i.e., no external forces are applied to the ends of the rod), 
then n=0 and 


(13.25) 6 = tim (£ tanh jrnc) = 20c/(Ed*), 


(13.26) = (A + 4e)d2/(8c*), 
(13.27) w! = 40/(rEd*). 


In this case the line of centroids of the strained rod is an arc of a circle of 
radius 


iwEd*/Q. 


14. Remarks on the experimental determination of elastic constants. The 
stress-strain relations (4.3) used in this paper contain five independent elastic 
constants E, o, 01, 02, 03; E is Young’s modulus and @ is Poisson’s ratio. Both 
E and o can be determined for any isotropic elastic material by simple experi- 
ments involving the stretching and twisting of a straight rod. In this section, 
we shall see how a relation between o; and o2 can be determined experimen- 
tally by straightening the thin rod shown in Figure 6. The straightened rod 
is shown in Figure 7. When terminal bending couples alone of magnitude 
47 Ed‘/c act on the rod, the elongation per unit length of the line of centroids 
is given by (13.26). By actually measuring this elongation, we can thus obtain 
an experimental value for A+4e for the particular material of which the rod 
is constructed. Now ¢@ is known for most elastic materials. Thus A can also be 
found. By (11.12), this gives a relation between o; and a2. In order to deter- 
mine the arithmetical values of the three elastic constants 01, 72 and o3 oc- 
curring in the stress-strain relations (4.3), it would be necessary to devise 
additional experimental methods of obtaining two additional relations be- 
tween 01, and a3. 

The author would like to take this opportunity to thank Dr. J. L. Synge 
both for suggesting the problem considered in this paper and for much as- 
sistance in the development of the mathematical theory. 
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Appendix A. Proof of Saint-Venant’s hypothesis for a thin rod displaced 

finitely(!?). We are to show that, given 

(A.1) Tap = 9, 

(A. 2) £00(1),a8 = 0, 

(A. 3) 2g12(1),12 — 811(1),22 — = O, 

(A.4) goss) = Bap — 2odgT nay + 2(1 + 0) 

with the boundary conditions 

(A.5) T = 9, 


it is necessary that Tag) =0. 
From (A.2), 


(A.6) goo) = + B, 

A and B being arbitrary functions of x°. Then by (A.4), 
(A.7) Too) = + + B), 

(A.8) Tiiay = (1 + ¢)T aay + ak* + B), 


A, being an arbitrary function of such that Az = — 24 +A. Substitution 
in (A.3) for gasa) from™(A.4) and then for Tis) from (A.8) gives 


It is necessary to show that there exist functions u.(x°, §*) and a con- 
stant a’ such that 


(A. 10) + = (1+ 0’) Tapa) — T 
These are satisfied when a=6=1, a=$=2 if 


“= f [((1 + — T yyy + (x9, 2), 
(A.11) 


? 
= f [(1 + 0) — + (2°, £4), 
0 


and the third equation in (A.10) is satisfied if 


+ 2,1 +f + 0’) Tua, — o’ Ty (1,2 
(A.12) 
+f [(1 + 0’) — = + 0’) 
0 


(2) The method of proof when the displacement is small has been indicated by Goodier. 
See J. N. Goodier, loc. cit., §4. 
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pe 
f f [((1 + — 
0 Yo 
¢ 
0 


0 


From this and a similar expression derived by interchange of the indices 1 
and 2, it is seen that (A.12) takes the form 


pt 
+ +f f [(1 + + T220),11) — 98 
0 


(A.14) +f [(1 + — 
0 


? 
+f [(1 + 0’) — oT = 2(1 + 0’) 
0 


If 

(A.15) =a/(1 

where g is Poisson's ratio, then by (A.9) the double integral in (A.14) becomes 

2 f f (1 + 0’) 
0 


= 211 + o’)(Tisay) — — + 
Thus (A.14) takes the form 


(A. 16) 


(A.17) Ui,2 + = Go(x®) + Gi(x®, + Go(x°, &). 


Since the variables &* have been separated, uJ can be found. Thus u, exist 
satisfying (A.10), the constant o’ having the value ¢/(1—c) where a is Pois- 
son’s ratio. 

Because of (A.1), 


(A. 18) f tal ap 1), = 0, 
N 


where, as usual, N denotes a cross-section of the rod (on which x°=constant). 
Since gq have the values indicated in (7.24), by Green’s theorem (A.18) can 
be written in the form 
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N N 


Because of the boundary condition (A.5) the first integral in (A.19) vanishes. 
Since T.48) = T gaa, the remaining integral can be written in the form 


(A.20) f 3 (Uap + Up,a)T ap 
N 
By substitution from (A.10), it is found that 
(A. 21) f + — + — 20)(Taacry)? = 0. 
N 


Since 1—2¢>0, it is then necessary that 
(A.22) Tapa) = 


Thus Saint-Venant’s hypothesis has been proved for the finite displacement of 
thin rods. 
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HOMOMORPHISMS AND MODULAR FUNCTIONALS 


BY 
SAUL GORN 


This paper is concerned with complemented modular lattices containing 
the elements O and I. The first part treats of homomorphisms of the lattice L, 
their existence, determination and invariant properties. The second considers 
norms (i.e., sharply positive or, alternatively, strictly monotone modular 
functionals) and quasi-norms (i.e., positive or monotone modular functionals) 
on L, their interconnections, and necessary and sufficient conditions for their 
unicity up to linear transformations. 

There are six main parts to the paper, as follows: 

1. The homomorphism theorem. The dual concepts of g-ideal and 7-ideal 
are defined for general lattices. Duality is essential throughout the paper. 
The C-operator, which takes all elements of a subset of L into their comple- 
ments, is introduced, and C-neutral ideals are defined as those which appear 
in complementary pairs a, 4. Theorems 1 and 2 state that any C-neutral pair 
of ideals determine a congruence in L by means of any one of six equivalent 
conditions. These conditions are recognizable as those appearing in Boolean 
algebra, but the proof of their equivalence in the general case considered here 
is far from trivial, since it requires the fundamental Lemma 7. Theorem 3 
states that all congruences are thus obtained from C-neutral ideals. Quotient 
lattices L/a are defined, and it is obvious that every homomorph of L is 
equivalent to an L/a. For example, consider a regular Carathéodory measure 
in a metric space, the measure of the space being 1. In the Boolean algebra of 
measurable sets, the sets of measure 0 and measure 1 are complementary 
C-neutral ideals, the first ¢, the second 7, and the quotient lattice is iso- 
morphic with a sublattice of the G;’s. 

2. The preservation of normal ideals under homomorphism. The opera- 
tors ¢,, Cy, and ’, are defined. By means of the first two we define normal 
ideals, the upper and lower segments of MacNeille’s cuts, whose main reason 
for existence is to make up for the “gaps” when L is not complete. The main 
theorem (Theorem 7) states that a homomorphism preserves normality for 
bDa; and the pre-image of a normal ideal is normal if a is normal. The pre- 
liminaries to Theorem 7 state in effect that the operators C, c, and ’ preserve 
complementary C-neutrality for pairs of ideals, yielding by iteration at most 
three pairs from a given a and 4. It follows that normality in our definition 
is a proper generalization of Stone’s in a Boolean algebra. Lemma 12 gives a 
connection between neutrality and distributivity parallel to that for comple- 
mentary neutral elements, a, 4. 
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3. Ideal reducibility. This concept generalizes that of reducibility. Essen- 
tially it means that if L were complete, it would be reducible. L/a is ideally 
irreducible if and only if a is maximal (Theorem 8—prime, for 7-ideals). 

4, Relationship between norms and quasi-norms. Every quasi-norm de- 
termines a complementary pair of C-neutral ideals, a, a, the elements whose 
quasi-norms are 0 and 1 (Theorem 9); furthermore (Theorem 10) the quasi- 
norm determines a norm in L/a, and every quasi-norm is determined by the a 
and the norm in L/a. 

5. Unicity of norm. If L is reducible, its norm is not unique (Lemma 15). 
This result is elementary and is probably well known. The converse is false; 
ideal irreducibility is needed. As an example of 4 and 5, since the only irreduc- 
ible Boolean algebra is {O, I}, the measure function in 1 is unique if and only 
if every measurable set is either of measure 0 or of measure 1. The Wilcox- 
Smiley continuity conditions on a norm are introduced. Essentially, they say 
that none of the gaps in L affects the norm. If a norm satisfies these condi- 
tions, then (Theorems 11 and 12) L is ideally irreducible if and only if the 
norm is unique, which in turn is true if and only if the complete envelope of L 
is irreducible. von Neumann’s theorem on the unicity of dimension in a con- 
tinuous geometry is needed in the proof. 

6. Normality. If a quasi-norm in L satisfies the W.S. conditions, then 
(Theorem 13) the ideals determined as in 4 are normal. Hence (Theorem 14) 
the quasi-norm is unique, by 3, if and only if a is maximal or prime. 

By a 7-ideal a in L, we mean a set of elements such that a, b€a imply 
ab€a, and such that aGa, c2a imply cEa. The dual of this statement defines 
a o-ideal. The letters a and 6 refer exclusively to ideals. 

If ACL, then by CA we mean the set of all complements of all the indi- 
vidual a€ A. If A = {a}, we write Ca instead of CA. Note that CCADA. By 
means of Lemma 2 below, it is easy to see that if a is a 1-ideal, Ca is the set of 
all x for which xa =O for some a€a; the dual statement holds for o-ideals. 

We call a a C-ideal if Ca is a 7- or a-ideal. Note that if a is a C-ideal and 
a m-ideal, then Ca is a a-ideal, and vice versa. 

We shall never use a ’ to indicate a complement of an element. On the 
other hand, a bar over a letter will always indicate that we have before us a 
uniquely determined complement. 

An ideal a is called neutral (the terminology is due to G. Birkhoff, p. 59, 
footnote) if a’Ga whenever a€a and a’ has a common complement with a 
(i.e., whenever a and a’ are perspective, and hence projective); in other words, 
a is neutral if CCaCa. Thus, a is neutral if and only if it is CC-closed, i.e., 
CCa=a. Notice that in this definition Ca need not be an ideal. We leave the 
relationship between neutral and C-ideals an open problem and define a 
C-neutral ideal as a neutral ideal which is also a C-ideal. 

It is easy to see that for principal ideals, a(a) is neutral if and only if a 
is neutral, which is the case if and only if a(a) is a C-ideal. For principal ideals 
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the C-ideals and the neutral ideals are the same. Only Lemmas 3 and 6 below 
are needed to prove these statements. 

If a is C-neutral, we write 4 instead of Ca. If a is neutral, we write 4 for 
its unique complement. By the complement of a in b, where a<b, we mean 
the complement of a in L(O, 5); dually, by a complement of a over b, where 
a>b, we mean a complement of a in L(0, J). 


Lema 1. Jf a2b2c2d and r is a complement of b in L(a, c) and s is a 
complement of c in L(a, d), then rs is a complement of b in L(a, d). Dually, we 
get a corresponding theorem using aSbScSd,1r+s, and L(c, a), L(d, a). 


For, by hypothesis, we have a2r2c,a2s2d,b+r=a, br=c,ands+c=a, 
sc=d; hence, 
d = sc = s(rb) = (rs)b, 
and 
b+rs=rs+ b(s+c) =rs+bs +c = (rs +c) + (bs +0) 
Lemma 2. If xa =O, then there is a bE Ca with b2x. 


For, let z€ C(x+<a); then the dual of Lemma 1 with OSasx+aSsI,x for r, 
and 2 for s, gives us x+2€ Ca. 


Lemma 3. If a, a’'GCb and a’ Sa, thena=a’. 
For, since J=a'+b and O=ab, a=a(a’+b) =a’+ab=a’. 
Lemma 4. If x Sa and b€Ca, then there is a yECx for which y2=b. 


For, since ab = O, xb Sab =O. It therefore follows, by Lemma 2, that there 
isa yECx with y2b. 

Lemna 5. Jf and with b; Cai, then there is a Caz with 
b: 202253. 

For, by Lemma 4, we may take with Caz and bz =b3+-asc2 
Then 


+ be = de + + bs = + C2) + bs = a3 + = J, 
an 


S = + = ashy + = 


so that SasC2a2 = O. Consequently a2b. =O. 


Lemma 6. If bSa and ais neutral, then c24 for any cECb. Dually, if baa 
and a is neutral, then cS 4 for any cECb. 


For 4b S$da=O and I=b+c. Hence d= 4b+ dc = dc. In the dual, note that 
for neutral elements we have d= 
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LEMMA 7. If ais a C-neutral then for any x EL and tEa, any com- 
plement of tx in x is in &. Dually, if ais a C-neutral o-ideal, then, for any xEL 
and tEa, any complement of t+-x over x is in i. 


For let u be a complement of tx in x and y€Cx; then an application of 
Lemma 1 to OStxSxSI gives ut+yEC(tx). It follows that O=tx(u+y) 
=t(u+xy) =tu. Hence uGi. 


THEOREM 1. Jf a1s a C-neutral r-ideal and i= Ca, then the following rela- 
tions between a and b are equivalent: 
1. There is a with ab=(a+b)t. 
1’. There is a uGa with a+b=ab+u. 
2. There is a tEa with at=bt. 
2’. There is a with a+u=b+u. 
3. Therer1sat€aand a with a=bi+u. 
3’. There is a and a with a=(b+2)u. 


By duality, we need only consider the proofs that 1’ follows from 1, and 
that 1 implies 2, which in turn implies 3, which finally implies 1. 

In proving that 1’ follows from 1, we may assume that there is a ¢€a for 
which ab = (a+ 5)t, and must find a «GG for which a+b=ab+u. Using a+b 
for x in Lemma 7, let.u be a complement of (a+0)t in a+b; u€a. Hence 
ab+u=a+bd. 

Condition 2 follows from 1: at =a(a+b)t=aab =ab = bab =b(a+5)t=bt. To 
show that 2 implies 3, let u be a complement of a¢ in a; a=bt+u. But, by 
Lemma 7 “Gi. 

The proof that 3 implies 1 presents the greatest difficulty. We are given a 
tEa for which a=bt+u, where and must find an element of a which 
gives ab when multiplied by a+). Since a=bi+u, a+b=b+4u. Applying 
Lemma 7 to over yields a 4: Ea with (6+), =), i.e., (a+5)t:=b. Now 
apply Lemma 7 to a = bt+u over bt; we get a 42€a for which at, = (bt+-)t, = bt. 
Another application of Lemma 7, this time to b¢ under 5, gives us a uw.€G with 
Ate It follows that This permits us a final 
application of Lemma 7, to a+: over a, providing a #;Ga for which 
(a+b)ts=(a+4u2)ts=a. Using this last equation with the corresponding ex- 
pression for b (from our first use of Lemma 7), we get (a+))tits = (a +b)t:(a+5)ts 
= ba, where tits Ea since fy, tsEa. 


THEOREM 2. Define a=b to mean that any one of the six equivalent conditions 
of Theorem 1 holds between a and b. Then = is a congruence relation, the ele- 
ments =I form a, and the elements =O form i. 


For, since al =al, a=a; if at=bt, then bt=at, so that a=b implies b =a. 
If a=b=c, then at: and bt, =cte, where ¢;€a; it follows that and 
= Chita. Hence 
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Suppose a=b and c=d. On the one hand cta=dt, where 
titzEa and hence ac=bd. On the other hand, a+m=)+, 
where uj CG; u1+-u2€ Gand (a+c)+(ui+u2) = (b+d)+(ui+u2), 
hence a+c=b+d. 

Finally, a=J, at = It for some t€a, at =t for some a2¢ for some t€a, 
and a€a are equivalent conditions. 


THEOREM 3. If 0 is a congruence in L, then the set of elements =I is a 
C-neutral r-ideal a, and the set of elements =O is the C-neutral o-ideal &, and 0 
is the same as the congruence determined by a (or G) in Theorem 2. (This is an 
amplification of Birkhoff’s Theorem 4.3.) 


If a=J and b2a, then if a=J and then ab=/; hence the ele- 
ments =J form a 7-ideal, a; the dual statement holds for the elements =O. 
But if a=J and ab=O, then O=ab=Jb=); hence the elements =O form the 
set Ca, which is therefore an ideal, and a is a C-ideal; but dually we have 
a=CCa, so that a is neutral. Now if a=6(@), then ab=a+5(6); take ¢ a com- 
plement of ab in a+5, so that ab+t=a-+5, and abt=O; condition 1’ of Theo- 
rem 1 then follows, since t= (a+)t=abt=O. Hence a=b(a). If a=b(a), then 
there is a u€a for which a+u=)+u; u=O(6), hence a=a+u=)+u=)(6). 


Coro.iary. If L is a complemented modular lattice, then the congruences 
in L are in (1, 1) correspondence with the C-neutral m-ideals (a-ideals) in L. 


The proof is obvious. 

If ais C-neutral, we define A, to mean the set of all x =a(a); we also define 
L/a to mean the set of all A., where Ag+A,=Aais, AcAs=Aaw, and hence 
A,3SA,; if and only if ab=a(a). Note that L/a is a complemented, modular 
lattice with Ao and A; for O and J. A* is defined to mean the set of all A, for 
which a€A. 


Coro.iary. If L is a complemented, modular lattice and is homomorphic 
to the lattice L', then L' has an O and I, the elements of L homomorphic to O form 
a C-neutral o-ideal a, those homomorphic to I form i, and L’ is isomorphic 
to L/a. 


The proof is obvious, since “a and b have the same homomorph” is a con- 
gruence relation. 


Lemma 8. If d*€Ca*, then there is a b€ Ca for which b* =d*. The converse 
is obvious. 

For if the congruence ideals are a, G, the first being a o-ideal, then 
(ad)* =a*d* = O*, ie., ad€a. Take Cad, so that then dt=d, and 
a(dt)=(ad)t=O. By Lemma 2 there is a b2dt with bC€Ca; therefore 
b=b+dt=b+d and consequently b* =(b+d)*=b*+d*. Thus b*2d* and 
b*, d*©Ca*. We may now apply Lemma 3 in L*=L/a to give b* =d*. 


| 

| 

| 
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THEOREM 4, There is a (1, 1) correspondence between the ideals of L, bDa, 
and the ideals of L*, B, given by 
(1) B=bh*, b= U 
Thus, if b* and 6;Da, then be. This correspondence is also (1, 1) for 
the C-neutral ideals. 


In our proof we may restrict ourselves to m-ideals. Let the ideal bDa, 
beEb, and d=b; then dt=bt for some Hence so that 
deb. Thus any ideal Da contains complete congruence classes, and (1) fol- 
lows. If a*2b* and b*€b*, then (ab)* =a*b* =b*, and ab=b; there is conse- 
quently a ‘Ga with It therefore follows that a2dt€b, and 
a*€b*. If a*, b*Cb*, then b, and a*b* = (ab)* b*. Thus b* is an ideal. 
If B is an ideal in L* and (1) holds, then 6 is an ideal Da=J*, since J*€8, 
and the typical argument holds, namely: if b:, b,.€6, then 6*€8B so that 
(b:b2)* EB, and hence if b12>b2€b, then CB, b* EB, and con- 
sequently )€b. 

Suppose 6 is C-neutral. Then Cb* =the set of Cb*=the image of the Cb 
(by Lemma 8) = (Cb)*; since Cb is a a-ideal, so is Cb* by the dual of the pre- 
ceding; it follows that b* is a C-ideal. 

The dual argument yields CCb* = C(Cb)* = (CCb)* = b*; b* is C-neutral. 

The same reasoning gives: if 6* is C-neutral, (Cb)* is an ideal, and 
b* = CCb* = (CCb)*; hence to prove 6 C-neutral, we have only to show that 
the pre-images of (Cb)* and (CCb)* are Cb and CCb; i.e., that if xECb and 
y =x, then yECb, and if x©CCb and y=x, then yECCb. If xE Cb and y=x, 
then y*=x*€Cb*. Lemma 8 then gives us an a€ Cy for which a=b. Thus 
y€Ca and a€b. Hence yECb and Cb is an ideal. The dual argument makes 
CCb an ideal. Now CCbDa, so that, since b* = (CCb)*, CCh=b5. 

If ACL, we define c,A to mean the set of all x CLS every A, andc,A 
to mean the set of all every A c-ideal (7-ideal) is normal(') if 

The c,A, c,A are normal. The normal ideals of either type form the com- 
plete envelope of L, being the lower and upper segments of MacNeille’s cuts. 


9. a=g.l.b. a* if and only if a€c,4;a =1.u.b. a* if and only if 
where a is a C-neutral o-ideal. If b©Ca, then a=g.l.b. a* if and only if 


The proof divides naturally into three parts: 
1. If and b=a, then there is a for which at=bt; since a St, 
it follows that a =bt and a Sb. 


(") For the introduction of these ideas see the author’s abstract 45-1-17; Wilcox and 
Smiley’s Metric lattices in Annals of Mathematics, (2), vol. 40 (1939), and §33 in Birkhoff. 


au 
q 
A 
a 


1942] MODULAR FUNCTIONALS 109 


2. If a=b implies asd, then for any Ga we have, as a consequence of 
a=at, a Sat; thus a=at, anda3st. 

3. Suppose a =g.l.b. a* and b€ Ca, but 5*, so that part 2 permits 
us to say that there is a wGa with b+u>u. By Lemmas 3 and 4 there is an 
ai<a with b+uC€Cax. It follows that ai) = O and hence 
Lemma 8 yields an a,€Cb for which say ao =a;t with Then 
det Sai<a. But 


a = a(b + a2) = a(b + aot) = ab + aot = apt. 
This contradicts the fact that a =g.I.b. a*. 
The proof is then completed by appealing to duality. 


COROLLARY. Cc,=c,C, Ccy=c,C. In other words, for any C-neutral o-ideal 
a we have 


= Cet = cCa = Cell. 
For Lemma 9 gives us: if b© Ca, then a€c,i if and only if b€c,a. Hence 
Cea and c,a are complementary C-ideals. 


THEOREM 5. If ais a C-neutral o-ideal, then c.i and c,a are complementary 
C-neutral ideals, and c,C,i and c,c,a are complementary C-neutral normal ideals 
containing & and a, respectively. 


For cea are C-ideals, and 
= Cot = = 


dually for c,4; hence c,a and c,4 are complementary C-neutral ideals for any 
C-neutral a, 4. Applying this to c,a and c,@ instead of G and a, we get the re- 
maining parts of the theorem. 

With Stone we define: if ACL, then by A’ we mean the set of all bEL for 
which 

Case 1. ab=O for all aGA if A is a o-ideal. 

Case 2. a+b=I for all if A is a 1-ideal. 

Note that this operation is a polarity (see Birkhoff §32), so that, similarly 
to c, and c,, we have: If ACB, then 


A'’DB’, ACA”, A'’ =A’, 
THEOREM 6. If a is a C-neutral o-ideal, then 
a’ = = = 
and 
a” = (cit)! = (Coc xt)” = 


We will prove part of the theorem directly and will obtain the rest by con- 
tinued application of the polarity properties. 
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1. If vEc,G and u€c,c,a, take wE Cv. Then wEc,a, so that usw; there- 
fore uv Swv=O, and vE (c.cra)’, ie., 


2. If vEa, let t€a and let u be a complement of vt in v; by Lemma 7 we 
have u€a and v=vt+u. Now uv=O, therefore u=uv=O, v=vt, and hence 
v Xt. It therefore follows that and a’ Cc,i. 

3. We now have a’Cc,iC(c.cra)’ and c,c,aC(c,a)’; the last yields 
(cea)’’ (cocea)’, hence 

a’ cei (Cocea)’; 
therefore 
a” > D 20)” D CoC 
Now use c,a in the preceding instead of a: 


D (Coc xa)’ D D col. 
If we match the last four statements in pairs, we get 
a” D = = 
a’ (coi)” = (Coc oa)’. 
But aCc,c,a; hence a’D(c,c,a)’ and a’’C(c,c,a)’’, giving the theorem. 
Coro.iary. A C-neutral ideal is normal if and only if a=a’’. 


The proof is obvious. 

In a Boolean algebra all elements are neutral, so that CCA =A for all 
ACL; if a is a o-ideal and x, yECa, then #+9€a, and xy€ Ca, and any ideal 
is C-neutral. Thus our definition of normality is a proper generalization of 
Stone’s (a’’=a) in a Boolean algebra. Henceforth we may write a’ for c,i, 
a’’ for c.c,a, for c,a, and for 


Lemma 10. If b:=b2(a) and b:=b,(a’), then Similarly for a’ and a’’. 


For take a3 complementary to bybe in O, = 
Now =b1+ by either ideal, hence a3 = a3(b1 +52) =as3b1b2 =O by either 
ideal, i.e., az;€al\a’, so that az=O. Thus bibe, hence 
bi = bib. = bo. 


LemMA 11. If a’C€a’, then x=a’ if and only if x=a+a’ with a€a; 
a’+a,=a'+a, if and only if a,:=d2, so that (a’')* is isomorphic with a by 


For there is a t€a with xt=a’t=a’. Let a be a complement of xt in x. 
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By Lemma 7 a€a and hence x =xt+a=a’+a. If +a, with a;Ea, 
then a,;+a2€a, and therefore 


= a + + a2) = (a; + + a2) = (a2 + @’) (G1 + a2) 
= + + a2) = ae. 
Lemma 12. For any a€a, a’€a’ and xEL we have x(a+a’) =xa+xa’. 


For x(a+a’)=xa’Ca’; hence Lemma 11 yields an a,€a for which 
x(a+a’) =xa’+a;. Thus xa=a;(a’). But xa =a;(a), since both are in a. Con- 
sequently, by Lemma 10, a; =<xa. 

We now define to mean the set of all with A, DCB. Simi- 
larly for AB. 


Lemma 13. If 6b is a C-neutral ideal Da, then a+b’ is a C-neutral o-ideal 
with ab’ as its complement, and (a+6’)’=a’(\b’’. 


For 6’Ca’ and (a1+5/ ) + (a2+2 ) = (a1+a2) + +02 ); if x Sa+b’, since 
b’€b’Ca’, Lemma 12 gives x =x(a+b’) =xa+xb’, with xa€a, xb’€b’. Thus 
a+b’ is an ideal. Now let x€Ca+b’. Since a+b’ =b’ Eb’ Ca’, and since, by 
Lemma 4, we may take x St’€ Cb’, it follows that t’€b’ and x =?’. Thus there 
is an for which since §6’Ca’. But x+a; over x 
has a complement t€a by Lemma 7; hence x=#t’Cab’. It follows that 
C(ab’) a+b’, and, dually that C(a+b6’)Cab’, so that CC(a+b’)Cat+b’, 
and dually for ab’; thus ab’ = CCab’ C(a+b’) Cab’, and the first statement 
follows. 

If x€a’/\b’’, then xa=O and xb’=O for all a, b’; by Lemma 12, 
x(a+b’) =O, and xE(a+b’)’. 

Finally, if x(a + 5’) = O, then xa = xb’ = O, and xEa’‘/\b”, q. e. d. 


Coro.iary. If 6 is a C-neutral ideal Da, then (b’’)* =(a+b’)*’. 


For if x*€(b’’)*, then x€b”’ by Theorem 4, since b’’D>a’’Da. Therefore 
xb’ = O for all b’ Eb’. Hence x(a+5’) =O for all aEa and b’ Eb’. Consequently, 
x(a + b/)* = (x(a + b’))* = O° 

and hence x*€(a+b’)*’. 


If x*€(a+b’)*’, then as before, x(a +5’) =O, and xb’ =O for all b’ Eb’; but 
xb’€b’Ca’ and Lemma 10 gives xb’=O. Hence x€b’’, and x*€(b’’)*. 


Lemma 14. If a is normal and bx€a for all b€b, then b’’xEa for all 
Eb”. 

For a’bx =O for all a’ Ea’ and b€ 5b; hence a’x EB’ for all a’ Ea’; therefore 
b’’a’x =O for all b’’Eb”’ and a’€a’, so that b’’xEa”’ =a for all b’’Eb’’. 


Coro.iary. If a is normal and 6 is a C-neutral ideal Da, then b*’ =b’’*’. 
The proof is obvious. 


| 
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THEOREM 7. If a is a C-neutral ideal and 6b is a C-neutral ideal Da, then: 

1. If b is normal, so is 6*. 

2. If ais normal and b* is normal, so is 6. 

3. If a is normal, the correspondence of Theorem 4 preserves normality in 
both directions. 


For 1. By the corollary to Lemma 13, if 6 is normal, then b* =(b’’)* 
=(a+b’)*’, so that b* is normal. 

2. By the last corollary, if a is normal and b* is normal, then, using the 
first part of the proof, (b’’)* =(b’’)*’’ =(b*)’’=6*. Hence, by Theorem 4, 
b’’ =b. 

3. The proof is now obvious. 

We note that it is not hard to show, using Lemma 3 in L(a, J) and Lemma 
9, that a* can have a g.I|.b. a and an I.u.b. if and only if a is principal; and that 
L/a is isomorphic with a’ if and only if a’, and hence 4, is principal. It also 
follows (using b=a in Lemma 13) that 


(a+a’)’ = {O}, {7}, =L, 


so that a+a’ is normal if and only if a+a’=L, which is possible if and only 
if a is principal (for a’7\a’’ = {O}). Thus a+a’ is not normal if a is not prin- 
cipal, even if a is normal. In Stone’s terminology, a+ a’ is a barrier ideal in 
such a case. Stone has pointed out that the homomorphism L—L* need not 
preserve normal ideals (we have needed bDa to obtain such a correspond- 
ence). Indeed, using b=a in the corollary to Lemma 13 we see that, if a is 
normal, (a+a’)*’ =(a’’)* =a* =O*, so that (a’)* is not normal if a is not prin- 
cipal (we have already seen that a+a’ is not normal, so that we are not con- 
tradicting Theorem 7), for (a+a’)*=(a’)*, and hence (a’)*’’=L*; but 
(a’)* =L only if a+a’=L. 

L is called ideally irreducible if it contains no normal C-neutral o-ideal 
(r-ideal) #O* or I* (O* or I*). Every ideally irreducible L is also irreducible. 
If L is complete, the two concepts coincide. 


THEOREM 8. If a is a normal C-neutral a-ideal (m-ideal) #O*, I* (O*, I*), 
then L/a is ideally irreducible if and only if ais maximal (prime) in the partially 
ordered set of normal C-neutral o-ideals (x-ideals). 


This is an obvious consequence of Theorem 7. 

By a quasi-norm on L, r(x), we mean a positive (or monotone) modular 
functional. If it is sharply positive, we call it a norm. It is called normalized 
if r(O) =0, =1. 


THEOREM 9, If r(x) is a normalized quasi-norm, then the set of xEL for 
which r(x) =1 is a C-neutral x-ideal i, and a is the set of all xEL for which 
r(x) =0; furthermore, a=b(a) if and only if r(ab)=r(a+b). (This is an ex- 
tension of Lemma 1 in §87, Birkhoff.) 
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The proof falls into seven sections. 
1. If x2y and r(y) =1, then r(x) 2r(y) =1, so that r(x) =1. If r(x) =r(y) 
=1, then r(x+y) =1, so that 


r(xy) = r(x) + — r(x + y) = 1. 


Thus 4 is a 7-ideal. 
2. If yECx, then 


1 = = r(x + y) = r(x) + — = r(x) + 

3. If y, y’ECx, then r(y) =1—r(x) =r(y’). 

4. If xGaiand x’CCCx, then, r(x’) =r(x) =1; CCaCa. 

5. If xE Cy, then xa if and only if r(y) =0, by 2. Since, by the dual of 1, 
the latter class is a g-ideal, Ca is a o-ideal. 

6. By 4 and 5, ais C-neutral, and a is the set of x with r(x) =0. 

7. If a=0(a), then a+b=ab+u where u€a. But r(u) =r(abu) =0. There- 
fore r(a+b) =1r(ab+u) =r(ab)+r(u) —r(abu) =r(ab). If r(ab) =r(a+b), take u 
a complement of ad in a+b: a+b=ab+u, abu=O; then 

r(a + b) = r(ab) + r(u) — r(abu) = r(ab) + r(u) 
so that r(u) =0, wEa, and a+b=ab(a). 


Corotiary. If a=b(a), then r(a)=r(b). If a<b and r(a)=r(b), then 
a=b(a). 


To prove the first part, suppose a=b(a). Then 


os sats 


yields 
r(a) 


\ +5) = rab); 
hence =1(d). 

As for the second, let u be a complement of a in 6: b=a+u, au=O; then 
r(a) =7(b) =r(a)+7(u), r(u) =0, wEa, and a=d(a). 


THEOREM 10. If r(x) is a quasi-norm in L, then r(x*)=r(x) is a norm in 
L* =L/a, and every norm in L* determines a quasi-norm in L by r(x) =r(x*). 
There is a (1, 1) correspondence between the norms of L* and the quasi-norms 
of L which determine a. 


The result is obvious except for the fact that r(x*) is sharply positive: if 
x*<y, then x*y* =x*y*, so that xy=x- and x#y; there is then a ¢€a for 
which xyt = xt, xt<y, and hence xt#y. By the above corollary we must then 
have r(x) =r(xt)<r(y), and consequently r(x*) <r(y*). 
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LemMaA 15. Ifa#O or I is a central (1.e., complemented and neutral) element 
in L (which need not be complemented) and r(x) is a normalized norm in L, then 
there 1s another normalized norm in L which differs from r(x) either on a or on 4. 


For choose the numbers m and m so that m+m=1, m>0,m>0, and 
m#m. Each x=ax+dx. Define 


R(x) = mr(ax) + fir(ax). 
Then R(O) =O and 


R(1) = mr(a) + Mir(d) < r(a) + = 


If x<y, then ax Say and dx S dy, and at least one of the equality signs does 
not hold. Thus 


R(x) = mr(ax) + mir(dx) < mr(ay) + mir(dy) = R(y). 


Also 
R(x) + R(y) = mr(ax) + iir(dx) + mr(ay) + mir(ay) 
= m[r(ax + ay) + r(axy)] + m[r(ax + dy) + r(axy)] 
= m[r(a(x + y)) + r(axy)] + m[r(a(x + y)) + r(axy)] 
= R(x + y) + R(xy). 


Hence #(x) = R(x)/ R(1) is a normalized norm over L. Now R(a) =mr(a) and 


=*ir(a); therefore r(a) =#(a) if and only if m= R(J), and r(4) =7(4) if and 
only if m= R(I). Since mm, both cannot be true at the same time. 


Coro.uary. If the normalized quasi-norm r(x) in the Boolean algebra L de- 
termines the o-ideal a, then r(x) is uniquely determined by a if and only if a is 
prime. 


For L/a is a Boolean algebra, so that if it contains other elements be- 
side O and J, they will be central elements; in such a case r(x*) and hence 
r(x) would not be unique. Hence, if r(x) is unique, L/a= {O*, Pag } , and a must 
be prime, since L = aU/a’. Conversely, if a is prime, r(x*) must be unique (note 
that r(O*) =0 and r(J*) =1) and r(x) is uniquely determined by a. 

Wilcox and Smiley(*) have given continuity conditions on a norm of L 
sufficient to assure isomorphism between the complete envelope Z and the 
metrically complete envelope of L. Their conditions imply that if a,—A and 
6.—B, then r(a,)—71(A), da +b. —-A+B, and so on. With these conditions, 
MacNeille’s problem(*) is answered in the positive: Z is modular, since it 
possesses a norm. Because of the existence of O and J in our lattices, the 
W.S. conditions reduce to the following definition. 


(*) Annals of Mathematics, (2), vol. 40 (1939), p. 309. 
(?) See Birkhoff’s Lattice Theory, American Mathematical Society Colloquium Publica- 
tions, vol. 25, 1940, p. 146 (3). 
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A norm or quasi-norm in a lattice is called W.S. if for every OCACL we 
have 


l.u.b. r(a) fora € A = g.Lb. r(b) for bE c,A, 
and 
g.l.b. r(a) fora A = Lub. r(b) for b A. 


THEOREM 11. If the complemented modular L has a W.S. norm, then L is 
ideally irreducible if and only if its complete envelope, L, is irreducible. 


For suppose that Z is reducible with central element A and complement 
AO, I. Then Lf\c,A and Lf\c,A are normal. Since L is dense in L, 


A= (LN = (LA <,A), 
so that 
#0", 


By Lemma 6 (which does not require complementation), L(\c,A and L(\c,A 
are complementary C-neutral ideals. Hence L is ideally reducible. 
Conversely, if L is ideally reducible with a#O’, I’ a normal C-neutral 
o-ideal, then a’=c,4 and G’=c,a by Theorem 6 and its dual. Hence 
Ya’ and a by the following continuity argu- 
ment and its dual: every a’S every d, therefore =) \c,a<]]a; but 


a’) = Lub. r(a’) = g.l.b. r(a) = r([]4); 


hence say, and }-a=]]a’=A. Now if a/ fA and a. A, 
where a/ €a’ and a,€a, then O=a,a/ Consequently AA =O and 
dually A+4 =I. 

By Lemma 12, x(aa+a,/ ) =xa.+xad ; hence x(A+A)=xA+<xA for every 
x€L; therefore, finally, X(A+A)=XA+XA for every XCEL. Thus 


and, since L is modular, 
A(X + Y) = AX + AY, 
and 
A(X + Y) = AX + AY. 


Consequently A and A are complementary central elements. L is therefore 
reducible, q.e.d. 


THEOREM 12. If Lis a complemented modular lattice with a W.S. norm, r(x), 
and a is a normal C-neutral o-idealx¥O* or I*, then there is another norm, s(x), 
differing from r(x) either on a or on a’. 
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For by Theorem 11, va is central in Z. Hence Lemma 15 applies in I, 
and s(x) specializes to another norm for L (which is a sublattice of LZ). 


Coro.uary. If L is a complemented modular lattice with a W.S. norm, r(x), 
then r(x) is uniquely determined (except for linear transformation) if and only 
af L ts ideally irreducible. 


For L fulfills von Neumann’s continuity conditions (see Wilcox and 
Smiley). Hence, if LZ is irreducible, it is a continuous geometry, and von 
Neumann’s theorem tells us that r(x) is unique. The converse follows from 
Theorems 11 and 12. 


THEOREM 13. If the complemented modular L has the W.S. quasi-norm, 
r(x) whose determined ideal is a, then a is normal. 


For a’ =c,a. Therefore 


ce’ = = 0”, 


and hence two applications of the continuity conditions yield 


Lu.b. r(a’”’) = g.Lb. r(@’) = Lu.b. r(a) = 0. 
Thus r(a’’) =0, and a’’=a. 


THEOREM 14. If L is a complemented modular lattice having r(x) as a W.S. 
quasi-norm, and if the determined o-ideal is a, then a uniquely determines r(x) 
if and only if it is maximal (prime for the m-ideal) among the normal C-neutral 
ideals. 


By the preceding results we have only to show that r(a*) is a W.S. norm 
in L/a. If A*CL/a and 


xEc,U 
a*GA* 


then x2 every aGa*CA*, so that xEx*CUc,A*. Thus c,VA*CUC,A*. 
Similarly, c\VA*CUc,A*. Consequently, 
Lu.b. r(a*) for a* € A* = L.u.b. r(a) for a E U A* 
= g.l.b. r(b) forb Ec, A* 
2 g.lb. r(b) for b U c,A* 
= g.l.b. r(b) for b* € c,A*. 
The opposite inequality is obvious. Since the dual follows similarly, we have 
our result. 
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COMPLETE SETS OF LOGICAL FUNCTIONS 


BY 
WILLIAM WERNICK 


A. In the two-valued calculus of sentences we denote variables by “p,” 
“q,” and their truth values by “1,” “0.” A truth function of two variables will 
be a function which assumes the value 1, or 0, depending on the truth values 
of the variables p, g, in its argument. Since each variable may assume inde- 
pendently the value 1, 0, there are 2? possible arguments for each function. 
A particular function is completely determined if we assign to each of its 4 
possible arguments a value which may be independently 1, or 0, so there are 
altogether 2%, i.e., 16 possible functions in this calculus. Some of these func- 
tions are familiar to us by name: conjunction, implication, negation, etc. 
When we wish to speak of all 16 functions collectively, we shall call the total- 
ity “Cc.” 

Sheffer has shown (') that we may take one of these as undefined and de- 
fine formally in terms of this one all the other functions of the calculus. He 
also pointed out that this function, which he called “stroke,” could be given a 
dual interpretation, that is, there are two functions in C, mutually dual, 
which, alone, can define all the other 15 functions in C. Whitehead and Russell 
use the pair of undefined functions negation and disjunction to generate this 
calculus; Hilbert and Ackerman show(?) that this pair will suffice, as well as 
the pairs negation and conjunction, or negation and implication. They show 
also that the pair negation and equivalence is insufficient to generate the cal- 
culus, being incapable, in particular, of defining conjunction. 

B. If we take as undefined the set of functions {a, B,---, 5} we shall 
look for such sets which have the following properties: 

1. All the 16 functions of C may be formally(*) defined in terms of func- 
tions of this set. (Sufficiency.) 

2. No function of this set may be defined in terms of some or all the re- 
maining functions of the set. (Non-redundancy.) 

If a set of undefined functions is both sufficient and non-redundant, it 
will be called “complete.” Thus the set negation and disjunction is a complete 


Presented to the Society, February 24, 1940; received by the editors March 11, 1940 and, 
in revised form, December 10, 1940. This paper is the substance of the author’s doctoral thesis 
at New York University, February, 1941. The author wishes to extend thanks to Dr. J. C. C. 
McKinsey for his interest in this investigation. 

(*) H. M. Sheffer, these Transactions, vol. 14 (1913), pp. 481-488. 

(?) Hilbert and Ackerman, Grundztge der theoretischen Logik, 2d edition, 1938, p. 8 ff. 

(?) A definition will be called “formal” if the definiens is simply an expression built up by 
the use of sentential connectives (our functions) and sentential variables “p,” “g.” All other 
definitions are non-formal. 
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set. This paper will enumerate all complete sets and show that they may con- 
tain one, two, or three functions, but not more. Post points out(*) the possi- 
bility of generalizing the Principia development by using other primitive (i.e., 
generating) functions than negation and disjunction, but does not discuss com- 
plete sets of such functions(°). 

C. We may start by listing the 16 functions thus: 


TABLE I 


We shall take our arguments in what follows so that the truth values of 
Pp, q, will always be in the order 1, 1; 1, 0; 0, 1;0, 0. The names given to these 
functions are immaterial, and the use of “a’,” “b’,” etc., instead of “i,”, “j,” 
etc., has only mnemonic significance. We may note some remarks on this table: 

1. The function (p, g), defined above, may: be recognized as the truth 
function “logical product,” »-g, which is true only when p and gq are both 
true. Interpretations of all the 16 functions, in the more familiar notation of 
symbolic logic, are given here, with the emphasis on familiarity, and not on 
economy of symbols: 

TABLE II 


:p ~p a’: e’: 

: pg b’: ~(p°9) f': ~p 

: ~(p D9) : pDa ~@ 

: ~(@qD?) gp h': ~(p=q) 


2. The function f(p, g) need never be an undefined function, since it is 
immediately definable with no additional machinery. The function f(p, q) is 
exactly p, being true when and only when ? is true, as may be seen from Table 
I. Likewise g(p, g)=q. This means in any truth function involving or q, 


we may replace p by f(p, g), or g by g(p, 9)(°). 
3. We introduce here the notion of symmetric functions. The function a 


(*) E. L. Post, Introduction to a general theory of elementary propositions, American Journal 
of Mathematics, vol. 43 (1921), pp. 163-185. 

(*) His concept of a complete system should not be confused with our concept of a complete 
set of functions. He calls a system of truth tables “complete” if it contains all possible truth 
tables of the logic. Thus, the listing of all 16 functions of C in Table I below would form a 
complete system in Post’s notation. He uses the notion of redundancy of a set of generating 
functions only implicitly (when he speaks of the “order” of a system). 

(*) We use “or” throughout this paper to mean either alternative or both. 
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will be called symmetric to the function 8, if the following four equations all 
hold: 


a(1,1) = A(1,1), 1) = B(1, 0), 
a(1, 0) = B(0, 1), a(0, 0) = B(0, 0). 


Note that if a(1, 0) =a(0, 1), then a@ is self-symmetric, i.e., the value is inde- 
pendent of the order of the arguments. If, in Table II, we replace “p” by “gq,” 
and “gq” by “p” in the definition of any particular function, we obtain the 
definition of its symmetric function. If there resulted no change (due to the 
commutative nature of the connectives -, \/, and =), then that function 
was self-symmetric. The reader can easily verify the list of self-symmetric 
functions: a, b, e, h, a’, b’, e’, h’; and the others symmetric in pairs: cSd; 
fSg; c’Sd’; and f’Sg’. 

4. Since we are dealing only with functions of two arguments, any func- 
tion of p alone will be considered as a function of both » and g which is inde- 
pendent of q; e.g., f’(p, g) is the function “p is false,” and is independent of q. 
Similarly for a function of g alone. 

5. The fact that our functions are defined for arguments of the form 9, gq, 
as p, g go through their ordered changes, means that it is unnecessary to con- 
sider functions of g, p. For example, c’(p, g) is our definition for “p implies q,” 
and we may not use c’(q, p) to mean “g implies p,” but must use some func- 
tion of p, g, since our definitions are set up on the agreement that the first 
place in the table is the value of the function for p=1 and g=1, the second 
place is the value for p=1 and q=0, etc. Introduction of arguments of the 
form g, p would disrupt our definitions. They are, moreover, superfluous, 
since any function of g, p has an equivalent function of p, q. 

In view of the theorem proved in §H1 ‘we remark, that so far as complete- 
ness is concerned, the functions d, d’, g, g’ are equivalent to c, c’, f, f’, respec- 
tively. We shall omit, from now on, further unnecessary reference to d, d’, g, g’ 
when they are to be undefined functions. They continue to play their roles as 
functions of C to be defined by others. 

D. We introduce now an abbreviated notation which will greatly reduce 
the amount and complexity of the material to follow. Consider the function 
of functions e[h(p, q), e’(p, As go through their ordered changes 
(1, 1; 1, 0; 0, 1; 0, 0) we get the values 0, 0, 0, 0. 

But this set of values is the same set we would have obtained if we had let 
p, g go through their ordered changes for the function a(p, g) (see Table I). 
This establishes the identity e[h(p, q), e’(p, g)]=a(p, g) for all values of p, g. 
. This identity will now be written simply as e(h, e’) =a. 

E. We consider, from now on, only functions of the form a(8, y), where 
a, B, y are any of the 16 functions in C. The functions f, g play a special role 
here, as noted in §C, since a(f, g)=a(p, g). While we do not define a(p, p), 
we have defined a(f, f), which is equivalent to it. 
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Consider the sets of functions defined thus: 


fa}o: f, 8 
{a}s: a(f, f); af, 8); a(g, f); a(g, 8); 


all functions in { {a},-1} with f or g or both replaced by any functions 
in {{a}.}, R<i— 1. 


Clearly, {a}, will contain the function a(p, g), since this is equal to a(f, g), 
and may, from considerations in §C, contain other functions of 9, q; e.g., if a 
is the function e then f’ =e(f, f). Also, {a}s may contain functions not in {a 3 
and {a}3 may contain functions not in {a}2 or in {a},. (It is understood that 
all functions that occur in the above constructions can be reduced to, and are 
replaced by, the equivalent single functions of C.) This accretion of new func- 
tions must soon stop, since there are only 16 different functions altogether. 
The totality of all (reduced) functions of p, g, in all the sets { {a};}, where 
the 7 is sufficiently large to insure that no new functions can be introduced by 
increasing 4, will be called the field of the function a, indicated by “F(a);” 
thus, from the beginning of this paragraph we have: f’ is in F(e). The process 
of enumerating a field is always finite, and there are immediately evident to 
an investigator special theorems for each particular function that reduce the 
work of enumeration. Since we are concerned only with the totality of func- 
tions in F(a), in extension and without repetitions, we can immediately dis- 
card repetitions of functions in C which we have already found in { {a} .} 
before investigating {a} i(”). The problem: “What functions of C are in F(a) ?” 
is seen to be equivalent to the problem: “What functions in the calculus of 
sentences can be defined, if we take a particular function a as undefined?” (8), 

F. If there are two undefined functions a, 8, we have analogously the sets 
of functions 


{a, Bho: f, 8; 
{a, Bhi: {a}it {8}:; 


{a, B};: all functions in {{a, 8} ,-1} with f or g or both replaced by any function 
in {{a,B}i}, R<i—1. 


(7) E. Zylifiski, Some remarks concerning the theory of deduction, Fundamenta Mathematicae, 
vol. 7 (1925), pp. 203-209 also discusses, with different terminology, the notion of a field. He 
asks, in effect, for the field for each function and indicates the results given in Table III below, 
but does not discuss fields of two or more functions. 

(*) Since f, and g, can be defined without the aid of any function, they properly belong in 
every field. These two functions can be formally defined in terms of 14 of our 16 functions, and 
cannot be formally defined in terms of a, or a’; nevertheless, we place f and g in F(a), and in 
F(a’), since we have, for example, the definitions: a(f, g)=a=a(p, g); f(f, g)=p=f(p, 9); 
g); with only the function a as an undefined function. 
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Note that {a, 8}: certainly includes {a}.+{8}2 but may easily include 
more functions. The totality of functions’ (reduced and without repetitions) in 
all the sets { {a, 8},} will be called the field of the functions a, 8, indicated 
by “F(a, B).” As before, the process of enumerating a field is always finite 
and becomes quickly simplified in any particular case by the application of 
simple particularized theorems which apply to each pair. As before, the prob- 
lem: “What functions are in F(a, 8)?” is equivalent to the problem: “What 
functions in the calculus of sentences can be defined in terms of only two given 
undefined functions?” 

There are corresponding definitions for sets and fields of three undefined 
functions a, 8, y; of four undefined functions, etc. We may point out here 
that Post (loc. cit.) discusses the totality of functions formally definable in 
terms of a set of u arbitrary functions {f,,---, fu}, where f; is a function 
of m; arguments. This totality of functions is called F, and corresponds to our 
notion of a field. He does not concern himself with redundancy among the { fi}. 

Since we are concerned with sufficient sets of functions, we shall try to find 
functions whose field is the entire set of 16, i.e., whose field is C. Also, since 
we are looking for non-redundant sets of functions, we shall discard a set 
{a, B, y, 6, } if, for example, a@ is in y, 5, - - - ). 

G. We now prove that the functions e and b’ are the only single functions 
that form complete sets(*). Obviously, the set {e} is non-redundant, as is the 
set {b’}. If we are seeking a single function a, so that F(a)=C, it must 
satisfy the condition that a(1, 1)=0, and a(0, 0) =1('). For, if a(1, 1)=1 
then any function of a would have as its first pair of arguments the truth values 
1, 1, and hence, for those arguments, would have the value 1, whereas half the 
functions in C have the value 0 for the first pair of arguments. Similar reason- 
ing assures that a(0, 0) must equal 1. Looking through Table I for functions 
of the form 0, —, —, 1; we find only the functions e, b’, f’, g’. A function of 
one variable cannot define a function really dependent on two variables, so 
that our function @ which is to define all the functions in C may not be in- 
dependent of one of its arguments. But we quickly establish the fact that f’ is 
independent of g, and g’ is independent of p (since f’(1, 1) =f’(1, 0), and 
f'(0, 1) =f’(0, 0); and similarly for g’). Hence e and b’ are the only possible 
functions. 

Since Sheffer (loc. cit.) has already shown that these two functions are 
sufficient, this completes the proof that the only complete sets consisting of 
single functions are {e}, and {b’}. 

H. If we look for complete sets consisting of two functions, the realm of 


(*) These two functions are Sheffer’s stroke function and its dual. He states (loc. cit.), in 
effect, that these two sets are complete. Zylifiski (loc. cit.) states, in effect, but does not prove, 
that these are the only complete sets of single functions. The proof is given here in full because 
it is typical. 

(}°) This is essentially the property of negation. 
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investigation broadens considerably. There seem to be Ci¢,2, i.e., 120 possible 
pairs of functions to investigate, but Some obvious considerations will quickly 
reduce this number. Any pair containing the functions e, or b’ is, by §G, 
immediately redundant, since all functions are in F(e), and in F(b’). Also, 
any pair containing f or g is redundant, since, from the definition of a field, 
these functions are in every field. Not all of the remaining Ci2,2, i.e., 66 pairs 
of functions are essentially different, since, in view of the theorem on sym- 
metric functions mentioned in §C above, any function pair containing d, d’, or 
g’ is equivalent, as far as definability is concerned, to the same pair with d, d’, 
or g’ replaced by c, c’, or f’, respectively. This leaves only 36 pairs of functions 
to investigate. To find the redundant functions, we determine first the fields 
of single functions as per Table III(#"). 


TABLE [il 
F(a) =a, f, g F(a’) =a’, f, g 
F(b) f, g F(b’)=C 
F(c) =a, b, c, d, f, g F(c’) =f, g, a’, c’, d’, e’ 
F(d) =a, b, c, d, f, g F(d’) =f, g, a’, c’, d’, e’ 
F(e)=C Fie’) =f, g, e’ 
F(f) =f, F(f’) =f, g, f', 
F(g) =f, g F(g’) =f, g, f', 
F(h) =f, gh, a’ F(h’) =a, f, g, h’ 


We note some remarks on Table III: 

1. Symmetry. The identity of the fields for certain functions was predicted 
by a theorem mentioned earlier: “If a is symmetric to 8, then F(a) = F(8),” 
which we now prove. 

If a is symmetric to 8, and ¢€ is in F(a), then there must exist functions 
y, 5, in F(a) so that e=a(y, 5). From the definition of symmetry, we must 
also have e=8(6, y), and ¢, therefore, will be in F(8) if y, 6 are in F(6). 
Applying to y, 6 the same argument we have just applied to e, we form a re- 
cursion in a very few steps to {a}o, and {@}o. But these are, by definition, 
identical, consisting of the functions f, and g; hence the theorem. 

2. Transitivity. The reader can verify the rather obvious theorem: “If a is 
in F(8), and 6 is in F(y), then ais in F(y).” In terms of definability, this theo- 
rem states that if 6 can define a, and y can define 8, then y can define a. 
As a corollary to this theorem on transitivity, which seems intuitively evident, 
we can derive the theorem given above under symmetry; for, if a is symmetric 
to B then clearly a is in F(8). 

3. Duality. The function a is called the dual of the function 8, notation 
if, for every p and g, we have a(p, g)=~6(~p, ~gq). We use *~” in 

(“) For purposes of completeness, we indicate the fields for each of the 16 functions in C, 


though we shall not need all these fields for the remainder of this paper. The results in this table 
also appear in Zylifiski’s paper (loc. cit.). 
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its usual sense, so that ~1=0, and ~0=1. We state the useful and simple 
theorem: “If a=, then 8=4,” whose proof is left to the reader. 
We list here the relations of duality that exist among the functions in C: 


TABLE IV 


b=me’ f=f h=h’ 


This table may be verified in the following way, suggested by Zylifiski (loc. 
cit.). In Table I, replace “0” by “1,” and “1” by “0” everywhere; then the ma- 
trix definition under each function designation will be that of the dual of that 
function. This amounts to interchanging “0” and “1” in the definitions, and 
then writing the columns upside down. The equation we have given to define 
duality is, of course, equivalent to this transformation. 

From Tables III and IV we could easily verify the theorem: “If a@ is in 
F(8), then @ is in F(§),” the usefulness of which will be more apparent if we 
state it in the form: “If and F(a) --- , Yn, then Yn.” 
To prove it directly, we first prove that if a=B(y, 5) then 2=8(7, 5). Our 
hypothesis, written out in full is: “For every p, and g, we have the identity 
a(p, g) =B(y(p, 5(p, g)).” Replace “p” by “~p,” by “~gq,” and preface 
both sides of the equation by “~.” This gives us 


(1) = (~ 2, ~ 


From the definition of dual functions, we have 4(p, q)=~a(~p, ~g), or, 
by prefacing both sides of this equation by “~,” and dropping “~~,” 
~al(p, g) =a(~p, ~g). Applying these equations to (1), we have 

(2) a(p, 9) = ~B(~ 9), ~ 9), 

which can be abbreviated to 


(3) a=~p(~7, 


But, again, from the definition of duality, we have B(p, q)=~8(~p, ~g), 
and by replacing “p” by “7,” and “gq” by “5,” we have B(7, 5) =~6(~7, ~5); 
therefore, finally a= 5). 

To say that a is in F(8) is to say that there is an equation a=£{(y, 5), 
where ¥, 6 are in F(@). But if there is such an equation, we have just shown 
that there is an equally valid equation a=8(7, 5); that is, a is in F(8), pro- 
vided only that 7, 5 are in F(8). We have, now, a simple recursion, applying 
to y, 6 the same arguments as to a, and leading to {8}> and {f}o, that is, our 
theorem depends on: “If the functions in {8} are in F{@}, then the functions 
in {B}o are in F(8);” which is, of course, a true theorem, since {€} =f, g, for 
any ¢. Hence our main theorem. 

These properties of duality may be used to check our results later on, since 
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all definitions may be dualized and yield equally valid definitions. (If, e.g., 
{a, B} is a complete set, so must {a, 8} be.) 

4. Identity of fields. Since F(c)=F(d); F(e)=F(b’); F(f)=F(g); Fc’) 
= F(d’); F(f’) = F(g’); there are just 11 different fields generated by a single 
function. Post (loc. cit.) has investigated systems of functions definable by 
functions of more than two variables. He states, in effect, that there are just 
66 different fields which can be generated by functions of fewer than four 
arguments, and there are 8 infinite families which can be generated by func- 
tions of four or more arguments. He does not discuss, however, such concepts 
as duality, symmetry, and transitivity. ; 

We shall not verify the enumeration of all fields in Table III, but shall 
indicate the method by which this may be done. 

There are two steps in the verification of F(a). First we must prove that 
the functions listed as belonging to F(a) are actually in F(a), which could 
be done immediately by giving the definitions in terms of a, or of functions 
defined in terms of a, etc. (using transitivity). Second, we must show that 
no other function belongs in that field, i.e., that the field is closed. We may 
use special theorems for each function, but we can always use this straight- 
forward method of proving closure: If 5 is in F(a), then there must be a defini- 
tion 6=a(8, y), where 8, y are in F(a). If we have already shown that there 
are, say, six functions in F(a), we can substitute for 8, or y, any of these six 
functions, giving, in this case, 36 possible pairs of argument functions. Closure 
is proved if the values resulting from these 36 arguments are among the six 
functions already shown to be in F(a). It is never necessary to investigate the 
result of every substitution, since special theorems give the results for many 
classes of substitutions. 

The verification of most of the fields is straightforward, but we verify F(c) 
in detail to illustrate another typical method, F(c) =a, b, c, d, f, g;a=c(f, f); 
b=c(f, c); d=c(g, f). If a is any of the above six functions in F(c), then 
a(0, 0) =0 (see Table I). Therefore (see §G) any function of these six func- 
tions in F(c) will reduce, for p=0, g=0, to the value 0. Hence F(c) consists of 
at most the eight functions in C for which the argument 0, 0 gives the value 0. 
To prove closure, we must now show that e’ and h’, the only other functions 
which have this property, are not in F(c). From the definition of c, c(0, x) =0, 
for all x, and c(1, y) =1 only when y=0. Therefore, c(a, 8) can have the value 
1 at most as many times as a has the value 1, and then at the same places. If e’ 
is in F(c) then there must exist functions a, B, in F(c) such that e’=c(a, B), 
where, furthermore, a is of the form 1, 1, 1, x; a, in turn, requires in its defini- 
tion another function with the same form, etc. Therefore, there must be in 
{c}o a function of the form 1, 1, 1, x; which is not the case. Therefore, e’ is 
not in F(c). Similarly, h’ in F(c) requires eventually that {cho contain a func- 
tion of the form x, 1, 1, y; which it does not contain. Therefore, h’ is not in 
F(c). This concludes the proof that F(c) is closed as given. 
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From Table III we may now easily select the redundant pairs of functions. 
We indicate them, 67 in all, in the following table(*) : 


TABLE V 


a,d b, d a’,c’ 
a, h’ c,d a’, d’ d’,e’ 
and, all the 54 possible pairs of functions with e, or b’, or f, or g; as one of the pair 


a,c | b,c h, a’ c’, a’ | 


The 54 pairs of redundant functions are not written down, since they are 
obvious, but they, and the 13 pairs directly above, comprise al] the redundant 
function pairs, i.e., pairs of which one function (not either one) may be taken 
as undefined, and the other will be immediately definable. Of these first 13 
pairs, only 6 are essentially different and must be subtracted from the 36 pairs 
mentioned at the beginning of §H (e.g., the pairs a, c; a, d are not essentially 
different, since cSd, and F(a, c) = F(a, d)). 

I. We now have left to consider, from the total of 120 pairs of functions 
indicated in §H, only 30 essentially different pairs which are not redundant, 
but whose sufficiency is still undecided. We determine, by the method shown 
in §F, the fields for each of these 30 pairs, and find that there are exactly 
9 pairs which form sufficient sets. Since these are selected from non-redundant 
pairs, these 9 sets are, in fact, complete sets of two functions, and are listed 
below. This listing answers completely the question: What pairs of functions 
may be used to define the calculus of sentences? 


TABLE VI 


f’ 


e’, 


This table may be represented by the following diagram: 


le’, 


(2) We shall leave out, in the text and tables from now on the braces around functions 
even though we mean them to be generating sets, whether complete or not. 


| 
| 
a,c’ c,a’ 
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Any function in one box may be paired with a function in another box to 
which it is joined by a line, to form a complete two-function set. The preced- 
ing diagram can be translated in an obvious way (see Table II) to yield the 
following diagram, of some interest in the calculus of sentences, since it gives 
all essentially different pairs of functions which can define this calculus: 


{ negation } 


| disjunction, conjunction| 


| verity, equivalence | | falsity, non-equivalence | 


| non-implication implication 


It is possible to show the sufficiency of these pairs without actua!!y enu- 
merating the fields for each pair, by applying the theorem stated in the remark 
on transitivity, following Table III. Since we have shown that 


F(e) = F(b’) = C, 
as soon as we can show that ¢ or D’ is in F(a, 8), it follows immediately that 
F(a, B) = C. 


We do this now for all the pairs in Table VI. In most cases, a single definition 
will suffice, but we need at most two defined functions. The definitions given 
here are not the only possible definitions for the function actually defined, and 
we define e or b’, depending on which comes first to hand, or seems easier. 


TABLE VII 


a, c’: f'=c'(f, a), b’ =c'(c’, f’) b’=c'(g, f’) 


c,a’: f’=c(a’, f), e =c(f’, g) c’,h’: b’=h’'(f, c’) 
b, f’: b’=f'(b, f) e’,f': e=f'le’, f) 
c, h: b’=h(f, c) 
c,c’: e =c(c’, g) 


¢, =c(f’, g) 


If Tables VI and VII had included al/ complete pairs (i.e., those given, and 
those obtainable from them by replacing c, c’, f’ by d, d’, g’, respectively), 
we could have used a duality theorem to check our tables; e.g., from the com- 
plete set c, h and its definition of b’, we could obtain the dual (complete) set 
d’, h’ and its definition of e. 

J. There still remain, of the 30 non-redundant pairs mentioned in §I, a 
total of 21 pairs of functions which form non-redundant but insufficient sets. 
We list them in Table VIII below: 


4 
4a 
{ag 
€ 
4 


COMPLETE SETS OF LOGICAL FUNCTIONS 


TaBLeE VIII 


The assertion here that these pairs are insufficient can only be substanti- 
ated if we list and verify the fields for each of the 21 pairs in Table VIII, which 
we shall do in more detail than we did for single functions in Table III. 

We shall list the functions in F(a, 8) thus: F(a, B)=71, 
€1,° °°, €, where ¥; is in F(a), 6; is in F(a)+F(8) but not in F(a), and ¢; is in 
F(a, 8) but not in F(a)+F(8). We shall give definitions only for the func- 
tions ¢,(1*), since definitions for y; and 6; have already been indicated in §H. 
Proofs of closure to show that no more functions than those listed belong to 
F(a, B) are given after the listing of the fields in Table IX below: 


TABLE IX 


. F(a,b) =a,f, g;6 

. F(a,h) =a, f, g;h, a’; f', g’, h’ f' =h(f, a); g’ =h(g, a); h’ =h(h, a) 
. F(a, a’) =a, f, g; a’ 

F(a, e’) =a, f, g; e’ 

F(a, f’) =a, f, g;f', a’ a’=f'(a, f) 
. F(b,h) =b,f, g;h, a’; c’, d’, e’ c’=h(f, b); d’=h(g, b); e’ =h(b, h) 
. F(b, a’) =), f, g; a’ 

. F(b,c’) =b, f, g;a', c’,d’, e'sh h=b(c’, d’) 
. F(b, e’) =), f, e’ 

. F(b, h’) =b, f, g; a, h’; c, d, e’ c=h’'(f, b); d=h'(g, b); e’ =h'(f, d) 
. e’) =a, b,c, d, f, g; e’; h’ h' =c(e’, b) 
. F(c, h’) =a, b, c, d, f, g; h’; e’ e’ =h'(g, c) 
. F(h,c’) =f, g, h, a’; d’, b=h(g, d’) 
. e’) =f, g, h, a’; e’; b,c’, d’ b=h(h, e’); c’ =h(g, e’); d’ =h(g, b) 
. F(h, f’) =f, g, h, a’; f’, ge’; a, h’ a=f'(a’, f); h’=f'(h, f) 
. Fh, h’) =f, g, h, a’; a, h’; f’, g’ f'=h'(g, h); g'’ =h'(f, h) 
. F(a’, e’) =f, g, a’; e’ 

. F(a’, f’) =f, g,0'sf', a=f'(a’, f) 
. F(a’, h’)=f, g, a’; a, h’; h, f’, g’ h=h'(a’, h’); f'=h'(a’, f); g’ =h'(a’, g) 
. Fe’, h’) =f, g, e'; a, h’; b, c,d b=h'(e’, h’); c=h'(f, b); d=h'(g, b) 
F(f', h’) =f, f’, a, h’; h, a’ h=h'(f', g); a’ =f'(a, f) 


1 
2 
3 
4. 
5 
6 
7 
8 
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We may prove closure for several of these fields at once. Notice that many 
of the fields are identical and often consist of eight functions. Consider these: 


(4) We list the complete fields and definitions for al/ functions ¢;, including even the defined 
functions d, d’, g’, which, we know, must appear in any field in which their respective sym- 
metrics c, c’, f’ appear. 


| 
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a 
a,b a, e’ b, a’ b, h’ h, c’ h, h’ a’, h’ | 
a,h a, f’ b, c’ oie" h, e’ a’,e’ e’, h’ | 
a,a’ b,h b, e’ c, h’ h, f’ a’, f' f', h’ | 
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Fi: a, b, C, d, f, h’, 
F:: b, f h, a’, d’, 
F;: a, f, h, a’, f’, h’. 


If we examine the definitions of these functions in Table I, we may note: 
(i) F, consists of all functions “| in C for which a(0, 0) =0; 
(ii) Fe: consists of all functions ja} in C for which a(1, 1) =1; 

(iii) Fs consists of all functions {a} in C for which the sum of the four 
constants defining a@ is even, i.e., F; consists of all even functions. 

We shall prove a general theorem: “If a, B, - - - , 5, are all in F; (¢=1, 2, 3), 
then every function in F(a, B,---, 6) is in F;.” 

F,: From the remark at the beginning of §G, we know that if a(0, 0) =0, 
and if € is in F(a), then we can never have ¢(0, 0) =1. That is, if a is in F,, 
then every function in F(a) is also in F,;. This argument holds as well if there 
are two functions to generate the field: if a and 8 are in Fi, then any function 
defined in terms of a and £6 (i.e., any function in F(a, B)) must always have 
for p=0, g=0, the value 0, i.e., must be in F,. The extension to several func- 
tions, a, B, - - - , 6, all of which are in F, is immediate. 

F,: Referring to the same remark as above, for functions a for which 
a(i, 1)=1, we derive in the same way an analogous conclusion: if, for p=1, 
q=1, the functions a, B,---, 5, take the value 1, then every function in 
F(a, 8B, -- - , 6) must also have this property. But the condition of this state- 
ment is precisely that a, 8B, ---, 5 all be in F:, and the conclusion that every 
function in F(a, B, --- , 6) is also in Fs. 

F;: Consider functions of the form a(§, 7), where a, 8, y may be replaced 
by any function in F;. We must show that the result is always a function in F;. 
Consider replacements of a by functions in F;. We shall use known properties 
of these functions in the form of theorem-equations without proof (which 
would follow immediately from their definitions). We have for every B, vy, 
the following: 

a(6,y)=a, =a’, 


=8, 


If 8, y are in F;, clearly 8’ and y’ are also in F;, and the results of all the 
above replacements are also in F3; so we need now investigate the cases 
h(8, y), and h’(8, y). But again, from the definitions we have 


h'(B, y) = (h(8, ¥))’, 


so we need now investigate only h(8, 7). Note that this involves more than 
F(h), since B or y need not be in F(h), but must be in F;, which contains more 
than F(h). 
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We have also the theorem-equation 
K(B, = (A(B, y))’, 


which makes it unnecessary to investigate primed arguments; so we need to 
investigate only replacements of 8, y by a, f, g, h. And now, finally, these last 
theorems: 


h(y,a)=h(a,y)=7'; h(8, B=) =; 


make it necessary to test only the three possibilities h(f, g), h(f, h), h(g, h). 
But all these are, of course, in F(4) which is contained in F;, their primes are 
likewise in F;, and the last part of our general theorem is thus established. 

This last part may be stated: “An odd function can never be in a field 
generated only by even functions,” and can be used for checking many fields 
without proving closure. For example: b is not in F(h, f’), since h, f’ are even 
and can only generate an even field, whereas b is odd('*). 

We may obtain some immediate corollaries: 


CorROLLarY 1. Every complete set must contain at least one odd function. 


COROLLARY 2. A necessary condition that the set a, B,---, 5 be complete 
is that not all the functions a, B,--- , 5 be in some F;. 


CorROLLARY 3. Consider the sets of functions: 


Pe 8: Fae ae; 


which are subsets of F3. We have, from the last part of the proof above, the corollary 
that the general theorem includes the cases 1=4, 5. 


We derive now some important consequences of this general theorem. 
Among the 21 pairs in Table VIII we notice many pairs which have both their 
members in some F;, and hence come within the scope of this theorem. In 
particular, the four pairs b, h’; c, e’; c, h’; e’, h’ are wholly in F, and hence, 
by the theorem, their fields are at most F;. But we have already shown that 
their fields are at least F,; therefore, their fields are exactly F,. Similarly, there 
are four pairs which are wholly in F,: b, h; b, c’; h, c’; h, e’; to which we may 
apply exactly the same method. We have shown that their fields are at least 
F,, and the theorem states that their fields are at most F:; therefore, their 
fields are exactly F,. The theorem is still applicable to the five function pairs 
wholly in F;; a, h; h, f’; h, h’; a’, h’; f’, h’; whose fields are therefore proved to 
be closed. 

We have, with the general theorem, proved closure for 13 of our 21 fields. 
Corollary 3 may be used to prove closure for three more fields. In particular, 


(*) That is, the pair of functions negation and equivalence are incapable of defining conjunc- 
tion, as stated by Hilbert and Ackerman (loc. cit.). 
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the two pairs a, f’ and a’, f’ are in F,; therefore, by the usual argument, their 
fields are exactly F,. Also, the pair a, a’ is in F;; therefore, its field is exactly Fs. 

This still leaves the five pairs a, b; a’, b; a, e’; a’, e’; b, e’; for whose fields 
we must prove closure. We know, for any a, 6, that 


a(a, B) = a; a’(a, B) = a’. 


Also, from the definitions of 6, and e’, which are self-symmetric, that b(a, a) =a, 
b(a’, aw) =a, e’(a, a) =a, and e’(a’, a) =a’. (This follows, since b(x, y) =1, only 
when x =y=1; e’(x, y)=1 when x or y=1; a is always 0; and a’ is always 1.) 
Obvious applications of these theorem-equations will prove closure for F(a, b), 
F(a’, b), F(a, e’), and F(a’, e’). 

Now we have only F(b, e’) to investigate. But, if a is either of these func- 
tions, by their definitions a(1, 1) =1 and a(0, 0) =0; that is, F(b, e’) is at most 
the intersection of F; and F;. But these functions are exactly ), f, g, e’, which 
are already known to be in F(b, e’). Therefore, F(b, e’) is closed. 

This completes the verification of the fields for the 21 pairs of non-redun- 
dant, insufficient function pairs listed in Table VIII(*). 

K. If we consider, now, complete sets of three undefined functions, the 
field of investigation does not broaden immediately, as one might think. The 
condition of non-redundancy forces us to reject a triad a, B, y, which contains 
a pair which forms either a redundant or a complete set; for in the first case, 
the triad would reduce, insofar as defining power is concerned, to a pair; and 
in the second case, the triad would be redundant, though no pair in it need be, 
that is, the admissible triads will be only those such that the three pairs 
which it is possible to select from them be all non-redundant and insufficient, 
that is, be all in Table VIII. 

If we examine Table VIII in this way, we find a total of only ten non- 
redundant triads (which establishes, incidentally, that of the Cis,s, that is, 560 
possible triads, only ten are non-redundant) and determine, as in §§E and F, 
the fields for each of these ten triads. Of the ten triads, six were found to be 
sufficient, that is, we discovered six complete sets of three undefined functions, 
as follows: 

TABLE X 


a,b,h b, h, h’ h, e’, h’ 
a, h, e’ b, a’, h’ a’,e’, h’ 


This listing is believed to be new, and answers completely the question: 
What non-redundant triads of undefined functions can define the calculus of 
sentences? 

We know, from the discussion just above, that these triads are non-redun- 


(*) Of the fields listed in Table VIII, only 10 were distinct: F; (¢=1, 2, 3, 4, 5), and the 
fields for the 5 pairs last investigated. 
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dant and we can quickly show that they are sufficient, by the method used 
in §I for pairs of functions. We give (as in Table VII for pairs) the definitions, 
in terms of each triad, of the function ¢, or b’, either of which can generate C. 


TasLe XI 


a, b, h; b’ =h(b, a) 

a, h, e’; e=xh(e’, a) 
b,h,h’; b’ =h(b, a) 
b, a’, h’; b’ =h'(a’, b) 
h,e’,h’; a=h’(f,f); exh(e’, a) 
a’,e’,h’; e=xh’(a’, e’) 


L. There remain, now, only four non-redundant triads which are still not 
sufficient. We list them with their fields below: 


TaBLe XII 


F(a, b, a’) =a, f, g; b; a’ 
F(a, b, e’) =a, f, g; b; e’ 
F(a, a’, e’) =a, f, g; a’; e’ 
F(b, a’, e’) =b, f, g; 0’; 


Since F(a, 8, y) contains at least f, g, a, B, y, the fields above contain at 


least the functions listed. To prove the fields closed, consider the following 
field 


Fz: a, b, f, g, a’, e’, and the familiar theorem-equations 


a(8, y) = a, 7) = 2’, 
b(a, 8) = a, e’(a, B) = B, 
b(a’, y) = , 
b(8, 8) = B, e’(B, B) = B, 
b(8, y) = b(y, 8), vy) = B). 


Since 8, y are assumed to be in F¢, the only functions to investigate are those 
possibly not in F(d) or in F(e’); that is, b(b, e’) and e’(b, e’), which turn out to 
be respectively b and e’. Obvious applications of these theorems to the triads 
in Table XII will prove the fields closed as given("*). 

Notice that the four non-redundant, insufficient triads are the four triads 
which can be selected from the tetrad a, b, a’, e’. 


(*) These fields are distinct, and are the last fields we shall list. We may indicate here the 
different fields we have come across in this investigation. The field C is of course generated by 
every sufficient set. In Table III, there were 11 different fields including C. In Table IX, we 
found 10 different fields, and now just 4 more. We have found, then, 25 fields generated by 
binary functions, out of the 66 different fields that Post states can be generated by functions of 
fewer than 4 arguments. 
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We have already found complete sets of one, two, and three functions. If 
a complete set of four undefined functions were to exist, then the condition of 
non-redundancy demands that the four possible triads which might be se- 
lected from it be all non-redundant and insufficient, i.e., that these four possi- 
ble triads be precisely those of Table XII, that is, if any tetrad is to form a 
complete set, it must possess at least the properties which are enjoyed only 
by the tetrad a, b, a’, e’. It must also be capable of defining all functions in C. 
But it is evident from the discussion above that F(a, b, a’, e’) is exactly Fe, 
that is, F(a, b, a’, e’) =a, b, f, g, a’, e’. We have shown, then, that the only 
non-redundant tetrad is insufficient, and therefore, that there can be no com- 
plete tetrad. 

To conclude this investigation, we remark that though it is possible to add 
another function to this tetrad to make it a sufficient quintad, this quintad 
would be necessarily redundant, since the five possible tetrads in the quintad 
should all be non-redundant, and there is just one such tetrad: a, b, a’, e’. 
A fortiori, there exists no complete set of more than five undefined functions. 

M. We may summarize our results and translate them into the more fa- 
miliar language of the calculus of sentences: 

1. There are just two complete sets of single functions: e; 6’; which are 
Sheffer’s stroke function and its dual,—joint rejection and alternate rejection. 

2. There are just 9 tomplete sets of two functions—those named in Table 
VI: 

negation, implication; negation, non-im plication; 

negation, conjunction; negation, disjunction; 

falsity, implication; non-equivalence, implication ; 

verity, non-implication ; equivalence, non-implication ; 
implication, non-implication. 

3. There are just six complete sets of three functions—those named in 
Table X, or, in translation: 

falsity, conjunction, equivalence; 

falsity, disjunction, equivalence; 

verity, conjunction, non-equivalence; 
verity, disjunction, non-equivalence; 
conjunction, equivalence, non-equivalence ; 
disjunction, equivalence, non-equivalence. 

4. There is no complete set of more than three functions(!”). 


NEw YorkK UNIVERSITY, 
New York, N. Y. 


(7) The referee points out that the results are true (in a certain sense) in any Boolean 
algebra, and not merely in the two-valued calculus of propositions. “That is, the only complete 
sets of Boolean functions of two variabies without parameters are the sets he gives.” 
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ON DISTORTION IN PSEUDO-CONFORMAL MAPPING 


BY 
STEFAN BERGMAN AND D. C. SPENCER 


1. INTRODUCTION 


1.1. Suppose that the functions w,;(2:, 22), k=1, 2(), are regular in a 
four-dimensional domain %, of the complex variables 2, 2. The trans- 
formation w of B; into a domain B, by a pair of functions w;, for which 
O(w1, We) /O(z1, 22) does not vanish identically, is called a PT (pseudo-conformal 
transformation). We are here concerned with general PT’s in which the map- 
ping is not necessarily one-one with respect to the schlicht space of the vari- 
ables. Suppose that %; is a fixed schlicht domain in the space (21, 22), which 
contains the point (0, 0) in its interior. Let 


C = C(B:) 
be some specified subfamily of the family of domains ¥2 obtainable from B; by 
PT’s w which satisfy a certain normalization hypothesis at (0, 0); and let 
M = M(®z2) 


be the euclidean measure of a geometrical object defined for each B2 of ((?). 
The problem of the bounds between which M(%:2) may vary for B.€(@(®:) 
forms an important chapter in the theory(?). 

In this paper we give inequalities for the volume of a subdomain 8! of Bz, 
where 


S(B.) 


is derived from %2 by the following geometrical operation. We cut ¥2 with 
the plane arg w,=y,=constant, the intersection S3(¥1, ¥2) being a plane set 
which consists in general of many disconnected components. We suppose that 
w(0, 0)=(0, 0); we denote by S?(y1, ¥2) that connected component of the 
intersection of 8, with arg w,.=y; for which w(0, 0) is a boundary point(‘), 
and define 8! =S(%_) to be the domain of which the intersection with every 


Presented to the Society, September 11, 1940; received by the editors November 25, 1940. 

(‘) To avoid endless repetition, we shall omit the statement “k=1, 2” hereafter. Whenever 
the index k occurs, it is to have the values 1 and 2. 

(*) For example, M may be the distance of the boundary of 8: from the origin, or the vol- 
ume of 

(*) As it does in conformal mapping. See also Bergman [4, chap. 5] and [6, pp. 3-7]. The 
numbers in brackets refer to the bibliography, p. 162. 

(*) Since in general the domain ©, is not schlicht, there may exist points (0, 0) lying in 
other sheets which are images of points (z:, 22) different from (0, 0). For a more detailed de- 
scription of Sf*(y:, ¥2) see §7. 
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plane arg w=, OS¥4S27, is (with exception of a set of measure zero) 
SF (Wi, 2). (Figure 1 is a schematic diagram in which the quadrant arg w, =; 
is replaced by the half-line arg w=y, and represents the construction in 
one variable.) We obtain an inequality for the volume of 6] which de- 
pends: (i) on the initial domain %,(5); (ii) on an average over B; of the 


Wy Ws-space 


SP, 


Fic. 1 


first partial derivatives of w, (see (5.12)); and (iii) on the “mean valency” 
of $!—an hypothesis which, in the case of one complex variable, is the gen- 
eralization of the notion of p-valency(*). All PT’s of the given fixed domain B; 
may be arranged in classes @ according to their “mean valency,” and the in- 
equality for the volume of 8 then depends on Qi, @, and the average indicated 
in (ii). 

Finally we should like to point out that the generalization of our results 
to n variables, » >2, would involve no essentially new ideas. 


(°) We take for 8, the unit bicylinder, but an inequality analogous to the one given in this 
paper can be found for any domain %,, and by the same general methods. However, the hy- 
potheses of the theorem would have to be changed accordingly. Concerning other distortion 
theorems, see Bergman [4, pp. 124-158] and [5, chap. 9]. 

(*) The idea of mean valency in one variable was first introduced by Spencer in his paper 
1}. 
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2. NOTATION 


2.1. Manifolds will be denoted by German letters, the superscript denot- 
ing the dimension of the manifold. However, we omit the superscript if the 
manifold is four-dimensional or a point. In operations on sets we use the 
customary symbols(’). For example, &{-@j denotes the common part (inter- 
section) of Gf and G, G7 XG the topological product of the two sets, a*G&” 
means that “a” is contained in &”,” and so on. 

We use the symbol § to denote logical summation over a set,—for example 
Saexm €"(a) is the sumset of the family of sets €*(a) where a, the parameter 
of the family, runs through a set R”. By E[--~- ] we mean the set of points 
the coordinates of which satisfy the conditions indicated in the brackets. 
However, the intersection of a manifold &" with E[--- ] will be denoted 
&"-[---+ ]. By V(@®) we denote the volume of a domain %, by A(®@?) the 
area of B?. 

In this paper we shall consider the PT’s of manifolds of the 2:%-space, 
24 into manifolds of the wyw2-space, = where V1, X2, V2, 
and 1, 01, U2, ¥2, are the Cartesian coordinates of the respective spaces. The 
element of volume in the 2;%:-space will be denoted by dw,, in the wyw2-space 
by dw. Manifolds of the 2:22-space will be denoted by (German) letters with 
subscript 1, and those of the w,w2-space will be denoted by letters with sub- 
script 2. Let C(a1, a2, as, a4) be some coordinate system in four-dimensional 
space. Given a manifold IN”, we define the projection of Mt” on Ci(ay, «+ +, a), 
P,,..-a,(M") say, as the totality of number sets (A,,---, A,) for which 
(Ai, Ae, As, Ag) are the coordinates of some point of QM”. 

Finally we shall say that a function f(2:, 22) is regular in Dt", n S3, if there 
exists a four-dimensional manifold containing 2” in which f is regular. In 
particular we shall say that a function f(o1, 2) is an analytic function of two 
real variables 01, 2, regular in a domain §?, if it can be developed in a power 


series )Amn(o1—0.”)"(o2—0$)” at any point (of, of) of §*, the series con- 


verging absolutely and uniformly in some neighborhood of (¢, o{). 


3. RESULTS FOR FUNCTIONS OF ONE VARIABLE 


3.1. The result which we prove is a generalization to two complex vari- 
ables of a theorem of Golusin [1 ], which in turn is a generalization of the 
lemma of Schwarz. 

Suppose that w(z) is regular for | z| <i, that w(0) =0, | w’(0)| =1, and 
that $3 is the map of E[|s| <1] by w= [w=w/(z) ]. Then A(@3) (multiply- 
covered regions being counted multiply) is not less than 7. Golusin’s theorem 
states that not only A(@3), but also A(@!), is at least equal to 7, where the 
domain Sf is the two-dimensional analogue of the domain St defined above 
(see Figure 1). A more precise version of Golusin’s theorem was given by 
Bermant [1] and lately a still more precise one by Spencer [2 ]. 


(7) See for example Hausdorff, Mengenlehre, 2d edition, 1928, Section 1. 
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The final form of the results may be stated as follows: 

Suppose that w(z) is regular for E [|| <1], that w(0) =0, | w’(0)| =1, and 
let BP be the portion of B3 which is visible to an eye placed at w(0) if all boundary 
elements of 8? are opaque. Then 


(3.1.1) A[w (®:)]-A(@:) 27, 


with equality only if w =2(8). 

Now the generalization of these results to two variables is not immediate; 
we require certain new ideas and methods, in particular the following two 
concepts: (i) Four-dimensional “mean valency,” and a new representation 
for the volume of a four-dimensional (in general multiply-covered) domain 
(see §4). Mean valency here assumes an interesting form, which puts the 
general concept of valency in a new light, even in one variable. (ii) A new 
kind of area, “B-area.” If, in passing from conformal transformations to PT’s, 
ordinary area is replaced by volume, length of curves by B-area of surfaces, 
a generalization is obtained, involving B-area and volume, of inequalities 
between length and area (see Bergman [4, Chap 5, §6, pp. 147-149]), and 
this method is adopted in §8. 


4. MEAN VALENCY 


4.1. Given a space U2 =E [| wal <o,H=1,2,---,m] we first choose a 
suitable coordinate system @W in 112", and then some particular one of the co- 
ordinates, \=X(w), say. If B®" is an arbitrary (in general multiply-covered) 
domain, we denote by 82"(A) the domain $**-[\ <A], that is, the subdomain 
of 82" for which 0<\<A. Suppose now that 3” is a given domain. Then we 
say that 82" is mean p-valent with respect to 8” in the direction d if 


(4.1.1) v[B""(A)] pv[Br'(A)] 


for all A>0, where is a positive real number(*). Since in this paper we shall 
be concerned with only one domain $3”, and with fixed direction of measure \ 
in a fixed system of coordinates, we shall say simply that B*" is mean p-valent. 
For example, suppose that n=1, and that we choose for @ the polar co- 


(*) w-(Bf*) and Bf? are both schlicht domains which contain the points s=0, w=0, re" 
spectively (but in two variables B] is not necessarily schlicht). Bf? is a “star-like” domain (the 
“star” of 82 with respect to the point w(0)). Any point of 8]? can be reached by starting at 
w(0) =0 and travelling outward along a radius. 

If B? is itself a “star” domain, then Bt? = 82; the difference between the areas of B* and Bt? 
is in a certain sense inversely as the “star-likeness” of B*. 

(*) We could, of course, define mean valency without introducing the domain Pa , merely 
replacing the right-hand member of (4.1.1) by a function of A; but the geometrical interpreta- 
tion seems to us desirable here. 

When n=1, V becomes area, which we denote by A. 


1 
4 
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ordinates \, ¥(}°), so that w=e*¥. If then we take 8? to be the whole plane, 
that is 


(4.1.2) Bo = E[| w| <1] +E[| w| 2 1], 


the inequality (4.1.1) becomes the hypothesis of mean p-valency in one varia- 
ble (see Spencer [1 ]). 
In the case of Ul‘ we write w,=7r,e'%, and define \ and yu by the equation 


(4.1.3) + (ri ife)*. 


We take now for the coordinates(!") uw, Next, in analogy with 
(4.1.2), we take 


(4.1.4) Bo = E[| 1] + E[| 1]. 


The coordinate system X, wu, ¥1, and standard domain Bp defined by 
(4.1.3) and (4.1.4), respectively, will be used throughout this paper. 

4.2. We now formulate these definitions analytically, and, for purposes of 
comparison, we first formulate the hypothesis in one variable. 

Let(!?) n(A, Y) =ng(A, be the number of times B? covers the point (A, 
of the schlicht space. We define 


(4.2.1) = (1/28) 
Then 


(4.2.2) = f 


In particular, taking 8? =B?, we have p(A) = pg2(A) = 1 for all A, and so 


(4.2.3) = d(m). 


Substituting from (4.2.3) and (4.2.2) into (4.1.1), the hypothesis of mean 
p-valency in one variable may be expressed in the form 


(4.2.4) p f = (A > 0). 


4.3. In the space of two variables we choose the coordinate system defined 
above by (4.1.3), and take for the domain (4.1.4). We let 
=ng(A, u, ¥1, ¥2) be the number of times that B covers the point (A, wu, ¥1, ¥2) 
of the schlicht space, and define 


(}°) X will be used throughout to denote the coordinate which occurs above. 

(1) These coordinates assume for some purposes a role similar to that of the polar coordi- 
nates X, ¥ in one variable. See Bergman [3, §3]. 

() We omit the subscript 2 when it is clear on what domain the functions n, p, - -- 
depend. 
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(4.3.1) vi, He) = (1/4) f n(A, + 


(4.3.2) pot) = (1/42) va, 
Then 


(4.3.3) V[@(A)] = 


In particular, if we take @=, (cf. (4.1.4)), we have p(A)=pg,(A) 
=(1/2)|Ig (2/A)|, and so 


A 
(4.3.4) V = (6/2) | 1g (2/») | 


Substituting from (4.3.3) and (4.3.4) into (4.1.1), the hypothesis of mean 
p-valency in two variables becomes 


A A 
(4.3.5) f (9/2) (2/)| (A> 0). 
0 0 


REMARK. If P is a point for which \ =0, we shall (for convenience) denote 
the coordinates of P by (0, u, ¥1, ¥2) even though y; or yz may be meaningless. 
For example, if >0, we shall write n(0, u, ¥1, for n(0, u, ¥1). 

4.4. A necessary and sufficient condition that p-valency should imply 
mean p-valency with respect to a domain By is that 


= 2", 


The particular definition of mean p-valency (bicylindrical mean p-valency) 
selected above satisfies this condition in one, but not in two, variables. Since 
this definition carries with it certain important metrical properties, it is natu- 
ral to expect that many theorems associated with valency in one variable will 
be true in two variables under a hypothesis of mean valency, but false under 
one of valency alone. 

4.5. In this paper we shall be concerned with the hypothesis only when 
p=1. Suppose that F(A) is a real function of A, defined for A20, which satis- 
fies the following two conditions: 


(4.5.1) 0S AF(A) 31 (A > 0), 
(4.5.2) f F(A)dA S 1/2. 

0 
We shall say that a domain % is mean one-valent with excess a, or that G 


belongs to the class G(a), a20, if there exists an F(A) satisfying (4.5.1) and 
(4.5.2) and such that, for all A>0, 


A A 
(4.5.3) S (1/2) | Ig (2/d) | + aA¥F(A). 


[January 
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5. STATEMENT OF THE THEOREM 
5.1. We write 


Ze = pre™*, dws = 


and denote the unit bicylinder E[|z,| <1] by 1. By 8' we mean the domain 
obtained from a domain % by the geometrical operation discussed in the in- 
troduction 


THEOREM. Suppose that the PT 


(5.1.1) WwW: w;z(21, 22) = + Z2), 


where =1, and where 2) is regular in Bi, maps on a domain 
Bo. Then (i) if [in particular if |, and (ii) if 


64.9 El Tar las 


(in particular if ffe,--+ Sas), we have 
(5.1.3) V ]-V(®s) 2 K(a1, a2) 


where 


(5.1.4) a2) = (x/4)* exp [- 
lg 2 

REMARK. We prove the theorem subject to the additional hypothesis 
that(*) ng, (0, 1, $2) $1, but indicate in §9 how this restriction may be re- 
moved. However, since the removal of the condition involves only technical 
complications and no new ideas, we give only a sketch. 

5.2. Let @ be the class of domains %; arising from the bicylinder(*) 8; by 
PT’s w normalized at (0, 0). If P is a point of Bz, we may take for the coordi- 
nates of P the coordinates of the point P’ = w—'(P), and thus define in B, a 
new system of coordinates K(®:), say. The intersection SP(y1, ¥2) defined 
in §1 has the property that its area (multiply-covered portions being counted 
multiply) is the same whether measured in the A- or B-sense (A is ordinary 
area; for the definition of B-area see Bergman [2], or §8.1). The integral on 
the left-hand side of (5.1.2) is a measure of the invariance of this property 
to the change of coordinates, and (5.1.2) states that the average with respect 
to (v1, ¥2) of the difference between the A- and B-areas of SP (YW, ¥2) in the 
new system K(%.) does not exceed ave. 


(*) For a more detailed description of 8* we refer the reader to §7. 

(*) For the definition of n see §4. 

(*) The bicylinder ®; is the “representative domain” of @ with respect to (0,0) see Berg- 
man [4, chap. 7, pp. 215-230] and [5, chap. 10]). 
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5.3. By the theorem in one variable cited in §3, we see that the result 
of the theorem is true with K =z‘ when w is a product PT. In the above 
theorem we suppose that all but one of the coefficients which border the 
matrices of coefficients of w; and we are zero, and this hypothesis in itself (#*) 
excludes from consideration all product PT’s except the trivial rotation 
w,=as”, »-12%. Although product PT’s (in which only the coefficients border- 
ing the matrices of w; and wz appear) are a small class compared to the class 
of PT’s admitted by our hypothesis (even for fixed a1, a2), nevertheless the 
question arises as to why product PT’s are not a special case of our theorem. 
The answer is that the inclusion of “product-like” PT’s would involve nothing 
essentially new, but would require two mutually exclusive sets of hypotheses 
in our theorem. 


6. PRELIMINARY REMARKS CONCERNING THE PROOF 


6.1. The proof is divided into two parts—a geometrical part (§7), and an 
analytical part (§8). In order not to interrupt the argument later, we sum up 
here certain facts to which we shall constantly refer. 

6.2. First, we may assume that the functions w; are regular in the closed 
bicylinder D; (Du: is the closure of B,); therefore in some domain which con- 
tains D:. For, having proved the theorem in this special case, we can apply 
it to the functions 


-1 (k) k 2 
(6.2.1) We(p%1, p22) = + 21 fr(p%1, 


where p<1, and then let p—1. In particular, we may assume that fi and f2 
are bounded in 9). 

Secondly, from the hypothesis that the PT is schlicht on | z.| =0, it now 
follows that there exists a 6 such that the mapping is schlicht for | 2:2.| <6. 
Assuming, therefore, that ¢€ is sufficiently small, we see that the pair of in- 
verse functions z;,(w1, we) have the form 


k —k k 
(6.2.2) 24(W1, We) = + wi We ge(W1, We), 


where the g; are both regular in the portion of D2 (D2 is the closure of Bz) 
for which either |w:| <e, or | w2| <e. A particular consequence of (6.2.2) is 
that, if \<Xo, points (wi, we) of D2 for which | w202| =, are transformed into 
points (21, 2) which satisfy 


| =| wi + ayo | we + apr wiwage| 


(6.2.3) 
= | wiwe| + O(| wiwe|*) = 4 + O(M), 


and conversely. 


(*) Furthermore, product PT’s do not in general satisfy the mean-valency,restrictions of 
our theorem when a is finite (but they satisfy (5.1.2) with a2=0). 


4 
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7. PROOF. GEOMETRICAL PART 


7.1. Throughout this section we assume that the PT’s which we consider 
satisfy not only the hypotheses of the theorem, but also the additional hy- 
potheses of §6. In particular, therefore, we assume that the functions w;, are 
regular for E[|z.| <P,], where P,>1. Such a PT transforms the (closed) 
bicylinder 


D.(Px) = E[| S Pi] 


into a domain D2(P;) imbedded in a many-sheeted Riemannian space. At each 
point P of B(P;) = E[| 2 | < Px] at which 


(7.1. 1) J (21, 22) = 0(w1, We) 


the PT is locally schlicht: that is to say, the different sheets are not connected 
in a neighborhood of w(P). The surface ¥3 = w(¥?), where 


(7.1.2) Bi = = 0], 


is the “branch surface” of the Riemannian space in which D2(P;) lies. We 
divide the points of 3 into two classes: (i) branch points of the first kind, 
which are transforms of points (21, 22) at which J(2:, 22.) has only one prime 
factor (which may, however, be raised to a power higher than the first); and 
(ii) branch points of the second kind, which correspond to points (21, 22) where 
J (1, 22) has more than one prime factor (”). Since J has only a finite number 
of factors (2.—a¥’), we can, by the Weierstrass preparation theorem and 
the Heine-Borel covering theorem, cover §:(P;) with finitely many domains 
j7=1, such that(#), in each 


J (21, 22) = all [a — orn(22) Z2) 


where 0(2:, 22) is regular and nonvanishing in @,,,, and where the ag(z2) are 
algebroid functions(?*). 
The function 
= J] [ag(ze) — a,(22)]?, 


H, p;H ¥p 


being a regular function of 22, vanishes at a Seine of points 


Since there are only finitely many points (a, a), a” = ag(a) there are 


(17) See Osgood [1, chap. 2, §20, p. 111]. With exception of finitely many points (z(”, 2{”)’ 
we can suppose that these factors have the form [z:—a(z2) J. 

(#8) For the sake of brevity we suppose that the point in the nelatiaibiall of which we 
consider J(21, 22) is the origin. 

(%) A function a=a(z) satisfying the equation +gmn(z)=0, where 
gp(z), p=1, 2,-++, m, are analytic functions of one complex variable regular in N*, is said 
to be “algebroid in 2*.” 
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only finitely many branch points of the second kind and we can, therefore, 
with finitely many exceptions, write in the neighborhood of every point 
(2,2) either 


J (21, 22) [zi » 22 


J (21, 22) = 2f*O(21, 22), 


where 2/ =z,—20, and where a(z/) is a regular function of 2. We remove 


from %3 the branch points of the second kind, and denote the remaining sur- 
face by 

By the Heine-Borel theorem and the results of Osgood [1] we can cover 
every closed subdomain of @ with finitely many neighborhoods §:,, such that 
to each §2,, there corresponds a uniformizing transformation 


(7.1.3) o1 = (w; — H(we))'/*, 02 = We, 


OF 01= H(w;))'/™, where H is a suitably chosen analytic func- 
tion of one complex variable, such that the PT 


(7.1.4) = 22) 


is one-one in 


7.2. We now derive certain trivial properties of w, in particular, that w 
is a topological transformation. We write 


2 
B1.(Ps) = Bi(Ps) — E[| «] 

7.2.1 
— § se], 
(7.2.2) = w[B1,(P:)]. 

LemMaA 1. There exists a number C, depending only on w and e¢, such that 
we have the following inequality connecting the length L((}) of a curve , in By,.( Px) 
with the length of its transform t= w(l}): 


(7.2.3) C L(t) < L(t) CL(h). 


In fact, let [w,=w.(u), OSuS1], where w;,(u) is differentiable in u. 
Then 


{dL [ti(u)]}* = > > | 


jul | km OW, OU 


aw; [z ou 


tf or 
$4 
‘ 
| 
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and analogously 


jul km | O23 OU 


Setting 


C = max| 


2 2 Oz: 2 2 2 OW; 2 
max max |, 


we have the lemma. Furthermore L(Q)SCL(l}) throughout %:(P,); and 
L(t) CL*(Q) if where denotes the length of in the o102-space 
(see (7.13)), and = (Fe,m)- 

Since the transforms of the hyperspheres of radius € and centers 
w-(w”, w) lie in an arbitrarily small neighborhood of (w’’, where 
wf), v=1, 2, +++, are branch points of the second kind, we see that, 
if a sequence of points P, tends to a limit Po in the 222- (or wrw2-) space, then 
limg.. W(Pq) = w(Po) (or limg... = Also 


lim V[B2,.(Pé)] = (Py < P,). 


7.3. We shall denote the transform of the bicylinder B1(r,) =E [| 24] <r«], 
by B2(r.). The boundary of consists of the two hypersur- 
faces(?°) 


(7.3.1) = § = wi(rie, 22), | 22| S 72], 


(7.3.2) = § E[w. = r2e%), | z:| < 7], 
OSAS2r 


and their intersection =@3,(rx) -€2,(7x) is the distinguished boundary 
surface of B2(7;). 

We shall find it convenient to define a real (uniformly) continuous func- 
tion G2(w:, we; in B2(P,) which is positive in B2(r,), nonpositive in 
—B2(7.), and, therefore, zero on the boundary of ¥2(r,). The exist- 
ence of such functions follows from the fact that G2(r;) is an image of a bi- 
cylinder B1(7;); we can define an analogous function G;(21, 22; 7.) in Bi(P;), 
and then Gi[2:(wi, we), 2(wi, w2); 7x] is a function possessing the indicated 
properties. However, given G2(wi, we; can be constructed without 
using the PT 

7.4. We now discuss the surface 


(7.4.1) Si (vi, ¥2) = Elarg = = const., (wi, J. 


(**) The double subscripts are written without a comma; for example 6}, for 63, the first, 
number, 1 or 2, indicating the space (2:22) or (wiw2). See §2. 
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LEMMA 2. There exists a set(?4) $*, m(?)=42’, lying in the square 
E[0<¥.<22] such that, if (Yi, ¥2)EH?, is composed of only 
finitely many points. 

We remark that, since the number of branch points of the second kind is 


finite, we can further suppose that @3(¥1, ¥2) contains no such points if 
(V1, ¥2) E H?. 


+ 


WH”, vo") 


vs) 
=) 


Fic. 2 


Denoting branch points of the second kind by (w’”, wf), 2, p, 
we can (by the Weierstrass preparation theorem and the Heine-Borel theo- 
rem) cover the domain — $?_,E [| 2+ | 2<e] with a 


(#) m( $*) denotes the measure of $*. 


| 

| 
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finite number of domains T2,, in such a way that in each X2,m (the closure of 
Tem) the branch surface & can be represented in the form(?*) 


(7.4.2) w, = H(wr), 
or 
v2 = H(w), 
where H is an analytic function of one complex variable regular in the projec- 
tion Pw, [X2m] of X2m on the w,-plane (see §2). 
Suppose that the first representation of (7.4.2) is valid for G- Tom. Then 
(7.4.2) can be written in the form 


(7.4.3) = [A (ree) Ys = (1/21) [lg (ree) — lg J. 
Since H#0, r; and y are one-valued and regular functions of rz and yY2. In 
the neighborhood 9(P) of any point P of @-Te,m in which 

(7.4.4) D(re, ¥2) = A[lg H (ree) — lg |/dre 0, 

the surface €-T2,, can also be written in the form 

(7.4.5) re = 


where the are one-valued functions of so that G-S3(i, - N(P) 
consists of only one point. 

We shall determine for what values of (y, ¥2) the function D(r2, 2) van- 
ishes on &-T2,m. Since D(re, ¥2) is an analytic function of 2 real variables 
re, W2, regular in P,,y,(%2,m), we can cover P,,y,(%2,m) with a finite number of 
neighborhoods U3, , in each of which the equation D(r2, ¥2)=0 can be ex- 
pressed in the form 


(7.4.6) x0 Vs) = 0. 


Since x$"” (2) has in every U},, only a finite number of factors (¥2—yf™), we 
can cover P,.y, (%2,m) (perhaps multiply) with a finite number of domains 
M,,., such that D(r2, #2) =0 can be written in M,,, in the form 


(7.4.7) = (Ws) Ws vs"), 


where the r{“)(¥2) are algebroid functions in Py,(D%.,,). Substituting from 
(7.4.7) into the second equation of (7.4.3), we see that D(re, ¥2) vanishes on 
- only for values of for which 


(7.4.8) vi = 


or 


(#) See Osgood [1, p. 113]. Figure 2 is a schematic diagram in which four-dimensional 
domains have been replaced by plane domains, and surfaces by curves. 
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V2 = 
where the A“ are again algebroid functions in Py,(M%,,,). 


In every Py,y,(Z2,m) each expression (7.4.8) defines a curve the two-dimen- 
sional measure of which is zero. Since the number of these curves is finite 
and since m, u, s, / run through a finite set of integers, the measure of the set 
§? which is left after removing all these curves from E[0<y¥,<27] will 
be 47. 

Consider now a neighborhood U3 of a point (¥°’, ¥) EC H*. We can choose 
U2 so small that 2§C? (where 9 is the closure of 113). Since in every do- 
main Rm = X2,m° E 2) we have D(re, on G3, we can cover 
R» with a finite number of neighborhoods , in each of which we have the 
representation (7.4.5) for B,-G-S3 (1, Since the are one-valued 
functions, and since there is only a finite number of m and p, G- S32 (v1, 2) con- 
sists of a finite number of points for (v1, ¥2) EU, and this proves Lemma 2. 

7.5. In this section we study the curves (for @3,(7:) see (7.3.1)) 


(7.5.1) = Salvi, 


on which we suppose no branch points (that is, points of %3) are situated, and 
where (¥1, ¥2) is a point of H*. By (7.3.1) we may write (7.5.1) in the form 


(7.5.2) ¢a1(71) = = | a(ne', |]. 


If r,>0, we call a point (7, 72) of the curve ¢},(7:1) for which (simultane- 
ously) 


(7.5.3) 2:|)/ari = 0, (| 21| )/dre = 0,7 


a “node.” A node is either an isolated point or a point at which (finitely) 
many different branches of the curve meet. If (72, 72) is neither a node nor a 
point of %3, then, by a well known theorem of implicit function-theory, we 
can represent ¢3,(7:) in a neighborhood of (r?, r2) in one of the two following 
forms: 


(7.5.4) 1, = a(r2), 2 = a(ri), 


where a is in both cases an analytic function of one real variable. 

It follows, in particular, that if the curve ¢},(71), ¢;(71) - B32 =0, ends in the 
interior of S3(y1, ¥2), it must end at a node. A piece of ¢},(71) which contains 
no node but which connects two nodes, two boundary points of S3(W1, 2), or 
a boundary point and a node, we call a branch of ¢},(7:1). Each branch is a 
regular curve(”*). 

Since the number of nodes is finite, and since finitely many branches meet 

(#) That is to say, a curve whose equation is differentiable infinitely often. In particular, 


a branch has a tangent at every point including the end points (since at a node we have the 
representation (7.5.4), where a(r,) is an algebroid function). 
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in a node, we see that there are only a finite number of branches of which at 
least one end point is a node. 

The neighborhood on @3(¥1, ¥2) of any interior point of a branch may 
consist of three kinds of points: (i) points corresponding to | z,| =7,, that is, 
points of ¢,(71); (ii) points corresponding to | and (iii) points corre- 
sponding to | z:| >r1. We call points of the second kind L(7:)-points, points 
of the third kind M(r:)-points. We then say that a branch is of the first kind 
if L-points(*) lie on one side of it, M-points on the other; of the second (third) 
kind if L-points (M-points) lie on both sides of it. 

7.6. By means of the function G2(wi, we; 1) introduced above (§7.3), we 
divide all points of S3(y1, ¥2) into three categories; namely, i-points, e-points 
and a-points, at which G2(w1, we; 1) is positive, zero, or negative, respectively. 

If (vi, ¥2) EH? (see §7.4), the totality of i-points of S31, 2) forms a set 
which lies on a Riemann surface. By Lemma 2 there are at most finitely many 
branch points in this set, and each of them may be uniformized by (7.1.3). 
This set will consist in general of many disconnected components. Since (see 
§6) the mapping is schlicht in 


Dr- [| 2:| s e] + Di: [| 20] s 


and is the identical transformation w,=2, on |z:|=0 and |z| =0, there is 
one and only one component which contains the lines 


an = E[0 1,7 = 0],an = Eli = 0,051 1] 
as part of its boundary. We denote this component by SPW, ¥2). The bound- 
ary of SP consists of aft and al}, and of pieces of ¢},(1) and which 
we shall denote by ci, cl}, respectively (see Figure 3). We shall require the 
following lemma. 


Lemma 3. If (y1, CH’, the projection of the surface 


¥2) = [or ¥2)] C E[arg oe’) = ¥ = const. ] 


on the pip2-plane [i.e., the totality of the (p1, p2) coordinates of points of 
covers a set 


3* CE[0 <p, <1], 
where m($?) =1. 


In fact, suppose that 0<) <1, and that there are no points of %3 on c},(A). 
Since the mapping is schlicht in a neighborhood of the line | z =, | ze| =0, 
one and only one branch aj of ¢3,(A) begins at the point Ky= [ri1=X, r2=0]. 
We shall show that by adding to aj further suitably chosen branches of ¢},(A), 
we obtain a connected curve which cuts ¢j,(1). 


(*) We shall omit the parameter 7; in L(7:) and M(7;) hereafter. 
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Beginning at Ky we travel outward along aj keeping L-points to the 
left until we reach a point of aj corresponding to 


[| ws) | =, | ws) | 1], 


SP a, v2) 


Fic. 3 
or a node K, for which(*) 
| = r, | ze| <1. 
In the latter case we start from the L-edge of a} and turn clockwise round a 


sufficiently small circle(?*) with center K; until we meet a new branch aj of 
the first kind. aj exists; otherwise we should arrive at the end of ai where 


Hereafter, for simplicity, we shall write | =, | = 1,and omit the argument w2). 

(®) The radius of the circle depends, of course, on the node. It is small enough so that it 
intersects branches with one end point at K; once and only once, branches with two end points 
at K, only twice, and intersects no branch which does not have an end point at Ki. 
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M-points are situated. This is impossible since we cannot connect a point L 
with a point M without meeting a branch of the first kind(*’). 

We now travel along a with L-points to the left until we meet a point 
corresponding to [| 2:| =A, | 22| =1], or a new node at which | z:| =A, | 2:| <1, 
and repeat the same process. It may happen that after running over a set of 
branches (ah, Qu41,°°*» Gu4,), ¥20, we arrive back at the node K; from 
which we started without leaving the domain E [| 21| <1, |2.| <1]. If a set 
of branches chosen in this way has the property that only the first and the 


branch of the 
second kind 


L-edge 


last have end points at K;(28), we call it a chain uj(K1) hung from Ki. Since 
in turning clockwise round K; from aj to ay we meet no branch of the first 
kind, we conclude that aj,, must lie to the right of ay. The chain uj(K;) has 
an important property: It is possible to draw a curve from the L-side of 
ui(K:) which begins and ends at Ki, but which lies (apart from its end points 
and perhaps points lying on branches of the second kind) completely in an 
L-domain, and which, therefore, cuts | z1| = (if at all) only in branches of the 
second kind. This follows from the fact that in forming the chain we turn 
round each node K, in the clockwise sense until we meet a branch of the first 
kind. 

After traveling over the branch a}, which leads to Ki, we move clockwise 
round a sufficiently small circle until we again meet a branch qj, say, of the 
first kind, then continue along aj, and so on. But we may now run over a second 
chain 1}(K:) which leads us over finitely many branches (situated in 
E[|2| <1, |z| <1]) and then back to K; again. However, the chains u}(K1) 
and }(K:) have no common node except K,. For, in the neighborhood of K,, 
a} lies on the L-side of u}(K1). If, therefore, we move from K; along aj, we 


(27) For we must meet a branch. If the branch were of the second or the third kind we could 
connect an L- with an M-point without passing through a point for which | z;| =, 
(8) If the chain contains but one branch ay, we make a distinction between its two ends. 


/ \ 
L-edge / 
4 
aj 
Fic. 4 
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must meet a branch 4j,, which lies on the L-side of uj(K1) and ends in a node 
K, at which two branches of the first chain ay,, and ay,,41 also end (see Fig- 
ure 5). This is impossible; otherwise in turning clockwise round K,, after 
having travelled ay,,, we should have met a},,, and not diz4.441- 

Continuing the process, we may travel over a set @(K:) of chains u}(Ki), 
uz(K1),--+, hung from K;; but no two chains of @ have a common node 
other than K,. Since in turning from aj} clockwise round K; through 360° 
we meet the initial before we meet the final branch of a chain, and since 
the number of branches attached to a node is finite, we see that the number 


Fic. 5 


of chains in @(K;) is finite. By traveling round all chains hung from K; we 
must therefore find a branch, a}, say, which will take us away from K; 
never to return; otherwise we could connect the L-edge of the last chain with 
the M-edge of a} without passing through a branch of the first kind, and this 
is impossible. a3 leads us to a node Kz. At Kz we proceed in the same manner 
as at K; with a} replaced by a}. We cannot travel along a} a second time with- 
out passing through K; again, and this is again impossible. The continuation 
of our process, therefore, always leads us to new nodes, and since the number 
of nodes is finite, we must reach a branch on which a point corresponding to 
|z1| =A, || =1 lies. If not we should pass through all nodes and reach a 
branch a} of which one end point is a boundary point of S3(W1, ¥2). This end 
point corresponds neither to | 2:| =0 nor to | 2:| = P;; for our curve corresponds 
to | z:| =’, 0<A<1<P,. Furthermore, it cannot be a point for which | | =0; 
for we started from the point Ko(r:=X, r2=0) where, by hypothesis (see p. 
147) there is only one branch, and we could, therefore, arrive at Ky only by 
passing through K;. It follows that the branch q} has one end at a point on 
| za| = P,, or at a node for which | | >1. 


of 
re 
k, 
| 
XK; 
| 


1942] PSEUDO-CONFORMAL MAPPING 


The system of branches(?*) 


together forms a connected curve composed only of i-points. 
Since, if € is small enough, we can connect [}(\) to a neighborhood of the 
point 7,=0, r2=0, by means of the curve 


E[|w:| =¢, ¢ |w| 


we see that i}(A) lies in SP (Yi, The curve = ] is by Lemma 1 
a connected curve with end points at [|2:| =A, | 22| =O] and [|2:| =A, | ze] =1], 
and its projection on the pip2-plane is therefore a fortiori a connected curve 
with end points at [p:=A, p2=0], [o1=X, p2=1]. Since p1=d on the curve (by 
definition), the projection of [{(A) is a straight line E 0<p2<1 J. 

Since, by Lemma 2, ©3(¥1, ¥2) contains only a finite number of points 
wi) of B3, there exists only a finite number of A™ =| 2,(w™, 
for which 


= E[A™ = | 21(wi, w.)|, arg we = 


contains a point (w™’, wi) of B32. For any other value of \, and hence for al- 
most all \, the above argument is valid. Since for any \ except X=)“, H(A) 
is contained in ¥2), the projection of ¥2) covers E(0<p, <1) 
with exception of a null set. This completes the proof of Lemma 3. 

7.7. In §4 we defined ¥2), (V1, ¥2) as that connected compo- 
nent of the set of i-points of S3(¥1, 2) the boundary of which contains the 
point w(0,0). We now define 


(v1, ¥2). 


(7.7.1) 


We remark, however, that our theorem is true for any domain 
tt tte 
7.2 = S 
(7.7.2) 2 2 (v1, 


which has the property that the projection of the surface 


tt - tt 
(7.7.3) Si Ws v2) = w [Se 
fills the unit square E[0<p, <1]. 
For example, from §7.6 we see that we may take (in (7.7.2)) the surface 


(7.7.4) vs) = LO). 
0<A<1 


(*) a’, here denotes only the portion of the last branch for which | zs| <1. 
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However, the resulting domain 8*t has the disadvantage that it is defined 
by means of the PT w, whereas the domain 9! is obtained from B. by a geo- 
metrical operation definable without reference to w. 


8. Proor. ANALYTICAL PART 
8.1. We begin by restating the definition of B-area (see Bergman [2]). Let 


= u2) = U2) + ue), 


(8.1. 1) Z2(u1, 2) = X3(t%1, U2) + ixs(t1, us), 1], 


the x;(u1, u2) being real functions of two real variables which have continuous 
derivatives. Then B(%?), the B-area of 2%, is defined by 


1 
(8.1.2) B(?) = J b(Z1, b(Z:, Z2) = | 8(Z1, Z2)/A (us, us) | ; 


whereas A(£?), the ordinary area of it, is defined by 


1 1 
(8. 1 .3) f f a(Zi, Z2)duidue, 
0 0 


where 


We have, therefore, 
[b(Z:, Z2)]}* = EG — — T?, 
where 
T = — + X2ujXiug — 


1 (= + OZ; =) 
mi Ou, Ou, 


“0 
Ou, 
2 
=I — —], 
m| 


and hence(*") 


(®) E, F and G are the coefficients of the fundamental form for the line-element. 
(#) See Bergman [2, p. 476]. 


| 

= 
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b(Z:, Z2) = (EG — F? — > a(Z;, —| T| 
(8.1.5) 2 OZ: 


(Zi, 


8.2. We recall that w,=r,e™; write SB (yi, ys) for the portion of the sur- 
face SP v2) for which 2| wiws| and write L;, L, for the two PT’s 
Z.=\|g 21, Wi=lg wx, respectively. We then define 


Bia(s, va) = B{Liw v2)]} 


Z2) 
————__| d(Ig 
wi, lg we) (Ig w:)d(lg ws) 


0(Z1, Z2) 
= {2 | dridre. 
Son (v1.02) a(n, 12) 


8.3. We prove the following lemma. 


LemMA 4. Suppose that hypothesis (5.1.2) of the theorem is satisfied. Then, 
if 0<A<2, 


(8.2.1) 


f ve) dyidye 2 lg? + lg (1/d) = 


— O[A lg (1/d)]. 
Taking u,=7., we have from (8.1.5) and (8.2.1) that 


(8.3.1) 


¥2) 2 S fee. a(Z, Z2)dridre 
(8.3.2) 


fff t2 e(w, W)dridre, 
S 2 (Wiebe) 


where Z,=Ig [z:(rie*!, |, and 


2 
e(wi, w2) = >, | |-2 | - |. 
kewl 


Let 
(8.3.3) Bia = Pre pute v2) 
(8.3.4) Tin = Ef\ S < 2, <1). 
Since by (6.2.3) . 

2| we) we) | S + O(A*) 


| 
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Tia+om 


Pris ¥1)] 


| 


Fic, 7 
for 2|w:ws| =A we see that the boundary of $2, lies outside Li[Z?y+004] 


| id 154 [January 
| 
Fic. 6 
| SPs, 
2| wiws| =r 
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(see Figure 8). Suppose now that (¥:, ¥2)€H?, m(H*) =4r?, where §? is the 
set in Lemma 3. Then by Lemma 3 every point of Li[Z2,,00»], with excep- 
tion of a set of measure zero, is a point of $? '»; and so 


A[Bia] = 1/2[lg (& + 00%) — Ig 


(8.3.5) = (1/2) + Ig 2-Ig (1/A) — O[A lg (1/d)]. 


Ig [A + O(.)] — Ig 2 


Fic. 8 


Hence by (8.3.5) we have for (v1, ¥2) € H*, and therefore for almost all (V1, H2), 
that 


a(Zs, Za)dridre = A{Liw vs)]} 


(8.3.6) 2 (1/2) lg? + Ig 2-Ig (1/A) — O[rlg (1/d)]. 


(8.3.7) f f f | wis | 


s Qe. 


Finally, 


| 
| 

| 

| 

ps 

Ig ps 

\ | 

| 
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by (5.1.2). Substituting from (8.3.6) into (8.3.2), integrating both sides of 
(8.3.2) with respect to ¥, over the square —7rSy¥,<7, and using (8.3.7), we 
obtain (8.3.1). 

8.4. By using the method of Bergman [4, pp. 147-149], we now obtain 
an inequality which is a generalization of a result in one variable (see Spencer 
[3]). Suppose that the PT 


t: Se = 02), 


where o, transforms a domain @, into a domain G;. Let 0°(m, 72) 
be a set of points defined for each point (7m, 72) of a set Y?, and contained in 
the intersection @,-(n,=const.). Let 


(8.4.1) B(m, ™) = ff | A(f1, $2)/A(o1, o2) | 


(m1+02) 


(8.4.2) Ve=V[ O%X(m,m)], V{tl  O%(m, m)]}. 
(192) EW? (n+) EW 


We then have 


Lemma 5. 


(8.4.3) B(m, m)dndm | < ViV2. 


The proof is trivial. In fact, writing 


| 02) dw = ne, 3 O2(m, na), 


by the inequality of Schwarz. 

8.5. Let B! », denote the portion of $! for which 2| wimwe| >Xo. We trans- 
form the domain L.(B},, ) by means of the PT Liw~'Lz"', and apply Lemma 5 


= 


we have 


We take 


= 2's, ve) = Vs, 
Then by Lemma 4 


" 
| 
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f B(m, n2)dmdn = f J 


(8.5.1) 
= 2m? lg Xo + Ig 2-Ig (1/0) — ae 
— Ig 
if 0<Xo <2 (as we suppose). Hence by Lemma 5 
2m? lg? Xo + 4? lg 2-Ig (1/0) — a2 — lg (1/do) | 


(8.5.2) 
S (Vi- V2)"/* S (1/2)(Vi + V2), 


where 


Let L denote the PT, T, =lg7,. The inequality (8.5.2) provides us with a 
lower bound in terms of \» for the sum of V[L2(®J,,)] and V[Liw-(8},,) ]. 
To obtain the statement (5.1.3) of the theorem—that is, to obtain a lower 
bound for V(@,,)-V[w-1(@},,) |—-we must rid (8.5.2) of the transformations 
L. We note in this connection that the magnification by L of an element of 
volume at (A, uw, ¥1, ¥2) is proportional to A~*. Therefore, to derive a lower 
bound for V(%) from a lower bound for fixed V[L(%) ], we must know some- 
thing about the distribution of 8 with respect to \=0. This information is 
supplied here by the “mean valency” hypothesis on ¥}. 

8.6. Since the w;, are regular in D,, we have 


(8.6.1) S V(Bs) < 


For brevity we now write 


(8.6.2) GA) = (1/2) f (2/2)| = + 


where F is the function introduced in §4.5. (G(A) is the volume of the portion 
of Bo for which 2| wiws| <A.) Now we may plainly suppose (without loss of 
generality) that E(A) is continuous. Then by (8.6.1) there exists a number 
As, 0<Ag< ©, such that 

t 
(8.6.3) V(B2) = E[ As]. 


We let 
n'(n, 12, Wi, = ng! (r1, Yr, ¥2) 


be the number of times 8} covers the point (r1, 72, ¥1, ¥2), we =rie™, and let 
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(8.6.4) =, p= — Ordre = +)”. 
Then 


-f Ig 
Xo 


by (4.3.1) and (4.3.2), Next, integrating by parts, 


fv acta) = [af “P0400 


A=)o 


+2 | pod) | A~*dA 
Xo 


Xo 


(8.6.6) 


and hence, substituting from (8.6.6) into (8.6.5), we have that 


As 


say. Now 
A 
0 
by (4.5.3), since 8{€G(a;) ; and from the normalization (5.1.1) we see that 
(8.6.9) = G0.) + 00%). 
0 


We suppose that Xo <As, and then, using (8.6.8) and (8.6.9), we have 


(8.6.10) 
f - Gow) + 004). 
Xo 


Also 


[January 
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I, = 8 | — A-*dA 


(8.6.11) 3 
<8 f [EZ(A2) — G(ro) JA-*dA + O(As). 


Let 
G(A), OS A< Ay, E(A), OS A < As, 
G(Az), A As, E[Az], A = As. 


Then substituting from (8.6.10), (8.6.11) and (8.6.12) into (8.6.7) we obtain 
the inequality 


(8.6.12) G,(A) = { EA(A) = { 


(8.6.13) 
Xo 


by (4.5.1) and (4.5.2). A simple calculation now gives 


1 A, 
8 [Gs(A) — Gi(do) = | Ig (2/r) | d(4x? Ig 2?) 


(8.6.14) = 2n? Ig? Xo + 4x? Ig 2-Ig (1/20) 
+ sgn (Ae — 2)- [2m? Ig? Ap + Ig 2. Ig (1/Az)] 
+ 2? lg? 2- [1 + sgn (Ae — 2)], 
1, if a20, 
if a<0. 
and substituting from (8.6.14) into (8.6.13), we obtain 
Ve S 2n? lg? Xo + Ig (1/Xo) 
+ sgn (Az — 2)-[2x? lg? Ap + 44? Ig 2-Ig (1/As) 
+ 2[1 + sgn (As — 2) |x? Ig? 2 + 8a; + O(Xo). 


8.7. Since is schlicht, and w-1(B!) CB,CBo, we see that w-1(B}) 
is mean one-valent with excess 0. Since 


V[w-1(B})] V@,) = 
we can choose a number A;, 0<A;S2 such that 
t. 
(8.7.1) V[w = G(A,), 


and a calculation similar to that of §8.6 (but simpler) then gives 


(8.6.15) 
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Vi S 2m? lg? Xo + Ig 2-1g (1/Xo) 
— 2n? Ig? Ay — Ig 2-Ig (1/A1) + lg (1/do) J. 


8.8. The theorem is now immediate. We suppose first that 0<A;<2. Then 
substituting from (8.6.15) and (8.7.2) into (8.5.2), and letting \»— 0, we obtain 


2m?(Ig? Ar + lg? As) + 4x? Ig 2-Ig (1/ArAs) S + 2a, 


and so a fortiori 


(8.7.2) 


AiAs = exp [— (401 + a2)/2n? Ig 2]. 
If A, =2, we have similarly 
2?(Ig? Ai — lg? Ae) + 4? lg S 40? lg? 2 + 8a; + 
Either AjA;21, or Ay; <1/Ag. In the latter case, 
Ig? A; — Ig? A, = 0, 
and so (again a fortiori) 
Ai 2 4Ag-exp [— (8a; + 2a2)/4x? lg 2] = exp [— (4en + a2)/2x? Ig 2]. 
Hence for all A, >0, 


(8.8.1) Aide = min {exp [— + Ig 2], 1} 


= exp [— (4a1 + a2)/2n? Ig 2]. 


Finally 
(8.8.2) V[w ]-V [Bs] = G(ADE(As) G(An)G(A2). 
If 0<A:<2, then 
G(A1)G(Ae) = [Ig 2 — Ig + { [Ig 2 — Ig + 
= /16)AiA2. 
Secondly, if 2SA2<4, then G(Az) 2 and so 


(8.8.3) 


(8.8.4) G(As)G(As) G(As) = /2){ [Ig 2 — Ig ArJAr + (7/64) 
Lastly, if A,=4, 
G(As)G(As) = [Ig 2 — Ig Aa] + 4A;} 
-{ [lg Ae — Ig + 4 — 443} 
> /8){ [Ig 2 — {Ar} 


The theorem (apart from the restriction that ng,(0, follows 
from (8.8.1), (8.8.2), (8.8.3), (8.8.4) and (8.8.5). 


(8.8.5) 
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9. THE RESTRICTION THAT ng,(0, A, ¥1, 
9.1. In §7 we supposed that 


(9.9. 1) Ny, (0, r, V1, ¥2) s 1. 


We now indicate how this hypothesis may be removed. Since, however, the 
inclusion of all details would lengthen the paper considerably, we give only a 
sketch. 

9.2. We proceed as follows. We define 8} as the subdomain of points 
P(A, w, 1, ¥2) of Be for which: (i) \>0; (ii) there exists a pair of numbers 
(v1, ¥2) and a path lying in 

E[arg We = Ve, (wr, We) Bo, | | 0] 


which connects (in the sense of. §7) P to a neighborhood of the point w(0, 0). 
Let Bf! be the subdomain of 8: any point P of which can be connected with 
w(0, 0) along a path the transform of which in ¥; is contained in 


Elarg 22) = vx, | <1] — E[|a| = 0] — E[| = 0]. 
Then S{CS!!. We have 
Lemma 6. If B1EG(a), then Bt and are identical. 


In fact, let n'*(A, u, ¥1, ¥2) be the number of times Sf covers the point 
(A, #, ¥1, 2). Then Lemma 6 is plainly equivalent to the assertion that 


(9.2.1) ntt(0, u, vi, ¥2) S 1. 


Suppose now that a point Py on \=0 were covered by Sf' twice. Then 
there is a path 


tt = E[ni(s)e™, 0 s <1], 
with 


Po [r1(1), ro(1) | = w(0, 0), 


lying, except for its end points, in the portion of 82 for which \>0. Hence 
there is a P>0 for which the “tube” 


R= [| w— wil? +| we — P*] 


is contained in B2. Since ® lies in a finite region of space, there is an €, €>0 
such that the set 


El(ri(s) + + | <] 


is contained in ®. If 
n'(A, 


is the number of times B} covers the point (A, u, ¥1, 2), we have, therefore 


161 
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(9.2.2) nt(A, ¥2) > 1 
in a four-dimensional domain 


= E[O< vx < rv”, 
9.2.3 


From the normalization (5.1.1) we now have 


1 A d 
V[Bt(A)] = f f a f By Vi, ¥2) 
1 A (1—A2/4) 
anf aor 
0 


16/7 _ 


1 
= += Sons (+ dads 
+ O(A*) > V[Bo(A)] + arA%F(A), 


for a sequence of A tending to zero. This contradicts (4.5.3), and proves 
Lemma 6. 

9.3. Finally, by Lemma 6 we see that for the mapping (6.2.1) there exists 
a 6= 6(p) such that 


(9.3.1) nt(A, vi, S 1, 


if-0<A<6. 

We now apply the method of §7 to (Wi, without introducing 
Apart from minor complications, the proof then proceeds substantially as 
written out above. 


BIBLIOGRAPHY 


STEFAN BERGMAN 
1. Uber eine in der Theorie der Funktionen von swei komplexen Verinderlichen auftretende 
unitdre Geometrie, Proceedings, Akademie van Wetenschappen, Amsterdam, vol. 36 
(1933), pp. 307-313. : 

. Sur quelques propriéttés des transformations par un couple des fonctions de deux variables 
complexes, Rendiconti delle R. Accademia Nazionale dei Lincei, (6), vol. 19 (1934), pp. 
474-478. 

. Uber eine Abschatzung von meromorphen Funktionen sweier komplexen Verdnderlichen in 
Bereichen mit ausgezeichneter Randfliche, Travaux de l'Institut Mathématique de 
Tbilissi, vol. 1 (1937), pp. 187-204. 

. Theory of pseudo-conformal transformations and its connection with differential geometry, 
Notes of lectures delivered at the Massachusetts Institute of Technology, 1939-1940 
(available at the Brown University library). 

. Lectures on conformal mapping of multiply-connected domains (Partial Differential Equa- 
tions, Advanced Topics), Publication of Brown University, 1941. 


[January 


1942] PSEUDO-CONFORMAL MAPPING 163 


6. Sur les Fonctions Orthogonales de Plusieurs Variables Complexes avec les Applications a 
la Théorie des Fonctions Analytiques, Interscience Publishers, New York, 1941. 
A. BERMANT 
1. Remarque sur le lemme de Schwarz, Comptes Rendus de 1|’Académie des Sciences, Paris, 
vol. 207 (1938), pp. 31-33. 
G. M. GoLusiIn 
1. Einige Uberdeckungssatze fiir die im Kreise regularen Funktionen, Recueil Mathématique, 
(n.s.), vol. 2(44) (1937), pp. 617-619. 
W. F. Oscoop 
1. Lehrbuch der Funktionentheorie, vol. 2, part 1. 
D. C. SPENCER 
1. On finitely mean valent functions, Proceedings of the London Mathematical Society, 
(2), vol. 47 (1941), pp. 201-211. 
2. On an inequality of Grunsky, Proceedings of the National Academy of Sciences, vol. 26 
(1940), pp. 616-621. 
3. On a theorem of Rengel, Journal of Mathematics and Physics, vol. 20 (1941), pp. 118- 
123.: 


BROWN UNIVERSITY, 
PROVIDENCE, R.I. 

MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 
CAMBRIDGE, Mass. 


LEBESGUE THEORY ON A BOOLEAN ALGEBRA 


BY 
JOHN M. H. OLMSTED 


INTRODUCTION AND DEFINITIONS 


Associated with a real-valued point function everywhere finite is the set- 
valued function 


E(a) = Elf(z) > al. 
The function E(q) in turn determines f(x) : 
f(x) = sup E[x € E(a)]. 


A necessary and sufficient set of conditions that a function, E(a@), from real 
numbers to subsets of a set S, be associated, as above, with a real-valued point 
function everywhere finite is 


1. E(a) lasat ; 
2. E(—n) =S, E(n) =0; 
3. E(at+1/n) =E(a) for every a. 


It is possible, therefore, to consider f(x) and E(a) as different aspects of 
the same function, one more natural for algebraic combinations of functions, 
and the other receiving emphasis in a theory of integration. However, one 
may restrict oneself entirely to the second aspect. For example, if 


A(a) = E[ f(z) > al, 
B(a) = Elg(2) > al, 


C(a) = El f(x) + g(x) > al, 


C(a) = II [4@), Bla — 8)] 


where the summation is formed with respect to any dense set of real num- 
bers 

This fact frees us altogether from the point aspect of functions and en- 
ables us to extend our attention to functions whose values are elements of a 
Boolean algebra and which cannot in general be regarded as point functions. 
If there is a measure function we may have “almost everywhere” instead of 
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“everywhere” finite, and consider the new Boolean algebra of equivalence 
classes of elements differing by elements of measure zero. 

Chapters one and two deal with algebraic manipulations of functions and 
extensions of partially ordered linear spaces with element 1 as defined by 
Freudenthal [1]("). It is proved that any such space can be extended to a 
partially ordered space of the same type which is also a ring, the multiplica- 
tive unit of which is the element 1. Spaces analogous to the space M of 
bounded measurable functions and, in the case of a measure on the Boolean 
algebra, to the Lebesgue L” spaces are treated in Chapters three and four. In 
Chapter five the notions of absolute continuity, indefinite integral, and de- 
rivative are studied. It is shown that in terms of these concepts the Nikodym 
theorem (cf. Saks [2, chap. 1, §14]) concernirig absolutely continuous func- 
tions is again available. Chapter six contains remarks on conjugate spaces, 
regularity for a partially ordered linear space as defined by Kantorovitch [3], 
and spaces of the type defined by Orlicz [4]. 

Spaces of functions based on a Boolean algebra have been considered from 
a different approach by Carathéodory [5]. The present paper rests particu- 
larly on the work of Kantorovitch [3] and Freudenthal [1]. 

Terminology will be in large part that used by Birkhoff in his Lattice 
Theory [8]. Definitions given there will not be repeated here. The symbols 
V and A will be used to represent the “sup” and “inf,” respectively, of a col- 
lection of elements of a lattice. The notation of Kantorovitch, a~ = \/(—a, 0), 
where a is an element of a vector lattice, will be retained. A vector lattice will 
also be called a K-space (Kantorovitch space). If a vector lattice has an ele- 
ment 1, that is, an element 1>0 with the property that 


(a, 1) = = 0, 


it will also be called an F-space (Freudenthal space). Real numbers will in 
general be denoted by Greek letters, integers generally by m, n. The letters, 
P, q will also on occasion be used for real numbers, generally = 1. Latin letters 
will generally be reserved for elements of a lattice. We shall frequently write 
f(€) to mean the function f(£) itself rather than its value at a point &. It will 
be also convenient to denote the function by the single letter f if there is no 
danger of confusion. 

Throughout this paper the following fact holds. If the Boolean algebra 
under consideration is an algebra of point sets (cf. Stone [6], Wecken[7]), 
the theory reduces to the classical case. 


I. THE sPACE 2 


NoraTIOn. Let B be a a-complete Boolean algebra. Denote by Q the set of all 
functions, f(a), from real numbers to elements of B, satisfying the conditions: 


() Numbers in brackets indicate references at the end of the paper. 
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1. f(a) lasaef, 

2a. Vaf(a) =1, 

2b. Aaf(a) =0, 

3. Va>af(8) =f(a) for every a. 


Remark. Because of the monotoneity condition 1, all \/ and A indicated 
exist. 

With proper definitions of ordering, addition, and multiplication by real 
numbers, the set 2 can be regarded as a o-complete F-space. The symbol 2 
will be used to designate this space as well as the set of its elements. We shall 
now define and discuss the operations in the space 0. 

1. Ordering. We state the following definition. 


DEFINITION. If f(€) and g(E) are elements of 2, we define f(E) Sg(E) to mean 


that Sg(&) for every £, f(€)=g(E) to mean that =g(é) for every and 
<g(E) to mean that f(€) but fle) 


Remark. Under this definition, 2 becomes a partially ordered set. 
THEOREM 1.1. Jf f,, zEQ, then f=\/ nf, exists and 
= 
Tf fr, faze, then f= exists and 


= V A fal& + 1/m). 


m=l n 


Tf fnEQ, and f=A(fi,- ++, fn) exist and 


Proof is omitted. 
2. Addition. We state the following definition. 


DEFINITION. If f(&) and g(€) are elements of Q, we define their sum, 
h(E) =f(&) +2(&) to be the function 


h(t) = V A [f(8), — 8)], 


where the “sup” is formed with respect to any countable dense set of real num- 
bers B. 


To speak of addition as thus defined we must show that the values of h(E) 
are independent of the dense set chosen and that the function so defined be- 
longs to ©. Let us first observe that due to the normalization condition 3 a 
function in Q is completely determined if its values over a dense set of real 
numbers are known. We state two lemmas: 


[January 
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Lemma 1. If a, | and b, | are two increasing sequences of elements of B, 
then 


VA=( Qn; b,) A (V dm; V bn), 
Proof is omitted. 


LemMA 2. If h=f+g, as defined above, then for any & the value h(£) is inde- 
pendent of the choice of the dense set B. 


To verify this it will be sufficient to show that for any p 
V A — 8)) = A — 


The left-hand side is greater than or equal to 
V A [f@), — = V A — 


which by the distributive law for B is equal to 
A IV 1(8), — = A — 


THEOREM 1.2. If f and gEQ, then h=f+gEN. 


Proof. We shall verify the second of the three conditions. 
Ad 2a: Form the sum with respect to a dense set {p}. Then 


=V [A [fo), V — 


= V [A [fo), 1]] = 1. 
Ad 2b: We have p 


AV A [f(e), — 
=AV [V A Lf), — p) |, V A — 
p<n 


p>n 


SAVIVA [fm), 1], V A [1, = A V [f(n), 


n p>n p<n n 


Because of the monotoneity of f(&) and g(—) we can apply Lemma 1. The last 
expression above is therefore equal to zero. 


THEOREM 1.3. Addition is commutative. 
Proof is omitted. 
THEOREM 1.4. Addition is associative. 


Proof is based on the associative and distributive laws for B. 
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3. Multiplication by real numbers. We give first a definition. 
DEFINITION. If a>0, g=af is the function 
g(é) = f(g/a). 
The function g = —f is given by 
=1-—A fe) 
p<-t n=l. 
The function g=0=Of is given by 
<0, 
0,0 


If a<0, g=af is the function —[(—a)f]. 


There is no difficulty in showing in each case that the defined function 
belongs to Q. 


THEOREM 1.5. 1. a(6f) =(aB)f, 2. (a+B)f=aft+ff, 3. a(f+g) =aft+ag, for 
all real numbers, a, B, and for any elements f, g of Q. 


Proof. Ad 1: The fallowing statements, from which the general form fol- 
lows, are easily proved: 

(1) —(—f)=f, 

(2) —(af)=a(—f), if a>0, 

(3) 1-f=f, 

(4) (—1)f=—-f, 

(5) —(0)=0, where 0=0(&); 

(6) a(0(€)) =0() for every a, 

(7) a(6f) = (aB)f, if a=0, or if B=0, 

(8) a(Bf) = (aB)f, if a>0, and B>0. 

Ad 2: Proof involves such preliminaries as showing that f+0=f and that 
f+(—f) =0, for any f. The only one involving any difficulty is the proof that 
f+(—f) =0. For any real number 


B<—p 
If £20, there is no difficulty in showing that this expression is equal to zero. 


Now let us assume that <0, and show that the above expression is equal to 1. 
We know that it is greater than or equal to 


V A [1 0), — 


Setting 2a = —£, a>0, and letting p run over the infinite range of values na, 
for all integers m (we can add these values to the dense set of p without alter- 
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ing the supremum), we see that the expression above is greater than or equal 
to 


A na), 1 f(— (n — 
A [f(— 2), 1 — f0)], A 4), 1 f(@)],-- J 
= V VIA na), 1 (n= 
A [f((m — 1)a), 1 — f(na))]. 


Iterating the relation \VV[A(a, 1-5), A(b, 1—c)]=A(a, 1—c), where 
a2=b2c, we obtain the result that the last expression above is equal to 


V A [f(— na), 1 — f(na)| = A [V f(— na), 1 — A f(na)] = A (1,1) = 1. 


Ad 3: Proof is not difficult. 

This completes the proof of Theorem 1.5. 

It follows immediately from the definition of ordering that a necessary and 
sufficient condition that an element f(&) of 2 be 20 is that f(£) =1 for §<0. 
It is now easily proved that if f>0, g>0, a>0, then f+g>0, af >0. Further- 
more, if fEQ, then ftEQ. It is given by 


§ 2 0. 
THEOREM 1.6. The space 2 is a o-complete F-space. 


Proof. We have only to show that there exists an element 1€@. Such an 
element is the function 
1,§<1, 


wo= 


Corresponding to any element a of B we define the function a(&): 


1, 
0,1s£. 


If a is the element 0 or 1 of the Boolean algebra, the corresponding function 
is the element 0 or 1, previously defined, of the space @. In case there is no 
danger of confusion, we shall use a to denote the function itself. We shall 
borrow a term from real variable theory and call these functions “character- 
istic functions.” 


DEFINITION. Two elements, a and b, of a Boolean algebra are “disjoint” if 
A (a, 6) =0. Two elements a and b, of a vector lattice are “disjoint” if \(\a|, |b) 
=0. 
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RING PROPERTY OF 2 


The space 22 bears a closer resemblance to a space of point functions than 
the general o-complete F-space, for it admits the introduction of a multiplica- 
tion and a raising of positive elements to powers, satisfying the usual laws. 


NoTATION. We denote by Q+ the elements of Q which are 20. 


DEFINITION. If f and g are elements of Q*, we define their product, h=fg, to 
be the function 


1,& <0, 
Vero [f(o), g(é/p)], & = 0, 


where the least upper bound is formed with respect to any countable set of points, 
p, dense in the set of positive real numbers. 


Me) = { 


As in the case of sums, the values of 4(&) are independent of the dense set 
chosen. Similarly we have 


THEOREM 1.7. If f, gEQ*, then fgEQ*. 
Proof is omitted. 
Let us observe that if f20, g20, then a necessary and sufficient condition 
that fg =0 is that /A\(f, g) =0, that is, 
A [f(0), g(0)] =0. 
DeFINITION. If fEQ* and if p is a positive real number, then g =f? is defined: 
1, 
€ O. 


We now state the following theorem about functions EQ: 


THEOREM 1.8. 1. fg=gf, 2. (fg)h=f(gh), 3. f(g+h)=fg+fh, 4. fO=0, 
5.f-1=f, 6. if a>0, (af)(g) =a(fg), 7. for p>0, g>0, 8. fg” =(fg)?, 
for p>0, 9. if fg=0, then (f+g)?=f?+g, 10. a?=a, for p>0, 11. [f?, g?] 
=(V(f, 8) for p>0, 12. for p>0. 


Proof is omitted. 


g(é) = { 


DEFINITION. For arbitrary elements of Q we define 
Lemma. (fg)+=ftg++f-g-, =fte-+f-et. 
Proof. The statement of the lemma is equivalent to stating 


Affe fer + fet) = 0, 
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which is equivalent to saying 


(ftet + + fet) = 0, 
and by the distributive, associative, and commutative laws this is true be- 


cause ftf- =gtg- =0. 
We are now in a position to state a theorem regarding multiplication of 
arbitrary elements of 2: 


THEOREM 1.9. 1. fg=gf, 2. (fg)h=f(gh), 3. f(g+h) =fet+fh, 4. f-0=0, 
5.f-1=f, 6. (af)g=a(fg), 7. |fg| =|f|-|g|,8- laf] -|f]. 


Proof is omitted. 
DEFINITION. If f 20, we define 


1, 
A [f@), a], 2 0. 


fae) = 


For arbitrary fEQ, we define 
fa= (f*)e (f-)a- 
One could now prove such statements as the following: 


if f20, fa= Va/A(f, na). Results of this nature will be used after the notion of 
integral has been introduced. 


DEFINITION. A function f(€) is “bounded above” if there exists an a such that 
f(a) =0; f(&) is “bounded below” if there exists a B such that f(B)=1; f(&) is 
“bounded” if it is bounded above and bounded below. 


DEFINITION. A simple function is one which takes on only a finite number of 
values. A super-simple function is a simple function which is greater than or 
equal to zero and which takes on at most one value other than 0 and 1. 


THEOREM 1.10. Any positive simple function can be represented as a sum 
of disjoint super-simple functions. Any simple function can be represented as a 
linear combination of disjoint “characteristic functions.” 


Proof. We prove the first part. Let the given positive simple function be 


Gn, S < Qn, 
. 0, aS 


| 
| 
| 
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1, 
= a — de, OSE<au, 
Qn, < Qn, 0, as §; 
. 0, a, 
and v(&) =u(&)+2(E). Then 


t(&), A az) A [an, an) |, 
u(t), A [u(é — a), a — ae], 
and by direct comparison v(£) =s(&) for all & Therefore a positive function 
with at most 2+2 values can be represented as the sum of a positive function 
with at most ~+1 values and a super-simple function, for any positive in- 
teger n. Induction completes the proof. 

Given any two simple functions, s and t, we may write them as linear com- 
binations of the same characteristic functions, that is, in the form 

S$ = a0, + +++ + t = + + Baan. 


Using the distributive laws, we can now write: 


s+iz= (a1 + + + (an + Bn)an, 
St = + +++ + (anBn) an. 


THEOREM 1.11. The simple functions of Q form an F-space possessing the 
ring property. 


ue) = V4 


Proof is omitted. 
Since Q is a o-complete vector lattice it admits the introduction of a limit 
(cf. Birkhoff [8, chap. 2]), with respect to which we can state: 


THEOREM 1.12. The space of simple functions is dense, in the sense of this 
limit, in the space Q. 


Proof. Suppose f20. Take any countable dense set of positive real num- 
bers, pn, and letting 0<f,< --- <8, be the rearrangement of p;,---, pp 
according to magnitude, define 


§&<0, 
f(s), OSE<B, 
frlé) = 
S(Bn), Bar S E < 
. 0, B, &. 
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Then f, is an increasing sequence of simple functions and 


V = V fle) = f(é). 
n p>t 
Finally, if f is an arbitrary function €Q, write f =f+—f-, and let ng, =f*, 
V whan =f-, fn=2n—hn. Then f, is a simple function, and 


lim f, = lim g, — lim h, = ft — f- =f. 


THEOREM 1.13. Let f, gE", and let s, and t, be simple functions EQ. If 
Sa Tf, tn Tg, then f+gand fg. 


Proof. The first statement is proved by Birkhoff [8, p. 112]. The second 
statement of the theorem follows from Lemma 1 preceding Theorem 1.2. 


II. EXTENSIONS OF SPACES WITH ELEMENT 1 


Let F be a o-complete vector lattice with element 1. As proved by 
Freudenthal [1], there is a subset B of elements of F, between 0 and 1, which 
form a g-complete Boolean algebra, where the partial ordering of B is the 
same as that of F. The subset B is defined as follows: an element e of F be- 
longs to B if 


A (e,1 — e) = 0. 


To an arbitrary element a of F can be made to correspond an element of B, 
namely the greatest lower bound of all elements of B which are greater than 
or equal to A\(1, a). This “inf” exists, since it can be computed as the count- 
able “sup:” 


e(a) = Vv A [(na)t, 1]. 


The following relation holds for any element a of F: e(a)+e(—a) $1. 
Now let c be a fixed element of F. Then there is defined the function from 
real numbers to elements of B: 


f(a) = a = e(¢ — a). 


Freudenthal proves that c not only determines the function f(a), but that if 
f(a) is given by an element c, it in turn determines c, by a Lebesgue-Stieltjes 
integral representation. 

Let © be the space of functions, as defined in Chapter I, determined by B. 
Considering 0 as a set of functions, we have 


THEOREM 2.1. If cEF, and f(a) =e(c—a), then f(a) EQ. 


Proof. We prove part two, observing first that the bounds indicated exist 
because of the monotoneity of f(@). 
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Ad 2b: We establish first the inequality A\(mc—mn, n) Sc, where c20, 
and m and 7 are integers 20. Represent the left side of the inequality by x. 
Then xn, and therefore —mns—mx. Also xSmc—mn and therefore 
xSmc—mx. That is, (m+1)x SmcS(m-+1)c, or x Sc, as was to be proved. 
Now, since 0 Sc, 


V [A (me — man, n), 0] S c, 
or, by the distributive law for F, 
[V (me — mn, 0), c. 
Therefore for every m and n20 
n /\ [m(c — n)*+, 1] = A [mn(c — n)t, n] Sc, 


and so for every n20 


nV A [m(c — n)+, 1] = ne(c — n) Sc. 


Therefore for any c and for every integer n20, 
ne(c — n) S ne(ct — n) S c+. 


Letting e= /\,e(c—m), we have ne Sct for every n20. But this implies that 
e=0. 
Ad 2a: We state without proof that for any a>0: 


e—c) + elec +a) 21. 


The proof is completed by application of part 2b, since for any positive num- 
ber e(—c—n)+e(c+2n) 21. 


NortaTION. If F is a o-complete F-space, if B is the Boolean algebra associ- 
ated with F, and if Q is the space defined in terms of B, then denote by ® the sub- 
set of Q consisting of all those functions which arise from elements of F by the 
Freudenthal process. We shall denote this relationship: 


F-@CQ. 


The set ® may be a proper subset of 2. For example, let the original F 
be the space L?, p21, on the unit interval. Then the Boolean algebra, B will 
be the algebra of equivalent classes of measurable sets, reduced modulo sets 
of measure zero. Let f(x) be a fixed element of L? (cE F). Then e, will be the 
equivalence class corresponding to 


El f(x) > al. 


The space 2 will correspond to the space of all measurable functions, and will 
be a proper extension of F. 


4 

| 
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Our problem now is to study the relation between the operations of the 
space F and those of the space 2. 


THEOREM 2.2. The space Q is an extension of the space F. That is, the corre- 
spondence between the elements of F and ® is an isomorphism with respect to 
ordering, “sup,” “inf,” addition, and multiplication by real numbers. 


Proof. We shall use the following notation: a, b, c, dE F; f, g, h, REQ: 
a—f means that f is the function in ® corresponding to a in F. \/,(a,) is the 
V in F. V,(f,) is the V in Q. (Similarly with /\, addition, and multiplication 
by real numbers.) 


Lemma 1. Ordering is preserved. 


If cf, d—g, then cSd->f <g. From the Freudenthal integral representa- 
tion we conclude that f $g->c Sd. Combining these statements with the fact 
that c=d~—>f =g, we have 


c<d<>f<g. 


LEMMA 2. Suprema correspond. That is, if Cn—fn, and if \/ nC, exists and is 
equal to c, then f = \/ nf, exists and 
cf. 


Since the c, are bounded above in F, and since order is maintained by the 
correspondence, the f, are bounded above in ®, and therefore in 2. Therefore 
f=V nf, exists in 2. It remains to be proved that 


V VA — @)*, 1] = VA 1], 


n=1 m=1 n 


Now 


A [m(V cn — at, 1] = A [mV (V en — @, 0), 1] 


= [mV V (cn — a, 0), 1] = A [V m(c, — 1]. 


By the distributive law the last expression is equal to 


V A [m(cn — 1], 


and proof is completed by application of the associative law. 
LEMMA 3. Finite infima correspond. 


It is sufficient to prove this for two elements. With a simplification of the 
notation, we wish to show that 


A (net, 1), V A (nd*, = V A [n(A (, d))+, 1]. 


| 
| 
| 
| 
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Because of the monotoneity of A\(mct, 1) and /\(nd+, 1), the left side can be 
written Vn/A{A(nct, 1), A(ndt, 1)}. Application of the distributive law 
completes the proof. : 


4. If cf, —c—, then f+g20. 
We wish to prove that for any a 


1—V A [n(— a)*,1] Ss A V A [n(a + 1/m)*, 1]. 


m=l n 


The left side is equal to 
A A [nV (a + 1/n, 0), 1]. 
n=l 


For any m>0, and n2m: 
A [nV (a+ 1/n, 0), 1] S A [nV (a + 1/m, 0), 1], 
and since the first term | asm fT, 


[nV (a+ 0), 1]= A A [nV + 1/n, 0), 1] 


n=l 


V A [n(a + 1/m)t, 1]. 
n=l 
This is true for every m, and therefore the left side is less than or equal to 


AV A [nla + 1/m)*, 1]. 


m=1 n=l 
Lemna 5. If a—f, a+b-—h, then h2f+g. 
The problem is to show that 


VA { Vv A [n(a — p)t, 1], Vv A [n(o + p — 
n=l n=l 


SV A [n(a + — a)t, 1]. 
n=l 
This will be accomplished if we can show that for any a and Db 
A { V A (nat, 1), V A (mbt, V A [n(a+ 1). 
n=l n=l n=l 


Because of the monotoneity of A\(mat, 1) and /\(nbt, 1) this relation can 
be written 


| 

n 

¥ 
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V A [(na)*, (nb)*, 1] A [(na + 1}. 


This will be proved if we can show that for any a and } 


(at, b+, 1) A [(a + 5)+, 1]. 
This is true since 
/\ (at, b+) (a + 
Proof of this statement is omitted. 
LemMA 6. The zero elements of F and {. correspond. 
Proof is omitted. 
LEMMA 7. Negatives of corresponding elements correspond. 


Suppose c—f, —c—>g. Then by Lemma 4, f+g20. But c+(—c) =0-0, 
and by Lemma 4, 02f+g. Therefore f+g=0, or —c—-f. 


LEMMA 8. Sums of corresponding elements correspond. 


Let a—f, a+b-—h. Then by Lemma 7, 
= 


Therefore by Lemma 5, h2>f+g, and —h2(—f)+(—g) =—(f+g), so that 
h=f+g. 


LemoMaA 9. Infima correspond. 
Suppose c,—f,. Then —c,——f,. Consequently 
V (= V (= fa) 


(¢n) = — V (— — V (— fa) = A 


Lemma 10. Multiplication by real numbers maintains correspondence. 


Because of Lemma 7, and because multiplication by zero has already been 
considered, we need prove this only for positive numbers. But this is simple 
routine verification. 

This completes the proof of Theorem 2.2. 

If we apply the Freudenthal method of extracting a Boolean algebra from 
a o-complete F-space to the space ®, we shall obtain precisely the character- 
istic functions. Therefore if we construct the space 2 a second time, we ob- 
tain no further extension. The space 2 is a maximal extension. 


| 

| 

| 

| 
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We have already seen that the zero elements of the spaces F and 0 corre- 
spond. The same is true of the elements 1. In fact, we can state 


THEOREM 2.3. The correspondence between the elements of the Boolean alge- 
bra B and the characteristic functions of Q coincides with the correspondence be- 
tween the elements of F and those of ®. 


Proof is omitted. 
Our statement regarding a maximal extension for any o-complete F-space 
can now be worded: 


THEOREM 2.4. All spaces with the same Boolean algebra possess a common 
extension having the same Boolean algebra. 


Freudenthal [1] states without proof that if B is a o-complete Boolean 
algebra, then a o-complete F-space can be constructed having B as its Boolean 
algebra. The statement is not made in terms of maximal extension, nor is the 
ring property mentioned, although a space having the properties of 2 was 
undoubtedly intended. Whether the construction of this space was to be simi- 
lar to the present one, or more on the order of that of Carathéodory, we do 
not know. 


III. THE sPACE M OF BOUNDED FUNCTIONS 


We consider in this chapter the analogue of the space of bounded measur- 


able functions. It is easy to see that if 2 is a c-complete F-space then the sub- 
space M of bounded functions is also a o-complete F-space. But it is also a 
complete normed space. We introduce a norm first for the elements of M+. 


Derinition. If fE M+, ||f|| =1.u.b. {a} where f(a) >0. 


Lemma. 1. ||0|| =0. Zff>0, ||f|| >0. 2. 3. 
then =allfi|. 4. If f, g20, then ||f+el| 


Proof is omitted. 
Derinition. For arbitrary fE M, ||f\| 
THEOREM 3.1. The space M is normed. 


Proof. 1. ||fl| 20. ||f[| =0<->f=0. 2. ||f+g|| <||fl| +\lel]. The first is trivial 
and the second is true by the lemma above and because |f+g| <|f| +|g|. 


THEOREM 3.2. The space M is complete. 


Proof. We first establish a lemma, using the notation f,—>°f to represent 
(o)-convergence (cf. Birkhoff [8, chap. 2, §36]). 


Lemma. If f, is a sequence of elements of M* such that (1) fx—°0, (2) 
then 
0. 


= 
i 
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Proof of Lemma. By the assumption (2) above, given any B>0, we can 
find an N such that for n, m2N, 


(fn — fa)(8) = V A| 


Because of the monotoneity of f.(—8+p—1/p) as a function of , 
A fn(— B+ p—1/p) = A fn(— B+ — S fn(— 28 + 1), 
p=1 p>1/8 


and therefore for any p 


A [fale), 1 — fm(— 28 + p)] = 0. 


In particular we may choose p=3§, in which case we can state that for all 
n, m2 N, A[fn(38), 1—fm(8) ] =0. Therefore 


V A [fn(38), 1 — fm(8)] = A A = 
m>N m>N 


But since An>yfm(8) =0 by condition (1), f,(38) =0 for all n= N, and there- 
fore | fal| +0 

Before completing the proof of Theorem 3.2 we remark that, for an arbi- 
trary sequence f, of elements of M, 


[fall + 0-> 0 


but the reverse implication is not true. 
Assuming we have a sequence f, of elements of M such that 


— ful] — 0, 
we wish to find an f in M such that 

IIf — fall +0. 
Following the remark above, we can state that 


and therefore, as proved by Kantorovitch [3], there exists an element f of M 
such that 


0. 
We shall prove that 
fall — 0. 


Let Then | F,|—>°0. And, since | F,—Fn| 2|| Fa] —| Fn| |, we 
have 


| 

| 

| 

| 
| 

| 
| 
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(1) | F,| ag 0, 
(2) ||| —| Fm|||0. 
Therefore, by the preceding lemma, 


Il | ll = = [lf fll +0. 


This completes the proof of Theorem 3.2. 

We have seen that convergence according to ordering does not imply con- 
vergence according to the norm. Furthermore the space M need not be regu- 
lar (cf. Kantorovitch [3]). For example, the space of bounded measurable 
functions on the unit interval is not regular. 


IV. THE A? SPACES 


In this chapter we shall be concerned with a Boolean algebra B with a 
completely additive bounded measure. 


DEFINITION, A Boolean algebra of type B, is a o-complete Boolean algebra B 
with a real-valued (measure) function u(a) defined for every element a of B and 
such that 

. OSpu(a) S1 for every a of B, 

. =0<—>a = 0,7 

w(1) =1, 

. if A(a, 6) =0, nV (a, 6) 
. f dn | 0, pan | 0. 


Remarks. 1. If an | a,uan | wa;if a, a,pan wa. 2. If (a1, a2, is any 
non-empty countable set of elements of B, then 


uV (a1, ++) S + w(ae) +--- 
If the elements are pairwise disjoint we have equality. 


THEOREM 4.1. A Boolean algebra B of type B, is complete. In fact, if F is 
any subset of B, then there is a countable subset F’C F such that \/(F’)=\/(F). 


Proof is given by Wecken [7]. 

In this section we construct spaces similar to the Lebesgue L? spaces and 
belonging to the class of what Kantorovitch [3] calls spaces of type Bz, which 
we shall call normed K-spaces. They are defined: 


DEFINITION. A normed K-space is a o-complete K-space K with a norm Ilell 
satisfying the following conditions for the elements of K+: 
. +llell 
lleg|| where a>0; 
iff <g, then <|lell 
. if fa | 0, then ||fall | 0; if fa T then |lf,l| T 2. 


[January 
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For arbitrary elements, the norm is given by 


= 


DEFINITION. A normed F-space is a a-complete F-space, where the element 1 
has norm equal to 1. 


DEFINITION. A space of type K*(F?), p21, is a o-complete K-space 
(F-space) such that A(f, g) 


We shall discover a close analogy between spaces of type F? and the 
Lebesgue L? spaces. A similar problem, from the axiomatic viewpoint, has 
been studied by Bohnenblust. 
Let us reverse the direction of investigation for a moment and consider : 
the Boolean algebra of a space of type F?, p21, when the latter is given. 
Define the function on the elements of B: 


u(a) = [lal]. 


Then it is easily seen that the Boolean algebra is of type B,. 

Returning to the main problem, let B be a Boolean algebra of type B,, 
and let 2 be the space of functions on B. Let p be any fixed real number 21, 
and consider the elements of 2. 


DEFINITION. If s is the simple function 


S = + + 


where a; 20,1=1,2,---, m, and A (a, as) =0, then we define its integral: 


ff sd = + +++ + 


and its norm: 
For an arbitrary f€Q+ we define the integral: 
f fap = sup { f sin} for all simple functions s, Osssf. 


If we denote by M? the set of all fEM+ such that /frdu<, we can define 
the norm of f, for any fE M?: 


lal =[ frau)”. 


In order to prove that this norm satisfies the necessary conditions, we 
establish a number of lemmas: 


| 
181 | 
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Lemma 1. If then fEM? and 


Proof is trivial. In particular, every bounded function of 2+ belongs to M? 
for every p21. 


LEMMA 2. If s and t are simple functions, 20, then 


fst f sin t f tan, 


Ils + a] + [ld]. 


Proof rests on the fact that s and ¢, and therefore s+, can be represented 
as linear combinations, with non-negative coefficients, of the same set of pair- 
wise disjoint characteristic functions. The second relation follows from an ap- 
plication of Minkowski’s inequality. 

In order to extend these relations to arbitrary functions in M?, we prove 


Lemma 3. If {s,} is an increasing sequence of positive simple functions 
whose limit is the-function f, then 


f SndpT f Sdu, 


whether the limit be finite or infinite. 


Proof. If s is any simple function such that 03s Sf, and if a>0, we wish 


to find an such that 
su >f sdu — a. 


The method of obtaining is straightforward. 
From this lemma follows immediately : 


Lemma 4. If fEM?», and if OSs, 1 f, where s, are simple functions, then 
Also 
= sup 


for all simple functions s such that OSs Sf. 


In the proof of Theorem 1.12 an increasing sequence of simple functions 
was given having as limit a given function of 2+. From the form of those sim- 
ple functions and from Lemma 3 we have 


Lemna 5. If fEMt, then ffdu, finite or infinite, is equal to the least upper 
bound of sums of the form: 


f(ar) + (a2 — + + (an — 


; 
i 
i 
e 
f 
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Similarly we have 


Lemma 6. If fEM?, then ||f||> is equal to the least upper bound of sums of 
the form: 


aiuf(or) +--+ + (an — 
Sap. 
THEOREM 4.2. If f, gE M?, p21, then f+gEM? and 


lf + ell + llall. 


Proof. Let O<s, Tf, OSt, Tg. Then OSs,+t, f+g and therefore 


T ||f+-gl|. But +llel| for every The in- 
equality follows. 


Tueorem 4.3. If f, gE M", then f+gEM' and ||f+gl| 
Proof. Let O<s, Tf, OSt, Tg; and given a>0, choose nm so that 
Sfdu<Ssndu+a, {gdp < Strdu+a. Then 


=f f san + f — 2a. 
The implied inequality combined with that of the previous theorem, gives the 
desired equality. 
Lemma. Jf /A(a, b) =0, then 
fa M?, fo M? <> M” 


where 


and 
= ? + |] fell 


Proof. We may assume »=1, and proof follows from Theorem 4.3. 


THEOREM 4.4. If A(f, g) =0, then f, g=M? if and only if f+g€M?, and 


Proof. In the preceding lemma set a=f(0), b= g(0). 


DEFINITION. Let A” be the subspace of Q consisting of all f such that |f| EM. 
If fEA?, we define the norm of f: 
= 


If fEA', we define the integral of f: 


f = f f 


Remarks. 1. M? =[A?]*, 2. if 1S A*CA?. 


{ 

| 

| 

| 

| 
| 
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THEOREM 4.5. If f, gEA', then f+gEA!', and 


f edu 


Proof. Since |f+g| <|f|+|g|, f+gEA'. Applying the additivity of the 
integral for elements of [A']+ to the known equality (f+g)++f-+g- =(f+g)- 
+f++gt, and rearranging terms, we have the desired relation: 


furor fot f f f f 


We now state the fundamental theorem of this section: 


THEOREM 4.6. A” is a space of type F?, p21. 


Proof. 1. If f, g&A”, then f+gCA?”, since lf+e| s 2. if 
real, then since | af | =|a| 3. if fEA”, then ftEA?, 
since ft ;4.iffsgsh,f, hEA”, then gEA?, since | g| sSht+f-;5. = 1, 

Therefore A? is a g-complete F-space. We now verify the five conditions 
of the definition of a normed K-space. 

Ad 1, 2, 3: Already proved, or trivial. 

Ad 4: If OSf<g, then OSf?<g?, and therefore 


Ile = < = 


Ad 5: We state without proof the lemma: 


Lemma. If f,20, g20 are elements of a vector lattice, and if f, | , then 
fn—A(Cfns 8) 


Assume that f, | 0,and that a is any number >0. We can find an N such 


that {[fi— A(fi, N) ldu<a. Then for every A (fa, N) \du<a. In order 
to make {f,du<2a, we wish to find an m such that [A (f,, N)du<a. An n 
which will accomplish this will be any one such that 


uLfa(a/2)] < a/2N. 


Now assume that 0< f. T ©, and that ||f,|| << 7 for every n. We shall ob- 
tain a contradiction. Define 


= V fal€)- 


Then f(&) must certainly belong to Q, or we easily obtain a contradiction. 
Now form the sum, for 0<8,< --- <B,: 


e 
[January 
| 
n 
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Given a>0, choose , k, such that 
> uLf(6:)] — 


fin(Bn) | > uLf(Bn) | — a/Bn. 
Letting N = max (hi, -- - , kn), we have 


Bi f(B1) + + (Bn Bn—1)uf(Bn) 


is less than 


B:[ufw(B1) + +--+ + (Bn — Bat) [ufw(Bn) + 
S + + (Bn — + <M+a. 


Therefore fEA?”. (Contradiction.) This completes the proof of Theorem 4.6. 
Remark. As proved by Kantorovitch [3], a normed K-space is regular, and 
convergence according to the norm is the same as star-convergence. This 
statement is therefore true for the A? spaces. Let us observe also that the 
simple functions are dense, in the sense of the norm, in A? for every p21. 


THEOREM 4.7. Every space of type F?, p21, is isomorphic to the space A?, 
where the basic Boolean algebra of A” is the Boolean algebra of F?. 


Proof. We have seen that the Boolean algebra of F? is of type B,, and that 
therefore the corresponding spaces 2 and A” can be constructed. As proved 
in the second chapter, the space F? is isomorphic to a subspace of 2. This sub- 
space is precisely the space A”. The isomorphism preserves norm. Details of 
the proof are omitted. 


V. ABSOLUTE CONTINUITY 


In this chapter we shall study the space AC of additive absolutely con- 
tinuous real-valued functions defined on a Boolean algebra of type B,, and 
set up an isomorphism between AC and A!. 


DEFINITION. A real-valued function, §(a), defined on the elements of a 
Boolean algebra B, of type B,, is absolutely continuous if, given any a>O0, there 
exists a B>O such that 


u(a) < B>|£(a)| <a. 


DEFINITION. The space AC is the space of all additive absolutely continuous 
real-valued functions, §(a), defined on the elements of a Boolean algebra B of 
type B,, with the usual definitions of addition, multiplication by real numbers, 
and ordering. 


We shall show that AC is a space of type F' by obtaining an isomorphism 


i 
| 
i 
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between AC and A!. First we set up a one-to-one correspondence between 
AC* and [A?]*. 


DEFINITION. We define the integral of a function, fEA', over an element of 


the Boolean algebra B: 
f fap = f 


DEFINITION: The transformation X is defined by the equation 
ta) = X[f(®)] 


where fE [A']*+ and §(a) = fafdu. The transformation X is an integration opera- 
tion. We say that &(a) is the indefinite integral of f(E). 


THEOREM 5.1. If fE[A']*, then X(f)E 


Proof. Positiveness and finite additivity are easily verified. Let a>0, and 


let f=f:+/f2, where f; and fz belong to [A']+, f, is bounded by N, and ffedu <a. 
Then 


J < f +a 


Now, if u(a) <N/a, we have = fafdu<2a. 


THEOREM 5.2. Let {(a)EGAC* and let a20. Form the set Sq consisting of 

the zero of B and all a of B such that 
0<bs a>(b) > a-p(d). 
Then S, is a principal ideal. That is, if 
aS Na) = V (Sa) 

then a€ Sa. 

Proof. 1. If a,;ES., then Sq. 2. If ai, Sa, then \/ (a1, a2) Sa. 
3. If ai, de, then (a1, a2,--- 4. If OCS., then V(Q)ESaz. 

Ad 2: We may assume a; and a; to be disjoint. Then if 0<bS \/ (a, az), 
write b=\/(b;, be), where a1), /A(b, ae). Then £&(b:) 2ap(ds), 
£(b2) =apu(be), where the strict > relation must hold in at least one case since 
not both b; and bz can be zero. Therefore &(b) >ay(d). 


Ad 4: In a Boolean algebra of type B, any “sup” can be reduced to a 
countable one. 


DEFINITION. The transformation Y is defined by the equation 
= 


fl 
fi 
i 
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where CAC+ and 
1, 
V (S:), 2 0. 


The transformation Y is a differentiation operation. We say that f(€) is the de- 
rivative of &(a). 


Tueoren 5.3. If fE[A‘]+, then Y[X(f)]=f. That is, the derivative of the 
integral of a function f E[A']* is f. 


Proof. Given any a20, we wish to show: 

1. f(a) E Sa. 

2. aE S.->a Sf(a). 

Ad 2: Assume there exists an a>0 such that the inequality a Sf(a) does 
not hold, 0<bsa>/,fdu>ayu(b). But if we take b=a—/\[a, f(a)], then 
0 <b Sa, and therefore f,fdy >op(b). This is absurd since f,(a) = / [b, f(a) ] =0. 
The case S, =0 is trivial. 


THEOREM 5.4. Let (a) ACt, a20, and let S, be the principal ideal defined 
above. If a=\/(S.a), c) =0, then §(c) Sap(c). 


Proof. Suppose 0<c, /\(a, c) =0, &(c) >ap(c). Let B, | 0. 
Let m, be the least upper bound of y(d) for all d<c such that &(d) Sap(d). 
Then m,>0. Find c such that 


0<a<e, &(c1) S ap(cs), u(ci1) > — Bi. 


In general let m,>0 be the least upper bound of yu(d) for all d such that 
+++ E(d) Sap(d). Pick c, such that 


= { 


— Cnr, E(Cn) s au(Cn), u(Cn) > mM, —Bn- 


Regarding the measures, we must have m, $8,1, n 22. For suppose there 
is an m such that m,>£8,_:. Then find an element b<c—c,— «+ + —€,_1 such 
that and &(b) Sap(d). Then +b) >Mr-1 —Br-1 +Bn-1 
But since +++ and we know 
that S (Contradiction.) 

Form c’=\/nuicnSc. Then by absolute continuity, &(c’) Sap(c’), and 
therefore c’<c and &(c—c’) >apu(c—c’). Therefore there exists a d such that 
0<d<c—c’, &(d) Sap(d). 

Now choose an m such that Bp1<yu(d). Then m,<y(d). Therefore, since 
d<c—Q— +++ —Cn-1, u(d) Sm,. (Contradiction.) 


THeoreEM 5.5. If CAC*, then = Y[E(a) [A']+. 


Proof. We shall first verify that fE Qt. It is sufficient to verify parts 1, 2b, 
and 3 in the definition of 0. 


| 
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Ad 1: If OSa<B, SsCSa, f(8) Sf(a). 
Ad 2b: Suppose that for every n=1, 2,--- 
V (S,) 2 


Then d€S, for every n, and therefore §(d) >my(d) for every n. But this is 
absurd. 
Ad 3: We wish to prove that for any a20 


VV (Sa+1/n) < V (Sa) 


leads to a contradiction. Obviously the right side is >0. Let b,=\/(Saq) 
— V (Sa+i/n). Then b, | b>0. Therefore &(b) >au(b). Pick an M such that &(d) 
>(a+1/M)yu(b). Then there exists an N> M such that £(b) >(a+1/M)u(by), 
so that &(by) > (a+1/N)u(bw). Since A [by, VV (Sa41/v) | =0, the necessary con- 
tradiction is provided by Theorem 5.4. 

In verifying that f(€)€[A‘]*+, we shall prove more. Let a be an ar- 
bitrary positive element of B, and, for an arbitrary set of real numbers, 
+++ <Qp_, form 


am [a, f(ar)] + +++ +n — A [a, flan). 
Defining b;= /\[a, ], we can write this sum: 
— be) + — bs) + + 
Since 6; we have &(b;—Di4:) where the equal- 
ity holds only if b;=5;4:. Therefore the previous sum is less than or equal to 
— be) + — bs) + +++ + — bn) + E(dn) = S E(a). 


Therefore fafdu= ffadust(a). The proof of the theorem is completed when 
we set a=1. 
The last inequality above implies the 


Lema. If &(a)GACt, then X[Y(E(a)) |S E(a). 
The inequality can be replaced by an equality: 


THEOREM 5.6. If t(a)€ACt, then X[Y(E(a))]=£(a). That is, every addi- 
tive absolutely continuous function §(a) 20 is an integral. It is equal to the in- 
tegral of its derivative. 


Proof. We shall establish this theorem by means of lemmas: 


LemMA 1. If h=f., and if a20, then h(a) =\/(Sa,a), where is the 
set consisting of zero and all positive elements c of B such that cSa, and 
0<bSc->£(b) >ap(d). 


Proof is trivial. 


{ ' 
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Lemma 2. If a20, B20, then 
ap[h(a) — h(a + 6)] t[h(a) — h(a + B)] S (© + B)u[ h(a) — h(a + B)]. 


Proof. The first inequality follows from the fact that h(a) —h(a+8) Sh(a). 
The second inequality is obvious if h(a+f8)=h(a). Assume h(a+ 8) <h(a). 
Then 0<h(a) —h(a+8) Sa, (A —h(a+8), h(a+B)]=0, and the inequal- 
ity is a consequence of Theorem 5.4. 

This result can be restated as 


Lemma 3. If p>0, a20, then for OSB Sp, 
0 S &[h(a) — h(a + B)] — ap[h(a) — h(a + B)] S pul[h(a) — h(a + 8)]. 


Lemma 4. Let C=\/(S.), A= = /A(a, C). If A(A, 6) =0, bSa, 
then Sap(d). 


Proof. Since /\(A, 6) = A(a, b, C)=/(b, C)=0, we can apply Theorem 
5.4. 


LEMMA 5. Given p <0, we can find a,<a2< +++ <a, such that 
+ (a, — | < 3p. 


Proof. By Lemma 4, and since h(0) = \/(So,2), we have £[a—h(0) ] =0, and 
therefore we can pick a such that 


— < p. 


Choose N>a such that £[h(N)]<p, and finally choose a (as above) 
+++ <a,=N such that a;—aji<p, i=2,---, mn. Then 


&(a) — — h(as)) + +++ + anuh(an)] 
= [a — + — + 
— ay[h(a1) — h(as)] — — 
Sp + — +--+ + u(h(an1) — h(an))] + p 
= 2p + p[u(h(ar) — h(an))] < 3p. 


This completes the proof of Theorem 5.6. 
We shall now consider arbitrary elements of AC. 


THEOREM 5.7. Let §&(a)GAC, and let S be the set consisting of zero and all 
positive elements a of B such that 


0<bsS a>(b) >0. 
Then S is a principal ideal. 
Proof. Proof is similar to that of Theorem 5.2. 
THEOREM 5.8. If A=\/(S), A(c, A) =0, then &(c) $0. 
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Proof is similar to that of Theorem 5.4. 

As before, we can define S, to be the set consisting of all elements of the 
form /\(a, d) where d€S. Then S, is also a principal ideal. We can also es- 
tablish the 


LemMA. Let C=\/(S), A= \V/(Sa)=/A(a, C). If A(A, 6) =0, and bSa, 
then &(b) SO. 


DEFINITION. Given any §(a) GAC and any let at=\/ (Sq). (Then at 

is a function of §(a) and a.) Define &*+(a), E-(a): 
= &(at), (a) = — &(a — at). 

THEOREM 5.9. If (a) GAC, then &+(a) and CAC and &+(a) = [E(a), 
O(a)], &-(a) = V [—&(a), O(a)]. 

Proof is omitted. 

The space AC is therefore a vector lattice. 

We proceed now to the establishment of the one-to-one correspondence 


between the elements of AC and those of A'. We extend the definitions of X 
and Y: 


DEFINITION. Given any element fEA', we define 
= X(f) = X(ft) — X(f-) = Ha) — F(a). 
Given any element CAC, we define 
f(®) = V[&(a)] = — VIE(@))] = PO. 


To prove that the transformations X and Y are inverse, we must show 


'(a) =&+(a), = E-(a), f'(&) =ft(&), and f?(&) =f-(&); in other words, 
that 


A [é(a), &(a)] = A PO] = 0. 


Proof is omitted. 

We have therefore a one-to-one correspondence between the elements of 
AC and those of A', and X-'= Y, Y-'=X. 

The transformation &(a) = X(f) can now be represented in general in the 
form: 


eo) = f fu 


THEOREM 5.10. The transformations X and Y preserve addition, ordering, 
and multiplication by real numbers. That is, X and Y are additive, homogeneous, 
and positive: 


X(af + Bg) = aXf+BXg, + Bp) = aVE + BYp, 


it 
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f>0+>X(f) > 0, 
t(a) > 0» Y[é(a)] > 0. 


Proof. We need prove only: 1. /a(af+8g)du=a/fafdu+Bfagdu. 2. f20 
>/.fdu20, for every a. 3. f >0->/.fdu>0, for some a. 4. f not 20->fafdu<0, 
for some a. Details of the proof are omitted. 

This completes the proof that AC is a space of type F', since it is iso- 
morphic to A'. Conversely, every space of type F' is isomorphic to a space of 
absolutely continuous functions. 

Remark. If a is an element of B, then the function of AC which corre- 
sponds to the function a of A! is the function 


&(b) = u[A (a, 


VI. CONCLUDING REMARKS 


1. Regularity. Since a given Boolean algebra B determines and is deter- 
mined by the corresponding space 2, we may wish to know the conditions 
on B corresponding to the regularity conditions on 2. A set of necessary and 
sufficient conditions is contained in the 


DEFINITION. A regular Boolean algebra is a o-complete Boolean algebra B 
which satisfies the further conditions: 


1. If Fis any subset of B, then \/(F) exists, and there is a countable subset 
F’'CF such that 


Vf) = V @). 


2. Ifan| Oasn | a,ask ~, then there exists a subsequence, ak", 
such that 


A Var =0. 


n=l men 


3. If ak(n) | Oask ~, for each m,n and ak,(n) | Oasn for each m, k, 
then there exists a subsequence, ak"(n), such that 


A V a,” (n) = 0. 


n=l 
Remark. A regular Boolean algebra is obviously complete. 


THEOREM 6.1. A necessary and sufficient condition that Q. be regular is that B 
be regular. 


Proof is omitted. 
We state, also without giving the proof: 


THEOREM 6.2. A Boolean algebra of type B, is regular. 
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We know therefore that the space of measurable functions on the unit in- 
terval is regular, while the subspace of bounded functions is not. 

2. Conjugate spaces. Riesz[10] has developed the theory of additive func- 
tionals defined on a “fundamental domain.” Such a fundamental domain is 
given by the positive and zero elements of any vector lattice. Riesz proves, 
in different language, that the space of additive functionals, each bounded 
above by a positive additive functional, defined on a vector lattice, is a -com- 
plete vector lattice. If the underlying space is o-complete we can restrict 
ourselves to linear (continuous) functionals. In this case each functional is 
automatically bounded above by a positive linear functional, and we can state 


THEOREM 6.3. The space of linear functionals on a o-complete vector lattice 
is a complete vector lattice. 


Proof is omitted. 

The notion of conjugate space becomes particularly interesting to us, be- 
cause of the possibility of multiplying elements of 2, and because of the 
Nikodym theorem, in the case of the A” spaces. Following closely the methods 
given by Banach [11] for the 1,” spaces, we can prove the following theorems: 


THEOREM 6.4. (Hélder’s inequality.) If fE A”, gE 1/p+1/q=1, then 
If f, g20, then 


J rm f pan] "| fea)”. 


THEOREM 6.5. Every linear functional A(f) on A’, p>1, is of the form 


A(f) = f 


where gEA4, 1/p+1/q=1, and the norm of g in A* is 


llell = |All. 


THEOREM 6.6. Every linear functional A(f) on A‘ is of the form 


A(f) = f Sedu 


where gE M, the space of bounded functions, and 


Ilell = 


These theorems apply immediately to any spaces of type F?. Many other 
theorems regarding L” spaces, such as those concerned with weak conver- 
gence (cf. Banach [11, p. 197]) can be carried over to the A” spaces. Spaces 
of the type defined by Orlicz [4] can also be extended to spaces on a Boolean 
algebra of type B,,. 
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ON THE NUMBER OF PARTITIONS OF A NUMBER 
INTO UNEQUAL PARTS(') 


BY 
LOO-KENG HUA 


1. Introduction. Let g() be the number of partitions of an integer n into 
unequal parts, or into odd parts(?). Then 


(1.1) 


Hardy and Ramanujan(*) indicated that by their fund@%mental analytic 
method one can obtain the following result: 


d 1/2 


d 
+ 21/2 cos — $n) } 2] 


+ to [an'/?] terms + O(1) 


where a is an arbitrary constant. This result is less satisfactory than that con- 
cerning the number (m) of partitions (unrestricted) of , since in the latter 
case the error term approaches zero with increasing m. Recently Rade- 
macher(*) obtained an equality for p(n). The object of the present paper 
is to find an equality for g(m). The work of this paper is a straightforward 
application of Hardy-Ramanujan’s method with two modifications. These 
modifications are Kloosterman’s sum and Rademacher’s “Farey dissection of 
infinite order.” 

The present method may also be applied to find the explicit formula for 


[nt/2} 


p(n—2*) 
z=1 
where p(n) is the number of unrestricted partitions of n. 


Presented to the Society, April 27, 1940; received by the editors January 9, 1941. 

(‘) This paper was accepted by Acta Arithmetica before the war. 

(?) Cf. MacMahon, Combinatory Analysis, vol. 2, 1916, p. 11. 

(*) Proceedings of the London Mathematical Society, (2), vol. 17 (1918), pp. 75-115. 
(*) Proceedings of the London Mathematical Society, (2), vol. 43 (1937), pp. 241-254. 
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2. Statement of the result. Let 


24 


i 1 — hh 
( ; +h’—h for 24k, 2th, 


q for 2|h, 


i 
EXP (- (h+ for 2|k, 


= 
‘ ( (2h #)) for 2}k 
ex ’ ’ 
where hh’ =1 (mod k), h=h’ (mod 2). 


THEOREM. The number of partitions of an integer n into unequal parts is 
given by 


where Jo(x) is the Bessel function of the Oth order. 


kel, kodd (h,k)=1,0<hSk 


3. Farey dissection. By means of Cauchy’s integral formula we obtain for 


(1.1) 
1 ¢ 


n) =— dx. 
= 
The path of integration may be the circle-defined as |x| =e-**”* where N 
is a certain positive integer at our disposal. In the usual way we divide the 
circle into Farey arcs &,, of order N. The Farey arc &,, is defined by 


(3.1) x = exp (2ih/k — 2xN-* + 2rd), (h, k) = 1, 


and 


h+h h 
3.2 —8,(h, k) = sd — — =30,(h, k 
(3.2) i(h, k) h, a(h, k) 


| 

| 
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where /;/k:, h/k, he/ke are three consecutive fractions in the Farey sequence 
of order N. It is well known that 


1 1 1 
RN +h) KW +A) + k) SOR, < k(N +1) 


We obtain then 


(3.4) q(n) = — 


Let J; and I, denote the sums of those terms satisfying 2|s k, sand ac re- 
spectively. Then, by (3.4), we have 


(3.5) q(n) = 11+ 12. 
4. Lemmas on Kloostermnn’s sums. 


Lemna 4.1(°). Let 
1 for — k) s s k), 


N,#8, h, &) = 
otherwise. 


k 


where h’ iz an integer satisfying 
h’ = 1 (mod ), 


and b, is independent of h and 


k 
| < log 42. 


LEMMA 4.2. Let a be an absolute constant. Then 


exp (2 (nk + mh = O(k?/*+*(m, 


ak,(h,ak)ml, 1(a) 
Lemma 4.3. If k is even and wy,, as defined in §2, then 


S, = > mh) &)1/8), 


Proof. For the sake of simplicity I give here only the proof of the case 24 k. 


(*) T. Estermann, Abhandlungen aus dem Mathematischen Seminar der Hamburgischen 
Universitat, vol. 7 (1929), pp. 93, 94. 
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cop, mh’) / 
151524, (1,24)—1 1ShSk,(h, hh’ (24) 


The inner sum becomes a Kloosterman’s sum as in Lemma 4.2. Therefore we 
have 


Sy = O(k?/**#(n, 


As to the proof of the other cases, nothing is difficult but a little compli- 
cated, and the following fact is used: let 


F(h, k) = wp, mht mh’) / 
then F(h+k, k) = F(h, k). 
Lemma 4.4. Let 2/k and wy,, be as defined in §2, then 


hh’ B21 (k),h’ odd 


The proof is similar to that of Lemma 4.3, only notice that 


S= 
1Sh<2k, (h, hh’ 1 (2k) 


5. Lemmas from the theory of the linear transformation of the elliptic 
modular functions. 


LemMA 5.1. Suppose that 2th, 2| k; that h’ is a positive integer satisfying 
hh’ =1 (mod k); that wy,, is defined in §2; and that 


x = ex > x = ex 


where the real part of 2 is positive. Then 


f(x) = Wh,k CXP (- 12k: + 12k f(x’). 


Proof. If we take a=h, b= —k, c=(1—hh’)/k, d=h’, so that ad—bc=1, 
and write 


= x’ = Q? = 
r=(h+iz)/k, T= (— + i/s)/k, 
then we can easily verify that 
a+ br 
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Also, in the notation of Tannery and Molk, we obtain 
(7) ¢(T) 


1 


Then 


, o(T) cd 


_ (b — — a) 
24 )) x() 


LEMMA 5.2. Suppose that 2thk and hh’ =1 (mod 2k), that 


fiz) = I = 


n=l 


(2) = exp + —)) 


Proof. As in Lemma 5.1, we have 


1 
filx) = fag?) = + = 
x(r) 


= 21/691/24 exp (- (6 — — d) 
x(r 


x(T) 
(b — c)(abe — d) 
= 21/691/24 exp (- ri) 21/3g1/12 x) 


= exp wi ) 21/2 


fala’) = 


! 
if 
[January 
x) = 
2 
| 
| 
Then 
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Lemma 5.3. Suppose that 2|h, 2{k, hh’=1 (mod k), 2|h’ and suppose that 


f(x) = Il (1 — = 1+ Dd 


Wh,k 1 


fa) exp( + =)) 


Proof. We take 
c = (hh’ — 1)/k, d= — Ff’, 


¥(T) 
2’) = 2) = 21/6—1/24 
So(x’) = fo(Q?) 


6. Approximation of the integrand. Let 


z= k(N-? — w). 
Then 


f pert /12k) (2-1/2) 
ISkSN,2|k (hi O<h<k —k-1(N+1)—1 


k+2rzn/ 
4+1)7! 


f 
—k-1 
(6. 1) ISkSN (h,k)=1,0<h<k k~1(N+1) 


k 
2rirh’ | k, 
b,e Wn, Ke de. 


ff 
1 
Then 
\ 

Then 
| 
= 
i 
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Since (1/k)R(1/z) 24, we have 


1SkSN,2\k —k-1(N+1)—1 


k71(N+1)7! 


—k-1(N4+1)—1 


log &- =x) - > 


= 


N 
| 
odd (h,k)=1,0<hSk Y —k-1(N41)-1 


e(t/24k) (22+1/2)—2rihn/ kt+2ren/kd 


The same method will give us that | I2—J| = O(N-4+e), 
7. A contour integration. Let w= N-*—i3. Then 
21/2 odd (h,k)m1,0<hSk N-240, 


21/2 (h,k)ml,0<hSk N-2440, 
+ 


+ + 


N~*~49, 
+ — Residue at 
N-2~ék-1(N41) 


= Ki+ Ky + Ks +L (say). 


We have 
2rihn/k 
SkSN,k odd 


(N41)! 


; [January 

i 

Let 
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By Lemma 3.1, we have 


(N+1)— 
K, = 0( f exp {2n(n+- + 
1SkSN,k odd k 


~1(N+k)~1 


N +1)7} 
= o( f io) 
k 


= 


1 


Similar result holds for K;. 
We have 
1 N-2 N 
N-2p2/3+¢ ) = O(N-1/8+8), 
Similar result holds for K,4. 
Applying again Kloosterman’s argument toKs, 


we have also K; = O(N-'/*) 


Finally we find the residue of exp (27w(n+1/24)+7/24k*w) at w=0. We 
have the expansion 


e2rw(nt1/24) > + 1/207 


wo — ~( 
1 24k? w 
The residue is, therefore, ry 


1 
2 Gop 


_ 


ele 
sie 


{3(m + gx) } 2). 


IMs 


Therefore 
1 N d in 
q(n) > won, 2 {3(n + xx) } 
21/2 odd dn 
+ O(N-14+8), 
Let N— © ; we obtain the theorem. 
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THEORY OF REDUCTION FOR ARITHMETICAL 
EQUIVALENCE. II(?) 


BY 
HERMANN WEYL 


1. Introduction. Lattices over the unit lattice. Given m linearly independ- 
ent vectors - - - , in an m-dimensional vector space E*, the formula 


(1) r= ydit- + 


yields all vectors of the space E* or of a lattice 2 in E” if the coordinates +; 
range over all real numbers or all integers, respectively. We take the viewpoint 
that the lattice 2 is given but the choice of its basis arbitrary. The several 
bases are connected with one another by unimodular transformations. If f(r) 
is a gauge function assigning a “length” f(r) to each vector r the problem of 
reduction requires normalization of the lattice basis in terms of the given f. 
A solution is sought for all possible gauge functions or at least for some im- 
portant class. The most significant class is obtained by running f? over all 
positive quadratic forms. 

Following in Dirichlet’s and Hermite’s footsteps, Minkowski developed 
such a method of reduction for quadratic forms and established the decisive 
facts about it. In Ri I approached the same problem in that geometric way 
which Minkowski had initiated but. then abandoned for unknown reasons. 

The question may be put in a slightly different form. All linear mappings 
of E* carrying 2 into itself carry f(r) into equivalent gauge functions. The 
task is to pick out by a universal rule in each class of equivalent gauge func- 
tions one particular f(r) which is called the reduced function of its class. Let 
Ro, R, @ in the future denote the fields of all rational, real and complex num- 
bers, respectively. Complex numbers are written in the form £=x9+x7i 
(xo, x: real). It is convenient to insert between the full vector space and 
the lattice 2, the set E} of all vectors (1) with rational coefficients y;, a set 
which we describe as an n-dimensional vector space over Ro. Crystallography 
has found this advisable in distinguishing between the macroscopic and atom- 
istic symmetries of a crystal, and in the theory of algebraic numbers one puts 
the field before the ring of its integers. 

Let a lattice 2 in E> be given. With respect to any basis hi, -- - , d, of Ep, 
formula (1), the function f(r) is represented by a function g(y1, --- , yn) and 
the lattice 2 by a “numerical lattice” A whose vectors are n-uples , Yn) 


Presented to the Society, January 1, 1941; received by the editors December 11, 1940. 
(?) The first part, which appeared under the same title in these Transactions, vol. 48 (1940), 
pp. 126-164, is cited as R1. 
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of rational numbers. (Only if bi, - - - , d, is a true basis of 2 will A be the unit 
lattice I whose elements are the n-uples of integers.) Hence f(r) with respect 
to 2 is represented by g/A. All representations g/A of f(r)/2 are equivalent, 
i.e., they arise from one another by linear transformations of the coordinates 
with rational coefficients. In each class of equivalent g/A we are to pick one 
individual, the “reduced” g/A. Suppose we have succeeded in doing this by 
some universal rule. We then have to select, for each A that may occur in a 
reduced g/A, a definite basis - -- , in terms of which is represented 
by A. The equation 


f*(2) = Yn) for yidi* + + 


then defines the reduced gauge function f* in its class. By the first step of 
reducing g/A no essential progress has been made unless the lattices A which 
may occur in a reduced g/A are limited to a finite number of possibilities. 
For only then is the selection of a basis bj*, - - - , d," for each of these A essen- 
tially simpler than the original problem. 

The Dirichlet-Hermite-Minkowski method of reduction by admitting only 
bases bi,---, d, of 2 always represents 2 by the one lattice A=I, the unit 
lattice. Thus it provides the ideal solution. Minkowski’s construction of con- 
secutive shortest distances in the lattice 


~ f(d1) = Mi, +--+, f(dn) = 


(for which he obtains the inequality M, --- M,V <2") falls under our more 
general scheme. That theorem which he describes as indicating a certain 
“Oekonomie der Strahldistancen” states exactly that there is only an a priori 
limited number of possibilities for A with which to count in a reduced g/A. 
In R1 I carried the first method over to those other fields and quasi-fields 
which have not more than one infinite prime spot, and I found that it works 
only under the hypothesis that the class number for ideals is 1. Simultane- 
ously Siegel observed that the rougher second method, by which incidentally 
Minkowski had proved that the class number of positive quadratic forms 
with integral coefficients and a given discriminant is finite, operates without 
this restrictive hypothesis(?). I add the remark that an argument making no 
use of the bases of a lattice need not even assume their existence. In an alge- 
braic number field ¥ we consider any “order” [¥]; in general there are several 
classes of lattices belonging to this order. The theory is limited neither to the 
principal class nor to the principal order. Following a suggestion by Siegel, 
P. Humbert generalized the investigation of quadratic forms to an arbitrary 
algebraic number field ¥ with several infinite prime spots(?). No doubt the 
whole problem thereby loses much of its simplicity. But once upon this track 
one ought to include the quaternions and thus deal also with those noncom- 


(?) See P. Humbert, Commentarii Mathematici Helvetici, vol. 12 (1939-1940), pp. 263-306. 
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mutative division algebras of finite degree over Ro for which the concept of 
infinite prime spots goes through. I resume here the rougher method of reduc- 
tion with these further generalizations by the same geometric approach as 
in R1. I am not only interested in the fact that certain numbers are finite; 
I wish to ascertain reasonably low explicit upper bounds for them. The geo- 
metric method yields good results in this regard. 

Before concluding this introduction I remind the reader of some simple 
facts about lattices in E>. A vector r in E} is defined as an n-uple (x1, - - - , Xn) 
of rational numbers. The unit vectors ¢,= (eu, ---, én.) are the columns of 
the unit matrix |le,||. The word lattice means any set of vectors such that 
a—b is contained in the set every time a and b are. We assume that the lattice 
is n-dimensional, i.e., contains m linearly independent vectors; and discrete, 
i.e., we require that for any given positive integer g there are not more than 
a finite number of lattice vectors satisfying the inequalities 


lalsq---, <q. 


From now on the term lattice refers only to discrete lattices which have the 
full dimensionality of their vector space. By a familiar argument one shows 
that one can find m linearly independent vectors h, - - - , I, in a given lattice 
2 such that every lattice vector 


t= + unl, 


has integral components u;. By the same construction one adapts the basis 
LL, ---, 1, of any lattice A containing the unit lattice I to the basis ¢,---, ¢n 
of I: 


= Cali, 


+ Cale, 


Caili + | + Cale: 


The integers c, are positive and the integral skew coefficients c,; («<k) may 
be normalized by 


OS < (kR=it+1,---,m); 


then -- - , is uniquely determined. The index j= [A:T], i.e., the num- 
ber of vectors in A which are incongruent modulo I, equals 4 --- ¢,. Let 
A® denote the part of A lying in the linear subspace x.41= --- =x,=0. The 
index j, = [A®:I] equals c; - - - c. Hence these two lemmas: 


LEMMA 1. j, is a divisor of jx for k<h. 


LemMA 2. The number h,(j) of different lattices A over I of given index 
j= [A:1] is finite. 
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Indeed, it equals the sum 


n—1 n—2 0 

extended over all factorizations cic2 - - - ¢, =j of j. (Incidentally, the numbers 
h,(j) for j7=1, 2,--- have as their generating function the Dirichlet series 


= — 1) $(s — 1) 
j=l 
_ convergent in the half-plane Rs >n.) 

2. Vector space and lattice over an algebraic field. Let 7 be any field of 
finite degree f over Ro. By carefully putting all factors in their proper places 
we shall see to it that all arguments and formulas in this and the following two 
sections remain valid for any division algebra, whether commutative or not, 
of finite degree over Ro. We choose a basis 0:1, --- , a7 of ¥/Ro so that each 
number &£ of F is uniquely represented by 


(2) + (xq rational). 


Any n-uple (&,---, &) of numbers £; in 7 is a vector of the m-dimensional 
vector space EF” over 7. The fundamental operations are addition of two vec- 
tors, r+r’, and multiplication 5r of a vector r by a number 6 (the numerical 
factor always in front‘of the vector!). Thus we may write 


k linearly independent vectors bi, - - , span a linear subspace [b, - - - , de] 
consisting of all vectors of the form mbi+ --~- +d. Any m linearly inde- 
pendent vectors b;, - - - , }, form a basis of E*/ in terms of which each vector 
is uniquely expressible as 


(3) t= mdi +++ + 


The original coordinates &; are connected with the 7; by that nonsingular 
linear transformation D, 


(4) > 


whose matrix ||5,4|| has for its columns the vectors = (du, 
Expressing each component &; in terms of the basis o of 7, 


& = + +++ + 


we identify E*/F with the (nf)-dimensional vector space Eq’ over Ro. The ra- 
tional numbers x;, are the coordinates of ¢ with respect to the basis o,¢;. One 
has to distinguish between linear dependence in ¥ and in Ro. 

We suppose we are given a lattice 2 in Ej’. It will have a basis |, 


[March 
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(u=1,---, mf) in terms of which each vector r of 2, 
(5) t= 


has rational integral components u,. A number 6 of F is said to be a multiplier 
of 2 if the operation r—5r carries each lattice vector r into a lattice vector 6r. 
The multipliers of 2 form an order [¥]. This assertion is meant to imply the 
following four properties(*) : 

1°. The number 1 isin [¥]. - 

2°. [¥] is a ring. 

3°. Any given number 6 in 7 may be multiplied by a positive rational in- 
teger m such that m6 is in [7]. 

4°. Each number in [7] is an integer. 
1° and 2° are evident. To prove 3° and 4° we write 


a, = >> dl, (d,» rational). 


If 5 is any number and m a common denominator of the coefficients d,,, then 
m6 is a multiplier. If 6 happens to be a multiplier, then the d,, are rational 
integers and 6 satisfies the equation 


| — dy | = 0. 


In the same manner as for the “principal order” consisting of all integers of 7 
one proves(*) that any order [¥] is a discrete f-dimensional lattice in the 
f-dimensional vector space 7/Ro, and hence has a basis a1, -- - , oy in terms 
of which every number £ of [¥] appears in the form (2) with rational integral 
coefficients x;. 

The transformation D, (4), maps 2 upon a lattice A: If r=(&,---, &n) 
is in %, then (m, - - - , mn) is in A, and vice versa. We call two lattices equivalent 
and admit them to the same class if one is carried into the other by a non- 
singular transformation D. The lattices A of one class express a given lattice 2 
in terms of different bases (b;,---, d,) of E*/¥. Obviously two equivalent 
lattices have the same multipliers. 

A lattice 2 is said to belong to the order [¥] if every number of that order 
is a multiplier of 2. (For m=1 this notion coincides with that of an ideal in [], 
and our classes of lattices with the classes of ideals.) Given an order [¥], the 
n-uples (&,---, &,) of numbers &; in [¥] form a lattice I which belongs to 
the order [7]; we call it the unit lattice for [¥]. The lattices belonging to a 
given order [¥] are distributed over a number of classes, the class of I being 
the principal class. 

(*) Notion and name are due to Dedekind. Hilbert in his Zahlbericht introduced the word 
“ring” for this purpose, but since ring has now acquired a wider meaning I revert, in agreement 
with such authorities as Artin and Chevalley, to Dedekind’s terminology. 

(*) Cf. H. Weyl, Algebraic Theory of Numbers, Princeton, 1940, pp. 145-146. 
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Let o1,- +--+, 0; be a basis of [¥] and |, (u=1, ---, mf) a basis of A. If A 
contains I the vectors o4¢,, which span I, are linear combinations of the [, 
with integral rational coefficients, and their absolute determinant, i.e., the 
absolute determinant of the transformation connecting the coordinates u, 
with the x,, (k=1,---,;a=1,---,f) is the index j= [A:I]. 

Those vectors (&,---, &) in A for which &4:= --- =£,=0 form a lat- 
tice A” in the k-dimensional space E*/F with the coordinates &,---, &. 
Considering A as a lattice in Ej’! and using the arrangement 


of the coordinates in Eq’ one can apply Lemma 1 to &f and (k+1)f instead of k 
and h and thus one derives a corresponding proposition in F instead of Ro: 


LEMMA 3. In the row of indices 
(6) je = [AM:1] 


each number is a divisor of its successor. 


The set of vectors (&, --- , in A outside - - - , ¢-1], i-e., for which 
(&, +, 0), will be denoted A,. Thus A; and A“-» are comple- 
ments in A. 

We have seen that the number of different lattices A over a given lattice I 
with a given index [A:I] =j is finite, namely h,,/(j). More exactly, one finds 


by the same argument that the number Hy(j, - - - , jn) of different lattices A 
over I with given indices (6) has as its generating function the Dirichlet series 
of variables s;, --- , Sn: 


+ ++ + — mf) +5, — (n— — f) 
= jn): + in” 
f+ 
where 
Zs) = f(s +1)--- S(s+/f). 
Hence a fortiori: . 
Lemma 4. We have found upper bounds for the number of lattices A belonging 
to a given order [Ff] which contain the unit vectors :,---, ¢, and hence the unit 


lattice 1 for [¥]| and which, moreover, have either a given index j=[A:1] or a 
given row of indices ji, jn: 


3. Preliminaries about reduction. Suppose an order [¥] and a basis 
++, 07 0f to be given. We consider a real-valued function 


which depends on a variable vector ¢ in E*/7 and is positive except for r=0, 
and we assume: 


(k= 1,+--,m) 

| 
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(io) For each positive g one can ascertain a positive g’ such that the in- 
equality f(r) <q implies the mf inequalities 


(7) | <q’ 


for the components x;4 of the &;. 

Let 2 be a lattice belonging to the fixed order [7]. m vectors bi,---, Dn 
of 2 which are linearly independent with respect to 7 constitute a semi-basis 
of 2. Because of the discreteness of 2 there is but a finite number of vectors r 
in 2 satisfying the inequalities (7). Hence Minkowski’s construction of con- 
secutive minima of f in 2 is applicable. It yields a semi-basis },, --- , d, of 2 
such that 


F(t) = = Mi 
for every vector r in outside , (reduced semi-basis). Obviously 
The mapping 
(3) t= mdi t + (my Mn) 


carries f(r) into a function g(m, - - - , 7n) and 2 into a lattice A which contains 
the unit lattice I for [¥]. The function g(£:, - - - , &n) is reduced with respect to 
A, i.e., 


whenever (£1, --- , &,) is in Ax. 

The M;, are uniquely determined by f and 2; the situation is somewhat less 
favorable for t:,---, dn. Suppose d{,---, d, is another set constructed 
according to our prescription. If M;, is actually lower than M4: then 
[b/,---, df ]=[bi,---, d]. (Analogues of Theorems 8 and 9 in R1.) 

Being given m real numbers p,;, 


we say that the semi-basis -- - , of has the property , pn) if 


1 
f(t) = — 
Pe 
for any vector r in 2 outside [d/,---, d/1]. Accordingly we ascribe the 


property B(p1, ---, pn) toa function g(é, - - - , &,) in conjunction with a lat- 
tice A over I if 


1 
Pe 


whenever (&, --- , &) is in Ay. 


= 1,---, 0=1,---,f) 
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If df is a semi-basis of 2 with the property B(p1,---, p,), then 
Mi = f(di) S 


(Analogue of Theorem 8,.) Indeed, let ti, - - - , d, be a reduced semi-basis of 
2, f(d.) = My. At least one of the & linearly independent vectors bi, , dz, 
say lies outside [b/,--- , d/_1]; hence 


1 
f(d:) 2 —-f(ds) 


Mi S piM; S Mi. 


With the same notations I maintain that [b/,---, d¢]=[bi,---, ds] 
provided Mii:>p:Mx. (Analogue of Theorem 9,.) Proof: Suppose that one 
of the vectors b{,---, d/, say d/, is not in [b:,---, d]. Then 


= Muss. 


Vice versa, if all k numbers M/,---, My are less than then b/,---, d/ 
lie in -- - , The observation that finishes the proof. 

The notation of properly reduced bases depends on a given multiplicative 
group U of numbers ¢ in 7 and deals with functions f which satisfy the further 
condition: 


(iio) f(ex) =f(z) (ein U). 


The semi-basis bi,---, d, of & is said to be properly reduced provided the 
inequality 


S(e) > 


holds with the sign > for any vector r of 2 outside [b;, - - - , 04-1] except for 
the vectors of the special form 


t= ed; (ein U). 


Accordingly g(&,---, &) is properly reduced with respect to the lattice A 
over I if 


g(E1, En) > One) 
for all vectors (&, +--+, &) in A, except the special vectors 
With the vectors 
dé = (e, in U) 


form a reduced semi-basis of 2 under the sole assumption that they lie in &. 
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Because = satisfies 
S(t) = f(ds), afortiori f(r) S f(d:), 


there is then, according to (io), only a finite number of possibilities for €. 
We set 


mdi + + =F = + 
and denote by A, A’ the corresponding images of 2: 
(m,+++,%) af) ind’ 
The “special transformation” 
(10) = in U) 


carries A into A’. We count in the same family any two lattices A and A’ aris- 
ing from each other by such a special transformation. Given the lattice A over 
I there is only a finite number of special transformations such that the trans- 
formed lattice A’ also contains I. In particular, the group {J} of all special 
transformations J, leaving A invariant is finite. If 4 is its degree, one has 
&=1(k=1,---,m) for each J,; hence the « are roots of unity in ¥. The roots 
of unity in a field F form a finite cyclic group; in particular, if 7 has at least 
one real spot, the only such roots are +1. (However, in noncommutative di- 
vision algebras the group of the roots of unity is, generally speaking, neither 
Abelian nor finite.) 

The simple argument in R1, p. 136, shows: 

Tf ti, +--+, dn is @ properly reduced semi-basis and d¢ any semi- 
basis of &, then the sequence of the values f(ti),---, f(dn) is lower than 
Uf df,---, dn ts reduced and bi,---, properly reduced, 
then 


bf = Dy = end, in U). 


4. Extension to the ground field R. Minkowski’s inequality. So far the 
function f(r) has been defined merely for the vectors in the space E*/f. In 
order to introduce geometry we assign to the variables x, in (2) arbitrary real 
values: 


(2*) = +--+ + 


Sticking to the multiplication table of the basic elements o,, we thus extend 
F/Ro to a commutative algebra 7* over R. But only in the two cases treated 
in R1, where 7 is Ro itself or an imaginary quadratic field over Ro, is ¥* again 
a field. In general it is not. However, any n-uple r*=(éf,---, &) of ele- 
ments £f in 7* may be considered as a vector in an (nf)-dimensional vector 
space E” over R with the real coordinates x;q: 
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= + xizoy. 


We now assume f(r*) to be a gauge function, i.e., a continuous real-valued 
function in this space, having the following properties: 


(i) f(r*)>0 except for r*=0. 
(ii) f(tr*) =|t| -f(r*) for any real factor 
(iii) + 2) +f( 2). 


The gauge body 
K: <1 


and also the solid gK defined by f(é, - - - , £%) <q are bounded; hence postu- 
late (io) of the previous section is fulfilled. Let V* be the volume of K com- 
puted in terms of the coordinates x;,. 

Again we fix an order [7] and a basis 01, - - - , a7 of [F¥]. Let A be a lat- 
tice belonging to this order and containing the unit lattice I for [¥] and let 
S(&, - -- , &,) be reduced with respect to A. The volume of K in terms of the 
coordinates u, as introduced by (5), i.e., measured against the fundamental 
parallelepiped of A, equals V*-[A:I]. Hence by the simple argument ex- 
plained in R1, p. 140, Minkowski’s second inequality leads to this formula 
holding for a gauge function f(é, - - - , &) which is reduced with respect to A: 


(M,--- M,)-V*[A:1] 2% 
where 
M; = S (er, 


5. Splitting. The number of reduced lattices is finite. Up to now every- 
thing has worked for a division algebra of degree f over Ro just as well as for 
a field 7. Further progress depends on the structure of 7*. If 7 is a field, 
then 7* is isomorphic to the direct sum of a number of components R and (. 
We first study this case. 

The decomposition of 7* is brought about by conjugation. One knows that 
F/Ro has a determining number 6 whose powers 1, 0, - - - , 6/—' constitute a 
basis for 7. The number @ satisfies an irreducible equation in Ro of degree f. 
Let 6* and 0%, 6# (or in one row: 0, - - - , 8) denote its r real and s pairs of 
complex conjugate roots. They define the f conjugations 


each of which projects 7 isomorphically into R or @. We use the notations 
= = + ix, = he ix) 


and call the r-+s numbers £, £ the splits, and the f real numbers x*; x4, x4 
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the splitting coordinates of §. The same applies to any element & of 7*. The 
product {* = &*n* has the splits 


The arithmetician speaks of the different values of the indices a and 8 as 
the r real and s imaginary (infinite prime) spots of 7; for the sake of brevity 
we often drop the adjectives in parentheses. If a definite arrangement is de- 
sired, we write a=a,---, Be 

The splitting coordinates x*; x4, x4 are connected with the components 
%1,°°-+, x, Of &* by the linear substitution 


(11) = , 


where in the symbol on the right side each term stands for the column of its 
splitting coordinates (in a definite arrangement). The splitting of 7* into r 
components R and s components ( is established as soon as it is certain that 
the absolute determinant 


A = abs.| o1,--- , 


of the matrix 2 is different from zero. For the particular basis 1, 0, - - - , 6/-1 
one sees that (— 27)*-A is the Vandermonde determinant of 0, ---, 0”, and 
hence indeed A0. This fact carries over to any basis 0, --- , a7 of F. 

_ The number in 7* with the splitting coordinates x; 8, —2x is denoted 
by £. As absolute value | £*| we introduce the greatest of the r-+s numbers 
| =|, |£|. One could agree on other definitions, but this one is most con- 
venient for our future applications. What usually is called a unit in 7 is a 
number of 7 which is a unity at all finite prime spots. None but the infinite 
prime spots matter for our investigation; hence we take the liberty of using 
the term “unit” for those numbers ¢ of 7 which are unities at all infinite prime 
spots, i.e., for which the r+s equations | «| =1, | e*| =1 hold. 

For any element 5* of 7* one introduces the real matrix ||d.s|| of the linear 
operation £*—>£*5* in 7*: 


>, (oa => dss) 
b b 


and its characteristic polynomial 
| teas — = — + dy. 
d, and d, are called trace (tr) and norm (Nm), respectively. In terms of the 


splitting coordinates our operation of multiplication splits into the trans- 
formations 
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each corresponding to a real or imaginary spot a or B. Of course, £’—>£*5? 


stands for 
Hence 


tr (8*) = ra" +22 
Nm (5*) = + 


If 6*=6 isin 7 the d,» are rational numbers. For a unit ¢ in 7 our formulas show 
that the determinant Nm/(e) of the transformation £*—£*e is of absolute 
value 1 and hence as a rational number equal to +1. 


Considering the trace tr(#) one readily verifies that (2°A)? is rational for any basis 
o1, °* + , 07 and especially a rational integer for a basis of an order [7] 


The transformation (4) in E”, 


(4) t* = ne numbers in 7) 
k 


splits into the components 


each a-component each 2n real variables: 


B 
fe = = + 
How closely can one approximate an element £* of 7* by a number y of our 


order [%] with the basis o,---, o;? For an appropriate y in [¥] the real 
components of 


= + 4/0, 
will satisfy the inequalities |x/ | <4, and thus 
sp 


where 


The “circles” of radius p around all numbers y of [¥] cover the whole 7*. 
(Such a radius was denoted by the letter r in R1, which now serves a different 
purpose.) 

Let us now return to the situation explained at the end of the previous 
section and let V be the volume of K computed in terms of the splitting 
coordinates of {f,---, &. Then V=V*/A*. Moreover we observe that 


, 
| 
. 
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S(t, +++, &,0,-++, 0) is reduced with respect to the lattice A®, and de- 
noting by V; the volume of the solid 
, , 0) <1 


in E*’ computed in terms of the splitting coordinates of £¥,---, &, we ob- 
tain these fundamental inequalities for M,=f(eu, , nk): 


THEOREM I. For a reduced ---, &.)/A one has 
(12) (Mi-++ M,)/-V[A:I] (2/)*, 
more generally 
(12;) M,)/-V,[A®:1] (2/A)*. 


At this point we introduce the further assumption: 
(ii*) f(r*r*) -f(r*) (r* any element of 7*), 


and henceforth the term “gauge function” is to be taken in this restricted 
sense. Following Minkowski’s own argument, we then prove 


THEOREM II. For a reduced &,)/A one always has 
4\" A n 
(13) j= [art] s (5) 


and more generally 


(134) je = [A210] an(=) (E) (b= 


Hence in any class of lattices belonging to the order [7] there is always a 
lattice A which contains I and satisfies (13) and (13,). Together with Lemma 2 
this proves(°) : 


THEOREM III. The number of classes of lattices belonging to a given order 


[7] is finite. 


(*) This theorem is well known. We are concerned only with those lattices A over I which 
are in the class of 2, but as our bounds (13) or the sharper bounds (35) depend on the order 
rather than on the special class it seemed worth while to mention Theorem III in passing. For 
a commutative field 7 and its principal order [7] E. Steinitz, Mathematische Annalen, vol. 71 
(1912), pp. 328-354, and vol. 72 (1912), pp. 297-345, proved that the number for classes of any n 
is the same as for »=1, namely equal to the number of classes of ideals. See also I. Schur, 
Mathematische Annalen, vol. 71 (1912), pp. 355-367; W. Franz, Journal ftir die reine und ange- 
wandte Mathematik, vol. 171 (1934), pp. 149-161; C. Chevalley, L’Arithmétique dans les 
Algébres de Matrices, Actualités Scientifiques et Industrielles, no. 323, 1936, in particular Theo- 
rems 3, 7 and 8. 
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(The proposition implies the corresponding one about classes of ideals.) 
Any gauge function will do for the proof, for instance 


We shall soon see that much better upper bounds for the number of classes are 

obtained by using for f? the trace of a positive Hermitian form. However, our 

present Theorem II goes far beyond Theorem III because it deals with any 

gauge function f in conjunction with a lattice rather than with lattices alone. 
Proof. Observe that the “octahedron” 


[et] <1 


contains no vector of A except the zero vector. Hence owing to Minkowski’s 
chief inequality we find this upper bound for its volume W: 


Wj (2/A)". 


Let (£:,---, &) be a vector in A and & be the last nonvanishing one among 
its coordinates £;. Then by the definition of reduction 


(14) En) Ma = flere, ent). 
On the other hand the assumptions (iii) and (ii*) imply 
+ +++ + Ents) S Mil + 
= + Mi| &|. 
Because of (8) the relations (14) and (15) are incompatible unless 


We base our computation of W upon the following general remark about 
gauge functions f in an n-dimensional vector space over R. If V is the volume 
of the gauge body K: f(r) <1, then the integral { of e~’ over the whole space 
equals n! V. One simply evaluates the integral by decomposing the space into 
the infinitely thin shells 


(15) 


gqsft)<qtdq 


f- vf = 
0 


Applying this remark to the gauge function | &|+ --- +|&| in our (nf)- 
dimensional vector space and to the gauge function | €*| in the f-dimensional 
space F*, one.gets this double value for /: 


(nf)\W = (fiw)*, 


and thus finds 


a 
| 
4 
{ 
7 
; 
j 
4 
ig 
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w being the volume of the “cylinder” defined by 


| e*| <1, or by | x"| <1, (xe) + (x) <1. 


Therefore w=2'z". 

(ii*) entails the property (iio) of §3, provided U is the group of units in 
our sense. From now on we shall abide by this convention and interpret the 
term “properly reduced” accordingly. Then the transformation £*—£*-e 
(e in U) and hence every special transformation (10) has the determinant 
+1 and thus the indices 7, for two lattices A and A’ over I which are in the 
same family coincide: j,=j/ for k=1,---, 

The values y* of a Hermitian form in F*, 


(16) v(t") = (vie = 


are totally real in the sense that 7* =*, or that even the B-splits 7° = 
of y* are real. What such a Hermitian form does is to associate a quadratic 
form {g%} with each real spot a and a Hermitian form {4} with every imag- 
inary spot 8. The splits of y*(r*) are 


(17) g = g =D 
i,k i,k 


where xf = & and # are the splits of {. The form y*(r*) is said to be positive 
if each of the r quadratic forms {gi} and each of the s Hermitian forms {73} 
is positive definite. 

We now apply our theory to the gauge function f introduced by 
(18) tr 


In terms of the splits (17) one has 
(19) P= 


The properties (i) to (iii) of §4 are readily verified ; (ii*) is also fulfilled because 
of 


= |re + 2 7 


6. Quaternion algebra of totally positive norm over a totally real field. 
Turning to noncommutative division algebras, we denote by Q the quasi- 
field of quaternions 


= Ay + + + aziz 


whose components 4p, 41, @2, @3 are arbitrary real numbers, and use the nota- 
tions d and |a| in the customary manner: 
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2 2 2 2 2 
ad =|a| = ap + a; + ae + a. 


For which of the noncommutative division algebras of finite degree over 
Ro does the concept of infinite prime spots work in a way similar to that in 
the previous section for fields? I am going to describe one such situation with- 
out discussing the question whether or not it is the only one (though, as a 
matter of fact, it is). 

Suppose we are given a field E of degree e over Ro and two numbers wy, we 
in E. We put w3=ww, and form the quaternion algebra ¥ over E whose ele- 
ments are quadruples (£, £:, &, £3) of numbers in €, 


(20) = fo + + Sate + Eats, 


with this multiplication table for the unities 4, ts, ts: 


2 2 2 
= — @1, 2 = — @2, = — 


tile = — loti = = — = Wyle, = — = 


The conjugate is — Eote— Egtg and 


te = + + wats + 
If the equation ‘ 
(21) Bo + wiki + wats + wats = 0 


has no solution (£o, &, &, 3) in E except (0, 0, 0, 0), then ¥ is a division algebra 
of degree 4 over E and of degree f =4e over Ro. We assume E to be totally real 
(to have no imaginary infinite prime spot) and w, wz to be totally positive 
numbers in € (i.e., their e conjugates w{, w3 are all positive). Then the quad- 
ratic form of the variables £o, &, &, & at the left of (21) is positive definite 
in each conjugate E* of E and hence (21) has no solution except 0. Denoting 
as before by 7* the conjugate of any number 7 in € corresponding to the spot a 
of €, we map (20) upon the element 
a a, al/2 , a, , al/2 
in Q. This “conjugation” is an isomorphic mapping and defines the “infinite 
quaternion prime spot” a of 7. (22) are the splits, and the 4e=f real numbers 
a a a, a a, a.1/2 a 
to =f, , x2 = , as = Es (ws) 

are the “splitting coordinates,” of . Application to the elements £*, equation 
(2*), of ¥* is immediate. 

There is only one thing to settle: The splitting coordinates xf, xf, xf, x$ 
arise from the components x, by the substitution (11), each o, standing for 
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the column of its splitting coordinates. Is its determinant, whose absolute 
value will again be denoted by A, different from zero? To answer the question, 
let (71,- Te) be a basis of E and set Ao=abs.| 71, T.|. From it we 
obtain the following basis of 7: 


Tay Tall, Tale, Tal3 


The A of this particular basis is given by 


A = = Nm 


Thus A0 for this and consequently for any basis. 


Incidentally A is a rational number for any basis of 7 and 4*-A a rational integer if 
of is a basis of [¥]. The characteristic equation of the multiplication 8 consid- 
ered as a linear operation in #* is the square of a polynomial (of degree 2e), and so is the char- 
acteristic polynomial of the linear substitution (4) in E”. 


The notion of unit and the absolute value | &*| of any element £* of 7* 


are introduced as before. The constant on the right side of (13,) is to be 
changed into 


b 32 ek A k 
( 
As gauge functions f we employ in particular those whose square equals 


t tr (y*) = 


where ‘y* is any positive Hermitian form (16) in 7*. 

7. The theorems of finiteness for quadratic forms. After so many pre- 
liminaries which stake out the ground covered by our investigation, I now 
come to the core of the matter, which may be explained fairly completely by 
the simplest example 7=Ro. Here we have only one order [¥] consisting of 
the ordinary integers 0, +1, +2, - - - and only one class of lattices. For any 
given lattice A over I and any positive quadratic form 


= DL = gst) 
the conditions of reduction read: 
gee whenever isin Ay. 
Each of them is a linear inequality for the coefficients g;;. 
With the notation used in R1 we carry out Jacobi’s transformation: 
f= qi + 
The volume V of the ellipsoid f? <1 is given by 


(a=1,---,e). 
| 
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V = dm 
w, being the volume of the n-dimensional sphere. Hence the inequality (12), 
(23) M,---M,V[A:1] 2", 
turns into 


As Minkowski observed, (23) may be proved much more easily for quadratic 
forms than for an arbitrary gauge function. By an argument similar to the 
one employed in proving Theorem II we see that the ellipsoid 


qi 2 Qn 2 


1 n 


contains no lattice vector except zero. Hence its volume V’ satisfies the in- 
equality 

V’[A:I] S 2", and V’ = M,--- M,-V. 
If x, is a number such that the part of space covered by impenetrable n-di- 
mensional spheres in any lattice arrangement may never exceed the propor- 
tion x,:1 then we can even write x,2* instead of 2* and thus replace w, in 


(24) by 7,=w,/k,. The most primitive choice is x,=1; however, according to 
Blichfeldt’s ingenious device(*), 


Kn = (n + 2)-2-1-*/2 


is a permissible and better value. 
Making use of the inequalities 


on the left side of (24) we get for the index j= [A:I] this upper bound 
(25) j 
which is a considerable improvement over (13), jm”! For n=1, 2, 3 it yields 
the result j7=1, to which the theory of reduction for binary and ternary forms 
owes its comparative simplicity. 
For similar reasons 
k 
(25x) je 2 (k= 1,---,m). 
Unless the lattice A satisfies the n inequalities (25,) for its indices j, = [A® :1] 
there can be no A-reduced forms. 


(*) H. F. Blichfeldt, Mathematische Annalen, vol. 101 (1929), pp. 605-608. 
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Dividing (24,) by 
we find that our reduced form satisfies the fundamental relations 
(26) = 


where 
(27) Ae = (jews/2*)?. 
This lower bound for g, is much better than the corresponding one holding for 
the method of reduction studied in R1. 

The first theorem of finiteness deals with the subset A,(=) of A, to which 
a vector r in A, belongs if there exists a A-reduced positive quadratic form f? 
satisfying the equation f7(1) = giz. The set Ay( =) is finite. The proof is as in R1, 
but the upper bounds arrived at are a good deal lower. The first part of the 
proof yields the bounds 


1 (fori = k,k+1,---,mn) 


where the i; are now defined by (27). In the second part one replaces the vec- 
tor rin Ay(=) by r— 1 where 4, is any vector in A™ (h<k) and observes that 


P(t — tr) = 


This is true in particular if x, is in I, and as in R1 one thus derives the rela- 
tions 


Min Sph (p= 1/2;h=1,-+-, k—1). 


Once the discrete lattice A is given, the resulting universal upper bounds for 
|xn],---, || leave only a limited number of possibilities for a vector 
t=(%1,---, in A. 

The second theorem of finiteness shall be restated in a more natural and 
slightly more general form. Let p21 and w20 be given. With respect to the 
lattice A over I the positive quadratic form f? will be said to have the prop- 
erty B(p, w) provided 


(28) 


for any vector r in A,, and 


(28’) — tr) (ex) — 


for h<k and any vector x, in A”. Again, each of these conditions is a linear 
inequality for the coefficients g;; of f?. We maintain: 


Given two lattices A and A’ over I, there is only a limited number of linear 
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transformations carrying A into A’ and at the same time capable of carrying an 
unspecified A-reduced form f* into an unspecified f'* which has the property 
B(p, w) with respect to A’. 


We write the transformation as 
r= «ti = 
4 i 


if (x1,- %n) isin A, then - ~~, yn) isin A’, and vice versa. In particular, 
the bi,---, d, are vectors in A. (p, ¢;, bs; were denoted in R1 by p?, d;, 8;.) 
More explicitly as has been done in R1, we divide the row of indices 1,---,n 
into a number of sections by means of the subspaces 


E, = Et = [bi ---, del 
We pick out those +, 
for which E, = E; , and divide the range of k into the v sections 
Lh <k Sly (u=1,--+,9). 
We then study the possibilities for transformations (bi, ---, d,) with given 
" By = ane of Theorems 8, and 9, we have 
(29) gee S 
and moreover 
(30) S Pgis 


whenever 7 and i+1 are in the same section. Consider a }; of the last section 
(l,.1<k <n). The first part of the proof in R1 yields for r= } the simple upper 
bounds 
{ 

<> k—h} +1 
if h also belongs to the last section, {k} denoting 0 or k according as kS0 
or k>0. The second part requires a slight modification. Suppose h lies in the 
uth section (u<v), and set for the moment /, =/. Since E;= E{ , the vectors in 
A“ are obtained from the expression - - - +.d; by running (y1, - - 
0,---, 0) over A’, Hence, according to the postulate (28’): 


2 
f — = — wen 


for any vector y’ in A’, or 


f (de — = gis — wen 


| 
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for any vector t’ in A‘, a fortiori for any vector in A”, a fortiori for any vec- 
tor r’ in I”, Following the same argument as in R1, one gets the inequality 
2 
wen + p = (p = 1/2). 
But because h and / are in the same section, (30) and (29) lead to 


gu S p "gun, gu S pens 
and thus finally 


itn Shp + 


It is clear how the same procedure applies to a k in the lower sections. De- 
noting the values of the variables 2, ---, 2, for by zu,---, Zn, ,one 
finds: 


Zia. = 0 if h is in a higher section than k; 
atin S pl*-*i+ if h and k are in the same section; 
tee S hp?+w-p'" if h is in a lower section than k which ends with /. 


8. Modifications in arbitrary fields and quasi-fields. Our next concern is 
to examine whether any serious modifications of the procedure just described 
arise in the two general cases of a field and a quaternion algebra over a field. 
Take the case of the field first. With a positive Hermitian form y* in * we 
combine its trace f?: 


a i,k B i,k 
* is called reduced with respect to A if the gauge function f is, i.e., if 


for any vector (&,---, &) in Ay. Each part is subjected to its Jacobi trans- 
formation: 


= 
i,k é 


a B a 8B 
we introduce the mean value (g;) by 


= tr (qi). 


| 
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224 HERMANN WEYL _ [March 


In terms of the coordinates xf; x4, xf, the volume V of the ellipsoid f2(r*) <1 
is 


1/2 
Way divided by am ( I] Nm 
é 


Instead of applying Minkowski’s second inequality to the present gauge func- 
tion we again consider the ellipsoid 


= te ( <4 


which contains no lattice vector except zero, and thus establish the inequality 
(4 


rns 


(33) II (tr ye) [Az]? Nm qi 


for any reduced y*/A. 
Now enters the only new feature: Making use of the inequality between 
arithmetic and geometric means in the form 


Nm qi S (gi 
we infer from 
qi iis qi = vi 
the relation 
(va! = (qi = Nm qs, 
and then (33) yields the following upper bound for j= [A:I]: 
j 1/un with the abbreviation yu, = . 
For the same reasons 


k k 
(34) (vi (unis)? II Nm 


and hence 

(35) 1. 

These estimates are an improved substitute for Theorem II. Combining (34) 
with 


k—1 
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one gets 
(36) Nm gi = 
Not only does this inequality establish a lower bound for the trace of gz, 


tr qx vin, 


but it also shows that the geometric mean of the conjugates of gq, is not much 
smaller than their arithmetic mean. Therefore none of the conjugates can be 
much smaller than their arithmetic mean. We have a special case of the situa- 
tion dealt with by the following 


Lemma 5. Let f:,--+, fm be positive integers and u,--+-, thm; U1, - 
two rows of positive numbers. We set 

If taSva (a=1,--+, m) and 
(37) Nm u 2 (vy 
with some constant up =1, then 


Um 


Ua = Aa‘ (0) 
where \. depends on yu but not on the u and v. 


(In our case r among the weights f, are 1 and s of them equal 2.) 
Proof. In the trivial case m=1 one determines \ by 


(38) 


If m>1 we set u;=X-(v) and assume A 31. Then 


Here (u); denotes the arithmetic mean of tu, - - - , %m formed with the weights 


fo, ++» fm of sum 
(f — fi)-(u)s = fous + + futtm = f-(u) — fim 
= f-(u) — fide) (f — fir) 
Therefore 
Nm S (vy 


where 
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w= mM (4 


As its logarithmic derivative shows, 


(40) 


de fill — ) fdr 
f-fr > 
this function u(A) maps the interval <1 monotonically upon 0 Sy S1 and 


thus will assume the given value uw (1) for a certain \=)d, ($1). Thus we 
cannot have “;<),:(v) under the condition (37). 


(We wish to obtain the best value for the constant \.. If one is content with a little less, one 


may choose \; according to the equation 


or even, as 


m=1,fi=f.) 


In this way we ascertain constants d,, Af such that 


In case there is only one infinite prime spot, \, and Af are determined by the 


relation 


in case of several spots by the equations 


— 
(unjs)? = (7 


f 
GS 


(I-41) 
, ) <e (= basis of natural logarithms), 


= 
Incidentally, formula (40) holds good also for the function (38) which rules the trivial case 


each qk = (yee) and each qe = (van). 


2 
=e = 


together with and df 31. 


Similarly for the other case studied in §6, that of a quaternion algebra 7 
with totally positive relative norm over a totally real field. The constants 
Me, Ax in the inequalities 


are then given by 


S 1 and ge = (ven) 


Uk = A-*(e/4)?**, 


inh 
| 
£ 
1 
| 
| 
| 
f-2 
3 
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~ X 


according as e=}f is 1 or is greater than 1. 

After this the proofs for the first and second theorems of finiteness roll 
along as before. 

9. The pattern of equivalent cells. The Hermitian forms {7%} constitute 
a linear space of ; 


N = f-$n(n — 1) + (r+ )n (field F) 


N = en(2n — 1) (quasi-field 7) 


dimensions, the positive ones a convex cone G in that space. G is an open set; 
we operate within G throughout. “Form” means any positive Hermitian form. 

Let A be a lattice over I. A A-reduced form * has been characterized by 
the inequalities 


holding for f?=tr (y*) whenever (&,---, &) is in Ay. For a given vector 
(&, ---+, &) the equality sign in (32) will hold identically for all Hermitian 
forms 7* only if 


as follows at once from the expression (31). For any other vector (&, --- , &) 
the equation determines a (N—1)-dimensional hyperplane in our N-dimen- 
sional linear space of forms. This remark justifies our definition of “properly 
reduced” in terms of the group U of units. 

The forms * which are reduced with respect to A make up a convex cone 
Gain G. The properly reduced forms are the inner points of Ga; see R1, p. 150. 
Ga may be empty; indeed it will be so unless the indices j, of A satisfy the in- 
equalities (35). Even if it is not empty it may be without inner points. Theo- 
rem 10 in R1, together with the first theorem of finiteness, proves: 


THEOREM IV. If Ga has inner points, then Gx is a convex pyramid defined 
within G by a limited number of linear inequalities. 


A linear mapping rt’ of E*/ upon itself is one satisfying the conditions 
(tit te)’ and for any number 4 in We also require 
that r=0 is the only vector whose image r’ equals 0. If b, -- - , d, is any basis 
of E*/F the mapping S may be defined by giving the images b/ = b,S of the b,. 
The mapping S carries a form y* into a form yg* according to the equation 
vé'(2S) =y*(r). An order [¥] in 7 and a lattice 2 belonging to the order [7] 
are supposed to be given. The linear mappings S which leave % invariant are 
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said to form the modular group("). In terms of a basis bi, - - -, d, of E*/F the 
lattice 2 is represented by A: 


t= mdi + md, in in A, 
and a form 7*(r) is represented by a form I'*(m, mn): 


The linear mapping defined by carries +7,d, into 
mdi +---+nnd/; hence it leaves 2 invariant and thus belongs to the 
modular group if and only if A=A’, A and A’ being the representations of 
2 in terms of d; and d/. For a vector b in 2 there are not more than a finite 
number of units ¢ such that ed also is in &. Indeed, for the splits of r= eb 
one finds 


which in view of the discrete nature of 2 proves the point. 

We want to divide G without gavs and overlappings into domains which 
are mutually equivalent under the modular group. We shall introduce these 
cells first as entities which have nothing to do with Hermitian forms, adopting 
a criterion of identity other than the set-theoretic one. The systematic place 
for this introduction would have been at the end of §3. Only afterwards shall 
we explain the meaning of the phrase “a form lies in a cell.” Here are the defi- 
nitions: 

A semi-basis d, of 2 determines a cell Z(b;,---, the semi- 
basis b,,---, 6, is said to determine the same cell if 


(42) = (e; units). 


Let S be an operation of the modular group. The image Zs of Z = Z(bi, « - -, dn) 
is defined as Z(b{,---, ) where =d,S. (Notice that if Z is written as 
Z(bi, bn), bs = then Z(6/, --- , 6,’) is the same Zs because 6/ = ; 
thus Zs is independent of the fixation of the defining semi-basis };, -- - , d,.) 
Those S of the modular group for which Zs=Z shall be denoted by Jz; they 
form a finite group {Jz}. Indeed, for such an S=Jz one must have 


(43) bf = dS = od; (o; a unit), 


and the Jz are those mappings of the special form (43) which leave 2 invari- 
ant. (In terms of another defining semi-basis 6; = €;b; the same Jz is expressed 
by b/ = €,0:¢'-b;.) Any operation S of the modular group has the same effect 
upon Z as JzS. 


(7) If one feels that this term ought to be reserved for the group which is fundamental in 
the theory of the modules of the theta functions then a new word, say “lattice group,” is indi- 
cated for our purpose. 


| 
| 
| 
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In terms of (d:, +--+, d,) the lattice 2 is represented by an admissible lat- 
tice A, i.e., by a lattice A over I which is equivalent to 2. Hence to the cell 
Z=Z(b, +--+, ,) there corresponds a family of admissible lattices A, and the 
same family to each equivalent cell Zs. We have a one-to-one correspondence 
between the classes of equivalent cells on the one hand, and the families of 
admissible lattices A on the other. We distinguish them by different colors. 
The operations Jz are represented by the operations J, in terms of the basis 
(di, Dn). 

Now we come to the realization of cells as point sets in G. A form y* 
is said to lie in Z=Z(bi, - , Dn) if (bi, - , dn) is reduced with respect to y*, 
ie., if for f?=tr(y*) one has f*(r) =f*(d,) whenever ¢ is in 2 and outside 
+, Because (42) implies 


the definition is independent of the fixation of the defining semi-basis 
di, Dn. If y* lies in Z=Z(b;, ---, d,) then the transform introduced 
by (41) lies in Ga, and y¢* lies in Zz. 

The fact that there always exists a reduced semi-basis for a given y* and 
the concluding sentence of §3 can now be stated thus: 

(a) Every point 7* lies in at least one cell Z. 

(b) An inner point of a cell Z cannot lie in a cell Z’ unless Z’ is the same 
as Z (or briefly: different cells have no inner points in common), 

The fact (a) will of course not be altered by suppressing all empty cells and 
their colors. Thus we have to look only for those admissible A whose indices 
satisfy the conditions (35); and this brings the colors down to a limited num- 
ber. Will (a) still prevail after suppressing all cells without inner points and 
their colors? The answer is affirmative because there is no inner clustering 
of cells in G. This is a consequence of the second theorem of finiteness, which 
now takes on the following form. Let a, ---, a, be a semi-basis of 2, p21 
and w20. The form 7* is said to lie in Z(a;,-- +, an|p, w) if 


1 


whenever rf is in 2 and outside +++, and if, moreover, 


Px — fax) — w- f(r) 
whenever h<k and ris in Zand [a,---, as]. 
THEOREM V. There is only a finite number of operations S of the modular 


group such that the image Zs into which a given cell Z is thrown by S will have 
points in common with the domain Z(m,--- , a,| p, w). 


Application to =1, w=0 proves in particular that a cell borders on not 
more than a finite number of other cells. And since Z(a, -- - , a,| p, w) sweeps 


230 HERMANN WEYL ° [March 


over the whole G if » and w increase to infinity we are sure that the cells . 
cluster around no point in the interior of G (“the modular group is properly 
discontinuous in G”). We therefore definitely admit only those colors whose 
cells are N-dimensional solids, i.e., have inner points. In our summary we 
talk of them as point sets in G. 


THEOREM VI. (a) G is divided into a pattern of cells, each cell bearing a 
color out of a finite palette of colors. The cells cover G without gaps and overlap- 
pings. Each cell is a solid convex pyramid (in G). The mappings of the modular 
group leave this design, including its coloring, invariant. Any two cells of the 
same color can be carried one into the other by an operation of the modular group. 

(b) Given a point in G and a cell Z one can assign a neighborhood N to the 
point such that there is only a limited number of operations S of the modular 
group for which the image Zs penetrates into N. 

(c) The operations of the modular group which carry a cell into itself form a 
finite subgroup. This group of linear operations in the vector space E*/F is 
equivalent (in F) to a group whose elements are of the special form 


(Of course, in view of statement (c) the statement (b) could have been re- 
placed by the simpler one that only a finite number of cells penetrate into J.) 

We form a nucleus by selecting one cell Z, of each color c. All cells adjacent 
to the nuclear cells form a wreath around the nucleus. Here the word “ad- 
jacent” may be interpreted either in the wide sense of “having a point in com- 
mon,” or in the narrower sense of “having a wall of N—1 dimensions in 
common.” 


THEOREM VII. Determine for each cell Z/ of color c in the wreath an opera- 
tion Si of the modular group which maps the nuclear cell Z, of color c into Z}. 
The S! thus selected, together with the operations J, of the modular group which 
carry Z, into itself, generate the whole group if all colors c are taken into account. 


Were it not for the groups {J,} the nucleus would form a fundamental 
domain. As it is, one has first to replace in our construction each Ga by a 


part G, which in G, is a fundamental domain for the finite group of special 
transformations 


Ja: Ener (e, a unit) 


carrying Gy, into itself. The effect of J, upon the coefficient 7%, is described by 


* *. 
Vik — 
If in one split a the transformation of the variable y4,=2 


ys 
| 
By 
‘ 
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is the identity, then the same is true of every split. Hence it is sufficient to 
consider one split a only, and after choosing it we write simply ya=‘is, 
= If the transformation Z-«Ze" is the identity, one must have = 
as the specialization Z=1 shows, and Z—«¢7' is also the identity. More- 
over, if and are identities, then is. Conse- 
quently we may well limit ourselves first to the coefficients yi, (¢<) on one 
side of the diagonal, and then more particularly to 


— — — 
m1 = = °° = Vn—1,n- 


Let us at once consider the most disagreeable case, that of a quaternion quasi- 
field ¥ as described in §6. 
The group {J,} induces a group of transformations of the type 


ake =| = 1) 


for ¥u=21=2. This is a finite group of orthogonal transformations J in the 
space of the four components Xo, X1, X2, Xs of the variable quaternion Z. 
Denote by ZJ the transform of Z by J. The simplest way of ascertaining a 
fundamental domain for this group {J} is as follows: One chooses a point 
= =A which differs from all its transforms AJ (J identity). The fundamental 
domain consists of all points 2 which are nearer to the center A than to the 
other equivalent centers AJ and is thus characterized by the inequalities 


Fortunately these are linear inequalities, namely of the form 
aoXo + + + = 0 


(do, a1, @2, ag being the components of A—AJ). After having done this we limit 
ourselves to those operations J, which leave 2, unchanged. They form a sub- 
group and we study its influence upon Z2,---, Zn-1. The next step would 
consist in singling out Z:. By induction we thus obtain a finite number of 
subsidiary linear inequalities each concerned with the four components of one 
of the variables 712, - - - , Yn-1,, only, and by them we define the fundamental 
domain G,’ in for the group {J,}. 

I set little store by this whittling down of G, to Gx . It seems less artificial 
to operate with the whole cells.Z; in doing so one has to keep in mind that the 
modular group in its influence upon Z matters only modulo {Jz}. 
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THE GENERAL INVARIANT THEORY OF IRREGULAR 
ANALYTIC ARCS OR ELEMENTS 


BY 
EDWARD KASNER AND JOHN DeECICCO— 


Introduction. In this paper, we shall begin the study of the invariant the- 
ory of the most general irregular analytic arc in the geometry based on the in- 
finite group G of arbitrary regular point transformations. Our results are valid 
for the group of real point transformations of the real plane; or for the group 
of complex point transformations of the complex plane. Kasner has developed 
the corresponding theory in the conformal geometry of the complex plane('). 
The present paper opens up a new aspect of restricted topology. 

Our subject is then the equivalence theory of a single arc or curve. When 
can one analytic arc be converted into another analytic arc by an arbitrary 
regular point transformation of the plane? It is apparently implied, in the 
current literature, that there is no problem here. For any curve (it is implied) 
can be converted into any other, in particular, into the x-axis. But this is 
based on the assumption that the arcs are regular. If we give up this assump- 
tion, we have actual problems which certainly seem worthy of treatment. Our 
subject is therefore the invariant theory of a general irregular analytic arc under 
the group G of arbitrary regular point transformations. 

More exactly, the configuration we shall discuss is not simply an paar 
arc but rather that arc together with a specific point of the arc. This com- 
pound configuration we shall term an analytic element. It consists of a point— 
the base point which shall be taken as the origin throughout this paper—and 
an analytic arc through the point. It may be described also as a differential 
element of infinite order(?). 

The most general analytic element, if the given point o is taken as origin, 
is represented by writing x and y as integral power series in a parameter ¢ 
without the constant terms. If the parameter ¢ is eliminated, then y is found 
as a series in x which may proceed according to integral or fractional powers 


Presented to the Society, January 1, 1941, under the title The classification of analytic arcs 
or elements under the group of arbitrary point transformations; received by the editors January 2, 
1941, 

(!) Kasner, Conformal classification of analytic arcs or elements; Poincaré's local problem of 
conformal geometry, these Transactions, vol. 16 (1915), pp. 333-349. 

(?) Kasner has introduced elsewhere the concept of divergent differential element of infinite 
order. This corresponds to a divergent power series and may be represented by a nonanalytic 
arc having specified values for all the successive derivatives. Thus to every power series corre- 
sponds a geometric entity which may be real or imaginary, regular or irregular, convergent 
or divergent. This entity is the most general differential element. If it is convergent, we call it 
an analytic element (regular or irregular), or more loosely, an analytic arc or a curve. 
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of x. If fractional exponents enter and cannot be avoided by interchanging x 
and y (this will then necessarily be the case for any choice of rectangular 
axes), we shall call the element irregular(*) ; otherwise the element is regular. 

Our new problem is to classify with respect to the group G of arbitrary regular 
point transformations all irregular analytic elements. 

It is obvious that al] regular elements are equivalent under the group G 
.of arbitrary point transformations. That is, all complex regular elements 
(both real and imaginary) are equivalent under the group G of complex point 
transformations; whereas all real regular elements are equivalent under the 
group G of all real point transformations. Any regular element may be re- 
duced to the canonical form y =0 (the x-axis together with the origin as base 
point). 

But for irregular elements, the results are quite complicated. (See the 
table on page 235.) It is clear, for example, that the cuspidal element y =x*/? 
cannot be converted into the regular element y =0, nor into the irregular ele- 
ment y =x*/*, For these curves differ qualitatively in the nature of the singular 
point at the origin. However, suppose the two proposed elements have the 
same kind of irregularity (in a sense to be later defined, depending on agree- 
ment of certain exponents—certain arithmetic invariants) ; will they necessa- 
rily be equivalent? If not, certain combinations of the coefficients will be 
invariant, that is, there will be absolute differential invariants. For example, 
we find that every differential element of the form 


y = 4 , 


can be (formally) reduced to y=x*/?, On the other hand, not every element 
of the form 


can be reduced to y=x*/4, Hence in the first type there are no invariants; in 
the second type there exists an invariant. 

In general, irregular elements have absolute differential invariants; cer- 
tain exceptions arise, namely, those in which the corresponding series in x 
proceeds according to powers of the square root, and the cube root, and three 
particular types of series in x which proceed according to powers of the fourth 
root. All the other cases possess absolute differential invariants. 

Statement of results. We shall throughout this paper assume that our 
group G of arbitrary regular point transformations leaves invariant the fixed 
point o (the origin) of our analytic element and that it is regular in the neigh- 
borhood of o. Thus our group G is 


(*) This is related to the concept of cycle used in the theory of algebraic curves, and to 
the more general theory of algebroid arcs. Topologic invariants of algebroid arcs are studied in 
papers by Brauner, Kahler, and Zariski; for references see the latter’s paper, American Journal 
of Mathematics, vol. 54 (1932), pp. 453-465. 
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X = + +--+) + + aux +---) 

(1) G: + 
Y = + +--+) + (Bio + Bux +---) 

+ + Bux 


where the jacobian J =a0810— 108010. We therefore shall study the invari- 
ant theory of an analytic element (with the origin as base point) with respect 
to the group G as given by these equations. 

Any analytic element with origin as base point may be defined by setting 
x and y equal to two power series in a parameter ¢ without constant terms. 
Let p21 be the minimum of the two exponents of the two leading terms of the 
two power series in ¢. By interchanging the coordinates x and y appropriately, 
we can always arrange that the exponent of the leading term of the power 
series defining the abscissa x shall be our number ~. Therefore any analytic 
element may be written in the form 


where g is the first gth power of the pth root of x which is mot a multiple of p. 
That is, the integer g=rp+s is such that the integers r and s satisfy the in- 
equalities r=1 and 0<s<p. 

If c,¥0, our element is said to be irregular. Otherwise our element is said 
to be regular. Thus an element is regular if p=1 (and hence no such term 
c,x*/? can appear in our power series); or if p22 and if c,=0 (the coefficient 
of any actual fractional power of x is zero). 

For an irregular element the integer p22 is called the index and the in- 
teger g=rp+s, r21, 0<s<p, is termed the rank. All irregular elements ob- 
tained by taking arbitrary values of the coefficients, but fixing the values of 
both p and gq, we shall define as forming the single species (p, q). It is proved 
that the index p and the rank g are arithmetic invariants. Our main result 
follows: 


Absolute differential invariants, that is, functions of the coefficients unaltered 
by the group G of arbitrary point transformations, exist for all irregular species 
(p, q) except in the cases (4, 5), (4, 6), (4, 7), (3, g), and (2, q). The species (4, 5) 
may be divided into two distinct sets, and the species (4, 7) may be separated into 
three distinct sets; the elements of any one of these sets are ail equivalent to each 
other. The species (4, 6) and (3, g) may be separated into a denumerably infinite 
number of such distinct sets. All the elements of the species (2, q) are equivalent 
to each other—the canonical form is y =x*?, Finally all the regular elements are 
obviously transformable into each other, the standard form being y =0. 


The species (p, g=rp+s) for which r22 and 0<s<p-—z2, or for which 
r=1 and 2<s<p—2, possesses an absolute differential invariant of order 
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q+2 (and none of lower order). This invariant involves only the coefficients 
Car ANA Coys. 

The species (p, g=1rp+5) for which r=2 and 1<s =p—2, or for which r=1 
and 3<s=p—2, possesses an absolute differential invariant of order g+3. 
This involves only the coefficients Cg41, and 

The species (p, g=rp+s) for which r=>2 and 2<s=p—1, or for which r=1 
and 3<s=p—1, possesses an absolute differential invariant of order g+3. 
This involves only the coefficients C,, C42, and C43. 

The species (p, g=~+1) for which p>4 possesses an absolute differential 
invariant of order g+3=p+4. This contains only the coefficients Cp41, Cp+2, 
Cp+s, ANd Coys. 

The species (p, g= +2) for which p>5 possesses an absolute differential 
invariant of order g+3=p+5. This contains only the coefficients Cp+2, Cp+s, 
ANd 

The species (5, 7) possesses an absolute differential invariant of order 11. 
This contains only the coefficients ¢7, Cs, cs, and cu. 

Finally the species (5, 8) possesses an absolute differential invariant of 
order 12. This involves only the coefficients Cs, C9, Cu, and C1. 

The following table exhibits some of the results in detail. 


$45.6 7 8 11-1213 14 18 16 18 
2 * * * * * * * * 
4 tr f-4 11 13 14 15 17 18 19 21 
5 eR 28 13 14 16 17 18 19 21 
6 10 11 11 13 14 15 16 17 19 20 
7 12.12: 13 15. 26 17 18 19 20 
8 12 13 13 14 15 17 18 19 20 
9 13 14 14 15 16 17 19 20 
10 14 15 15 16 17 18 19 21 


Here the species is determined by the value of p in the left column and 
the value of g in the top row. The blank spaces denote the fact that there are 
no such species. In the body of the table we find the order of the absolute 
differential invariants discussed above. The asterisk indicates that the corre- 
sponding species has no absolute invariant and further that all members of 
that species are equivalent under the group G of arbitrary point transforma- 
tions. The dagger indicates that there are no absolute differential invariants 
but that the members are not all equivalent: there exists a certain relative 
differential invariant, hence there is a division of such a species into a finite 
number of subspecies, all distinct with respect to the group G of arbitrary 
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point transformations. On the other hand, the double dagger indicates that 
there exists a certain arithmetic invariant and hence the species (4, 6) can be 
divided into an infinite number of subspecies. 

1. Discussion of the regular elements. Every regular element: 
y=ax+ox?+---, is carried by the point transformation: X=x, Y=y 
—(cix+cox?+ ---), into the x-axis: y=0. Hence 


THEOREM 1. All regular analytic elements are equivalent under the group G 
of arbitrary point transformations. The normal form of a regular analytic element 
is y=0 (the x-axis together with the origin as base point). 


Our purpose in stating this elementary result is to give a complete classifi- 
cation of all elements both regular and irregular. Henceforth we only have to 
confine our attention to irregular elements. In the next section, we shall dis- 
cuss the index » and the rank g of any irregular element. 

2. The invariance of the index and the rank g. First let us note that 
by the point transformation 


(3) X=2, V = y— + Copx® + +--+ + Crp’), 
our irregular element (2) is carried into the irregular analytic element 


where the coefficients ¢,, of this element are identical with the 
corresponding ones of our irregular element (2). Thus the transformation (3) 
eliminates the first r integral powers of x. 

Applying any transformation of our group G to this element (4), we find 
as the parametric equations of our new element 


X = agit? + + + +---, 
Y = Bost? + Bost?? + + Bort? + +---. 


Since the jacobian of the transformation is not zero, at least one of the 
quantities a; or Bo is not zero. Hence the number ? is the minimum exponent 
in the two power series defining our new element and therefore must be its 
index. Thus the group G preserves the index p. 

By interchanging the coordinates X and Y appropriately, we can always 
arrange so that ao, ~0. Upon setting X = T”, the first of the preceding equa- 


tions defines ¢ as an integral power series in T. This power series must be of 
the form 


(5) 


i= AqT + AgyiT?t! + + eee 


6 


where the exponents after the last written term increase by one (as far as 
we know). 
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Substituting this into the first of equations (5), we obtain 


andi = = 
+ andy = 


+ = 0, 


This system of equations determines the A’s in terms of the a’s. We note 
that A,0. It is also important to note that the last written equation con- 
tains only two terms. 

If (ao:)/? denotes one and only one pth root of am, then it is easily 
seen that these equations determine a one-to-one correspondence between 
Gon, * or) and (Ai, Apis, Arp—pii). Hence we may re- 
place the preceding set of unknown a’s by the latter set of unknown A’s. 

Also let us note the following result 


1 q—p+l 
(8) J= 01810 — 230891 = (810A, Cq + PBo1A ¢—p+1) 0. 


This is needed for the completion of our argument. 
Now substituting (6) into the second of equations (5), our new element 6) 
may be written in the form _ 
= + + pBrAt + + 


This equation shows that the first power of the pth root of X which is not a 
multiple of p is the integer g. The coefficient of this power is not zero because 
of (8). Hence the rank q is also preserved. 


THEOREM 2. The index p and the rank q of an irregular element are both 
arithmetic invariants under the group G of arbitrary point transformations. 


This theorem justifies our definition of the species (p, g). That is, under 
the group of arbitrary point transformations any species (p, g) of irregular 
elements is carried into itself. 

By the above equation, it is found that the subgroup G’ of the group G 
which carries the element (4) into one of the same form is 
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(10) G’: X = (aoix + + 
(Borgia! + +--+) + (Biot Bux +--+) 
where 
anBio ¥ 0. 


Since our group G may be factored into the product of the group (3) by the 
group G’, and since the group (3) preserves the coefficients Cg41, + it 
is necessary merely to study the invariant theory of the group G’. 

In the following, we shall find the different invariants of lowest order of 
our irregular elements. For this purpose, we shall find it convenient to classify 
our elements according to the types of invariants which arise. See §§3 to 14 
which follow. Some of the twelve classes are simple and some are complicated. 
The invariants found vary greatly in structure it will be observed. 

3. The discussion of the species (p, g=rp+s) for which r2=2 and 
0<s<p-—2, or for which r=1 and 2<s<p—2. Substituting (6) into the sec- 
ond of equations (10), we find because of our inequalities the following trans- 
formation formulas between (¢,, C941, Cg42) and (Cy, Co41, Co42): 


(11) Cy = Corr = Corr, Con = Cos 


These equations immediately yield the following result. 


THEOREM 3. The species (p, g=rpt+s) for which r2=2 and 0<s<p-—2, or 
for which r=1 and 2<s<p—2 possesses the absolute differential invariant of 


lowest order 
(12) 


Calq+2 


C41 


The order of our invariant is g+2, its weight is 2¢+2, and its degree is 2. 

4. The discussion of the species (p, g=rp+s) for which r22 and 
1<s=p-—2, or for which r= 1 and 3<s=p—2. Again because of our inequali- 
ties, we obtain the following transformation formulas between (c,, €,41, Cg+s) 
and (Cy, Co+s): 


(13) C,= B10A icq, teres Co43 = Coys. 
Therefore 


THEOREM 4. This species possesses the absolute invariant 


2 


(14) 


The order is g+3, weight is 3g+3, and degree is 3. 


a? 
’ 
if 
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5. The discussion of the species (p, g=rp+s) for which r22 and 
2<s=p-—1, or for which r=1 and 3<s=p—1. Because of these inequalities, 
the following transformation formulas between (c,, Co+2, and (C,, Co+2, 
C.48) are obtained: 


THEOREM 5. This species possesses the absolute invariant 
2 
(16) 
Chie 


The order is g+3, weight is 3g+6, and degree is 3. 

6. Discussion of the species (p, g= +1) for which p>4. For the case 
q=p+1, we find that the parametric equations (5) for our transformed ele- 
ment assume the form 


(17) X = aot? + it? + Cypot?t? + +---) 
V = + + Cop + 


Let X=T?. The first of the preceding equations defines ¢ as an integral 
power series in T. This power series must be of the form 


(18) t= A,;T + A; #0. 


Substituting this value of ¢ into the first of the preceding equations, we 
obtain the following system of equations: 


= 1, As + = 0, 
+ + + Al = 0, 


(19) aos| + p(p — + (p — 1)(p — 


+ + ‘cots | = 0, 


Now if ¢p4:0, we find that A; and A: are arbitrary, but A; and A, are 
dependent, being given by 
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As 
(p + 3) 7, Aids 


3 
Az 


(20) 


Substituting (18) into the second of equations (17), we discover the 
following transformation formulas between (C41, Cpi2, Cp4s, Cp44) and 
(Cot, Co+2s Co+4): 


Corr = Cons = Bro {At Cogs + (p + 
Cys = “Cons + (P+ 


+ + (p +1)A, A 


(21) 
+ As + (p+ 1)(p+ Cp+2 


+ + 1)ATAg + p(p + 


Eliminating Bio, A1, Az, As, and A, from these and the preceding equa- 
tions, we find 


THEOREM 6. The species (p, = p+ 1) for which p>A4 possesses the absolute 
invariant 


[(p+ 1) 2(p+ 
+3) 42]? 


The order is g+3 = p+4; weight is 3g+3=3p+6, and degree is6. 
7. Discussion of the species (p, g= +2) for which p>5. The calculations 
for our transformed element will be given by the equations of the preceding 
section if we assume Cp41=0 but cp420. 

Under this restriction we find that A;#0 and A; are arbitrary but A: and 
A, are dependent, being given by 


(22) 


4 240 ee [March 
| Por 
= 
. 
i 3 
by 


1942] IRREGULAR ANALYTIC ARCS OR ELEMENTS 


(23) 
Cp+2 


The transformation formulas between (Cpi2, Cp4s, Cp44, Cpss) and (Cyy2, 
Co+4s Co+5) are 


Core = Cais = 
(24) Copa = Br [AP Cops + + 
Coss = cops + + + (p + 


Performing the elimination of B10, A1, As, and A, from these equations, we 
find 


THEOREM 7. The species (pb, g=p+2) for which p>S5 possesses the absolute 
invariant 
+ — (2p + 
4s 
The order is g+3=p+5, weight is 3g+3=3p+9, and degree is 3. 


8. Discussion of the species (5, 7). For the species (p = 5, g=7), it is found 
that the parametric equations (5) of the transformed element assume the form 


X = + + + cof +---)+---, 
= Bro(crt” + + cot®) + (Bor + Biocio)t!® + +---. 


Let X=T*. The first of the preceding equations defines ¢ as an integral 
power series in T. This power series must be of the form 


(27) t = + AgT* + + A; 0. 
Replacing ¢ by this in the first of equations (26), we find 


(25) 


(26) 


= 1, + = 0, 
(28) Sard 144 + ice = 0, 
+ 104345) + 1A + Arce) = 0, 


If c7#0, these equations show that A; and A; are arbitrary, but A,and A; 
are dependent being given by 


(29) Ag = 


C7 


Substituting (27) into the second of equations (26), we obtain the follow- 
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ing transformation formulas between (cz, Cs, Co, Cu) and (Cz, Cs, Co, Ci): 


(30) Cy = Bro [Arcs + TAsAger], 
Cu = + + + (74:45 + 


THEOREM 8. The species (5, 7) possesses the absolute invariant 


2 2 2 
— 80769 — 
(31) 11 7109 8 9) 


The order is 11, weight is 32, and degree is 4. 

9. Discussion of the spaces (5, 8). The material for our transformed ele- 
ment will be given by the equations of the preceding section if we assume 
c7=0 but cs¥0. 

Since cs~#0, we find by equations (28) that A: and A, are arbitrary but 
A; and A; are dependent being given by ' 


(32) As=0, 
By (30), we see that for this case the transformation formulas between 
(cs, C9, Cir, C12) and (Cs, Co, Ci, Ciz) are 
cs, Cy = BA 
(33) Cu = + 8A 
Ciz = Bio [Ai cis + + 


THEOREM 9. The species (5, 8) possesses the absolute invariant 


2 
— 9c9¢11) 


(34) 


The order is 12, weight is 36, and degree is 4. 

10. Discussion of the species (4, 5). In the following, we shall show that 
this species only possesses a relative differential invariant. This species there- 
fore can be separated into two distinct sets, the elements of any one set being 
equivalent. 

Part of the work for finding the coefficients of the transformed element is 
the same as that performed for the species (p, g=~+1) for p>4 (§6). Asa 
matter of fact the first three of equations (21) are valid. From these it follows 
that the species (4, 5) possesses (10¢sc1—11c6)*/c§ as a relative differential in- 
variant. 
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In the following, we shall prove that there are no more relative differential 
invariants. This is done by reducing our species (4, 5) to the canonical form. 
First let us note that the transformation 


(35) 


will convert our element (4) of species (4, 5) into an element whose equation 
is of the form 


(36) y = + drxtl4 + 


where the d’s are certain functions of the c’s. Our relative differential invari- 
ant for this element is 100d3}/d? (since d;~0). Thus we have to discuss this 
element according as d7#0 or d7=0. 

First let us consider our element (36) for which d;#0. For this case, we 
shall demonstrate the (formal) existence of a transformation which is the in- 
verse of a transformation of the form 


X = + apex? + +---, 
(37) VY = (Bosx® + Bosx* + Bosx* + - ) + + + Bi2x? + + - - -) 
+ + + Boox® + Bosx? +---), 


which will carry our element into the canonical form y =x*/4+-x7/*, Therefore 


it must be shown that the ao; and the §;; (¢=0, 1, 2) can be determined so 
that our transformation carries the canonical form into the element (36). 

Now if we perform this transformation on the canonical form y =x 5/4+x7/4, 
the parametric form of our transformed element is 


X = + + +---, 
= [Boot® + (Bos + 2B20)#? + (Bos + | 
+ [Bott + (Ber + + (B22 + | 
+ [Bro( + #7) + + + + +--- J. 


The first of these equations defines ¢ as an integral power series in T if we 
let X = T*. This power series must be of the form t= --- 
where 4:0. If we let Aj* denote a definite fourth root of A1, it may 
be established that there exists a one-to-one correspondence between 
ton, * , Gon, and (Ai, ++, Aan-s,***). Therefore we may 
replace the unknown a’s by the unknown A’s. 

In the second of the preceding equations, let us replace the coefficient of 
t4°+4 by Byn4s, the coefficient of t4*+* by Bin4e, and the coefficient of t4**+! by 
where n=1, 2, 3, - +--+. Then obviously there exists a one-to-one corre- 
spondence between the §;; and the B,. Thus we may substitute the unknown 
B's for the unknown 


(38) 
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By the preceding remarks, our pfoblem then is to determine the A’s and 
the B’s so that the equations 


(39) = + + Brot! + --- + [Brot + Bit + Bist + 
+ [Bs(t® + #7) + Bo(t? + #2) + + J, 


shall represent the element (36) upon eliminating the parameters ¢ and T. 
Performing this elimination, we find our equivalence equations to be 


+ 8BeAiAy = dys, 


ByAt = dy, BywAr + 10B = dys, 


BsAi = dy, + BoA; = do, 
= dz, + BoA: = du, 


+ (lower A gis and = dans, 


+ BangiAr + (lower and = dant, 


The first pair of the equations (40.3) shows that A:1#0 and B;+0 are 
uniquely determined. The second pair demonstrates that A, and By are 
uniquely determined since the determinant of the coefficients —2A°B, +0. 
The mth pair proves that Agn_s and By,4; are uniquely evaluated since the 
determinant of the coefficients —2A{"t’B;~0. Thus by induction, all the 
A4,-3 and the By,4: are uniquely found. 

The equations (40.1) and (40.2) uniquely evaluate the By,44 and the Ban4+e, 
respectively. Hence we are able to find unique values for all the A’s and the 
B’s and therefore (39) actually represents our element (36). Thus the species 
(4, 5) for which the relative differential invariant (10csc7—11c3)?/c8 #0 possesses 
no additional invariants. The canonical form is y=x5/4+-x%7/4, 


] 
8 
i (40.1) 4n+4 
| + (lower Bur) = dinss; 
i (40.2) mes 
+ (lower Barss) = dans, 
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Finally let us consider the case for which our relative differential invariant 
is zero. Then for our element (36) we must have d;=0. The inverse of the 
transformation 


(41) X = x, Y = y + dex? — — xy — — y’, 
ds 
will then carry our element (36) into one of the form 
(42) = + + , 


wiere the e’s are certain functions of the d’s and hence it follows that they are 
functions of the c’s. 
Next the transformation which is the inverse of the correspondence 


(43) 


will carry our element (42) into an element of the form 
(44) y = + , 


where the f’s are certain functions of the e’s and hence of the c’s. 
Finally the inverse of the transformation 


X = 2x, Y = (fiox® + fisxt + foox® +--+) 

+ W(fs + fisx? + firx® + foixt+---) 

+ y*(fiat fisx? + foox® +--+) 

+ y*(fis + fiox + fosx? +---) 
will carry our element (44) into the element y=x*/‘. Thus the species (4, 5) for 
which the relative differential invariant (10csc; —11c3)*/c2 =0 possesses no addi- 


tional invariants. The canonical form is y=x*!4, 
Therefore we have proved the following result. 


(45) 


THEOREM 10. The species (4, 5) possesses only the relative differential in- 
variant 
(10cscr — 


5 


(46) 


and no other differential or arithmetic invariants. Thus our species (4, 5) may 
be separated into two distinct sets according as this relative differential invariant 
is not or is zero. The canonical forms of these two distinct sets are y=x5/4+47/4, 
and respectively. 


11. Discussion of the species (4, 7). For this case, we see that the para- 
metric equations (5) for our new element assume the form 
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X = + + + arocs)t® + aro(col® + +--- , 
Y = + (Bor + + Bro(cot® + crot*) 

+ (B11¢7 + + (Bos + Broci2 + 

+ + +---. 


Let X =T‘. The first of these equations defines ¢ as an integral power se- 
ries in T. This power series must be of the form 


(48) t= A\T + AqT* + + AcT*® + ArT’ +-:-, A, #0. 


Upon replacing ¢ by this value in the first of equations (47), we obtain the 
following system of equations 


(47) 


+ aA icr =0, 

+ + Ai = 0, 

+ ico = 0, 

+ + aro(7A3A + cw) = 0, 


By these equations, we find, since c7#0, that Ai, Ag, and A, are arbitrary. 
But the values of As and“A7 are dependent, being given by 


(50) 


Upon substituting (48) into the second of equations (47), we obtain the 
following transformation formulas between (cz, Cs, Co, Cio, Cu, C12, Crs) and 
(Cz, Cs, Co, Cro, Cur, Cis): 

C,= BroAicr, Cs = BA ics + 
Cy = Bio(A + 
Ci = 8802414 + cr + + + 7A:Aucr), 
Ciz = 8602415 + + BurAi cs 

+ Bro(Ai cis + ace + + 
Cis = 86024146 + 

+ Bro[Ai cis + 104 + + ccs 

+ o(TAtAy + 
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By these equations, we discover that the species (4,7) possesses c3/ct as a 
relative differential invariant. Moreover if this relative invariant is zero (cy=0), 
then the species (4, 7) will possess (14c7-1s3—17cig)/c as a relative differential 
invariant. In the remainder of this section, we shall demonstrate that there 
are no additional invariants. This is accomplished by reducing our element of 
species (4, 7) to the canonical form. 

In the first place, it is observed that the transformation 


4c10 
(52) X=x+—y, Y=y, 


will carry our element (4) of species (4, 7) into an element of the form 
(53) y = + dgx®!4 + + 


where the d’s are certain functions of the c’s. Our first relative differential in- 
variant for this element is d¢/d}. Thus we have to discuss this element accord- 
ing as dy #0 or dy=0. 

Let us now consider the case where d,~0. By a very similar argument to 
the one given near the beginning of §10, it is very easy to demonstrate the 
(formal) existence of a unique transformation which is the inverse of a corre- 
spondence of the form (37) which will carry out element (53) into the canoni- 
cal form y=x7/4+x/4, Therefore the species (4, 7) for which the relative 
differential invariant 3/c3~#0 possesses no additional invariants. The normal 
form is 

Next let us consider the case where d, = 0. For our element (53), our second 
relative differential invariant is 14d,,/d3. We next have to consider this ele- 
ment according as or dy =0. 

We observe that in any case (whether di;+0 or dy,=0) that the trans- 
formation 


Y = y, 
will carry our element (53) with d)=0 into an element of the form 


(54) X=x+t+ 


It remains to discuss this element according as ¢30 or é3=0. 

Let us now consider the case where ¢;; #0. By an argument very similar to 
the one given near the beginning of §10, it is easy to prove the (formal) exist- 
ence of a unique transformation which is the inverse of a correspondence of 
the form (37) which will carry our element (55) into the canonical form 
y =x7/4-+-419/4, Therefore the species (4, 7) for which cg=0 and the relative differ- 
ential invariant (14c7¢3 —17c4)/4 0 possesses no other invariants. The canoni- 
cal form is y= x7/4+-% 14/4, 


By 


| 
| 
| 
i 
| 
| ( 
|| 
| 
+ 
| 
| 
| 


248 EDWARD KASNER AND JOHN DeCICCO [March 


Finally it remains to consider the case where ¢3=0. It is observed that 
the transformation 


4c17 
(56) X=x+—y, Y=y, 


will carry our element (55) into one of the form 


+ 


where the f’s are certain functions of the e’s and therefore of the c’s. 
The transformation whose inverse is 


X=42, VY = (fox? + fiex*® + fisxt +--+) 
+ + + + 
+ + fist + + --- 
+ y*(for + fosx + fox? +---), 


will carry our element (57) into the normal form y=x7/*. Therefore the species 
(4, 7) for which cy=0 and 14c713—17cjg=0 possesses no additional invariants. 
The canonical form is y=x"!'4, 

We thus may make the following statement. 


(57) 


(58) 


THEOREM 11. The species (4, 7) possesses the relative differential invariant 


(59) co/cr. 


If this relative differential invariant is zero, then that set of those elements of this 
species for which cs=0 possesses the additional relative differential invariant 


60 
(60) a 
The species (4, 7) does not possess any more invariants. Therefore our species 
(4, 7) has been divided into the following three distinct sets: 

(A) Those for which c9#0. The canonical form is y=x"!4+x9/4, 

(B) Those for which co=O but 14c713—17c,40. The canonical form is 
18/4, 

(C) Those for which cs=0 and 14c7¢3—17c,=0. The canonical form is 
y= x7! 4 


12. Discussion of the species (4, 6). It is clear that any curve of this spe- 
cies must be of the form 


(61) y = cox®l4 4 + 4 4+ , 
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where not only c.%0 but also cg#0 where Q=2p9+127 denotes the first odd 
power of the fourth root of x which appears in the series expansion for y. For 
otherwise our element would simply be an element of the species (2, 3), which 
shall be discussed at the end of our paper. 

Upon substituting this into the equations (10) defining the group G’, we 
find the parametric equations of the transformed element to be 


(62) X = yal + + + + + ---, 
= Byocel® + + + - + + + ---, 


where 4 and fi» are any two nonzero numbers and the remaining y and 6 are 
arbitrary numbers. 

Let X=T*‘. The first of the preceding equations defines ¢ as an integral 
power series in T. This power series must be of the form 


(63) t= A,T + A;T? + Ao,-3T?* + +--+, 


Until the (29 —3) term only odd powers appear. Thereafter the exponents of 
T increase by one (as far as we know). 

Substituting this into the first of equations (62), we discover that 
all the As, As,--- , are arbitrary but that we have 
A = Cops: 

Finally replacing ¢ by this series into the second of equations (62), we 
obtain the following transformation formulas between C241, C243) and 
(Co, 


Coots = Bro[(2p + + Ay Caps}. 


From these results we immediately deduce that the integer Q=2p+127 
is an arithmetic invariant and c6/c$-* is a relative differential invariant. In the 
remainder of this section, we shall prove that there are no more invariants. 

First the transformation 


(64) 


Acoo+s 
(65) X=x+ Y= 
(2p + 7)cecep+1 


will convert our arc (61) into an element of the form 


y = dox®!4 + + + + sx 


(66) 


where the d’s are certain functions of the c’s. We note that our transformation 
has eliminated the (29 +3)rd power of the fourth root of x. 

Now we shall demonstrate the existence of a transformation which is the 
inverse of a correspondence of the form (37), which will carry our element (66) 
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into the canonical form y=x*/?+x°/4, Thus the ao; and the B;; (¢=0, 1, 2) 
must be determined so that this correspondence (37) carries the canonical 
form into our element (66). 

Now if we apply our transformation (37) to the canonical form y=x*/4 
+x(%+D/4, we find as the parametric form of the transformed element 


X = + + aot? +---, 
Y = [Bost® + (Bos + + + (Bone + +--+ | 
+ + + + + Bi,» 
+ Bi, + + + B1, + 
+ + + + , 
+ 2Be, 2B2, + d 
+ [Brot® + Birt? + + + (81,1 + 
+ + + + (B1,p-24n + 
In the second of the preceding equations, let us replace the coefficients 
of ¢4,.-- , by Bs, Bio, Bu, - , Bap-2, respectively, the coefficient 
of by Be_z44n, the coefficient of by and the coefficient 
of "+4 by Banys for n=1, 2, 3, - - - . There obviously exists a one-to-one cor- 
respondence between the §;; and the B,. 


Therefore our problem is to determine the A’s and the B’s so that the equa- 
tions 


(67) 


VY = + +--+ + Bang | 
+ [Bo(t® + + + + + By, o( + 180-7) ] 
+ + + Bop | 
+ + + + + - 
+ + + + + --- 
+ + | 


shall represent the element (66) upon elimination of the parameters ¢ and T. 
The elimination yields the following equivalence equations: 


+ 8BeA1As = dis, 


4n+4 
BinssAi + (lower Bu) = 
. . . . . . . . . . . . . . 
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BA; = ds, + = dho, 


= dap, (2p + 1)A3’AsBe + = 


6A + + (lower and = 
(2p + + Bayar + (lower Asis and Bars) = 


2 
7 
2Bop47A1 = 
2 
6A + (Bop-s + + (lower A and = 
6 p—7+4n 


(2p + 1)A "A + Bop—144nA1 + (lower A and Bo, 


p~i4405 


+ (lower and Boys = 


5 4p—6+4n 
6A 1A 49-744nBeo + + p—6+4ns 


The first pair of equations (69.2) furnishes unique values for A1~0 and 
B,#0. The second pair yields unique values for As and Bio since the determi- 
nant of the coefficients (—2p+5)A?’*"B,~0. The last pair give unique 
evaluations for Ag; and B,,-2 since the determinant of the coefficients 
(—2p+5)A?-*Be +0. Thus the equations (69.2) determine the values of 
A,<0, As, and B,<0, Bio, Bay-2 uniquely. 

The first triplet of the equations (69.3) determines unique values for A4,-s, 
B,,-s, and Be,47, since the determinant of the coefficients 2(2p — 5) A?’*°B, 0. 
The nth triplet furnishes unique evaluations for A 4,-744n, Bop—744n, aNd Bayys+an 
since the determinant of the coefficients 2(2p —5)A#*5*“B,~0. The equations 
(69.3) therefore give unique values for Ass, Adpyi,° 

Finally the equations (69.1) obviously determine the values of Bz, 
By, +++, Bangs, * uniquely. Therefore this proves that the canonical form 
of the species (4, 6) is y=x*9/?+-x%t)/4 where p23. 

We are now in a position to state the following result. 


THEOREM 12. The species (4, 6) possesses the odd integer Q27, the first odd 
power of the fourth root of x which appears in the series expansion for y, as an 
arithmetic invariant, and the expression 


. 


5 
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as a relative differential invariant. There are no further invariants. The canonical 
form is +494, 


13. Discussion of the species (3, g). Any element of this species may be 
written in the form 
where g=3r-+s (0<s <3) and the integers g<qi<q2< <dn-1<Q are such 
that g+q;:40 mod 3 (¢=1, 2,--+,m—1) but g+Q=0 mod 3. 
The correspondent of this element under any transformation of our group 
G’ (equations (12)) is given by the parametric form 
X = + + + + + - - 
= + +--+ | 
(72) + + + + + cal + | 
+ Brr[cgttt® + cg + | 


By the first of these equations, we find that ¢ is defined as an integral 
power series in T where X = T*. This power series must be of the form 


(73) = AyT + AgT* + AqT? + + + +--+, 


where the exponents after the last written term increase by one (as far as we 
know). Substituting this into the first of equations (72), we discover that 
(Ai1#0, Ag, Az, Asr1) may be taken as arbitrary quantities. 

Now let us consider the case where Q <2q—3. In this case, it is found upon 
substituting (73) into the second of equations (72) that the following trans- 
formation formulas exist between (¢,, cg) and (C,, Cg): 


(74) Cy = BwAic, Co = BwAice. 


Thus the integer Q is an arithmetic invariant (since cg#0 and hence Cg¥0), 
and the expression cy-'/c?—* is a relative differential invariant. 
Next, by examining the cases s=1 and s=2 separately it may be shown 
that there exists a unique transformation which is the inverse of a correspond- 
ence of the form 


X = + + asx? +---, 


= + + ---) + y(Bio + Bux + Bix? +---), 


which carries our element (71) for which Q<2q—3 into the normal form 


(75) 


_y=xV%+x98, Therefore the canonical form of the species (3, q) for which Q 


ts the first power of the cube root of x in the series expansion for y such that 
g+Q=0 mod 3 and g<Q<2q—3 is 4498, 
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It remains now to examine the case for which Q2=2q—3. First it may easily 
be verified that there exists a transformation which is the inverse of a cor- 
respondence of the form 


X=4, VY = + + + 


(76) 
+ y(1 + + Biox? +--+ + 


where n=r—1 or r according as s =1 or 2, which carries our element (71) into 
one of the form 


(77) = 4 dog 4... 


where the d’s are certain functions of the c’s. 
Next the point transformation 
(78) Y=y 


carries our element (77) into one of the form 


Finally it may very easily be shown by examining the cases s=1 and s=2 
separately that there exists a transformation which is the inverse of the corre- 
spondence X =x, Y=y(x, y) which carries our element (79) into the stand- 
ard form y=x*/*, Therefore the canonical form of the species (3, q) for which 
Q is the first power of the cube root of x in the series expansion for y such that 
q+Q#0 mod 3 and Q22q—3 is y=x0/8, 

The following statement is thus found. 


THEOREM 13. In the species (3, q) let Q be the first power of the cube root 
of x in the series expansion for y such that g+Q=0 mod 3. If Q is such that 
q<Q<2q—3, then our species possesses Q as an arithmetic invariant and the 
expression 

@ 
80 
(80) 
as a relative differential invariant. For this case, there are no further relative in- 
variants, the canonical form being y =x*!*+-x°!*, On the other hand if Q2=2q—3, 
there are no invariants and the canonical form is y=x%*, 


14. Discussion of the species (2, g). Obviously the inverse of the trans- 
formation 


V = + Copp +--+) 


Corps + Cor43% + Cory 5X? ) 


(81) 
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carries any element of our species into the element y=x‘*+)/2, Hence 


THEOREM 14. The canonical form of the species (2, q) is y=x%*. There are 
no differential invariants. The only arithmetic invariant is q. 


This completes our classification of analytic elements. This has been based 
on the type of lowest order differential invariant. (Higher invariants will be 
discussed elsewhere.) Accordingly our classification leads to one regular type 
and twelve irregular types. This is more complicated than the conformal 
classification discussed elsewhere('). Projective invariants of irregular ele- 
ments (besides Halphen’s regular invariant) exist in great variety. 
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THE TRANSFORMATION OF SERIES AND SEQUENCES 


BY, 
W. T. SCOTT AND H. S. WALL 


In this paper we present some results on certain aspects of the theory of 
summation of series and sequences. The paper is divided into three parts: 

I. Linear manifolds of Hausdorff means. 

II. Gronwall summability. 

III. A method of summation arising from an algorithm of Schur. 

The principal results of each part are summarized in the introductory 
paragraph of that part. 


I. LINEAR MANIFOLDS OF HAUSDORFF MEANS 
1. Introduction to Part I. The nth Hausdorf mean [7 ](*) of aseries 


is defined by 
(1.1) Un = (tuo + + tty), n=0,1,2,---, 
p=0 


where C,,,=n!/p!(n—p)!, and {cy} isa 
moment sequence, i.e., 


1 
(1.2) = f uPdo(u), p = 0,1, 2,---, € BY (0, 1](?). 


The method of summation which assigns to the series }).u, the sum s when 
U,—s will be denoted by [H, ¢(u)] or by [H, cy], and called a Hausdorff 
mean. [H, $(u)] is regular(*) if and only if ¢(u) is continuous at u=0 and 
(1) —$(0) =1. We shall say that [H, (x) ] is essentially regular if ¢(u) is con- 
tinuous at u=0. In this case, if ¢(1) —¢(0) =co~0, the mean [H, $(u)/co] is 
regular. 

It will be observed that if in (1.2) the integrand u? is replaced by some 
other suitably chosen function, e.g., u?+!, then no restriction need be placed 
upon ¢(u)€ BV (0, 1] in order that the resulting mean be essentially regular. 


Presented to the Society in three parts: Linear manifolds of Hausdorff means, November 22, 
1940; Gronwall summability, April 12, 1941; The transformation of series and sequences, April 12, 
1941; received by the editors January 23, 1941, and, in revised form, February 28, 1941. We 
are grateful to Professor Einar Hille for directing our attention to the possibility of connecting 
our investigations with the ideas of Gronwall. 

(*) Numbers in square brackets refer to bibliography at end of paper. 

(?) BV[a, b] is the class of all functions, real and complex, of a real variable u, which are 
of bounded variation on asusb. 

(*) That is, it assigns to any convergent series )_ u» the valid Lum. 
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In the light of this observation, we consider the problem of determining con- 
ditions upon a sequence of functions {Bp(u) } in order that(*) 


be a moment sequence for every ¢(u) in BV [0, 1]; and of determining further 
conditions under which [H, cp] is essentially regular. The results are contained 
in Theorems 2.1—2.4. We call the set of all means obtained with a given se- 
quence {8,(u)} a (linear) manifold, denote it by M[8,(u)], and call {B,(u)} 
the basis of the manifold. 

Perhaps the chief interest in this theory lies in the fact that we are able 
to obtain infinite classes of means all including a given mean or all equivalent 
to a given mean. For instance, if in (1.3) B,(u) =1/(1+ pu) and ¢(u) is mono- 
tone non-decreasing, ¢(1) —¢(0) =1, then [H, cy] is a regular mean included 
in (C, 1); is equivalent to (C, 1) if and only if Sid(u)/u converges; and is 
equivalent to (C, 0) (convergence) if and only if () is discontinuous at u=1. 

2. Conditions for a basis. One readily sees that necessary conditions upon 
a sequence of functions {Bp(u) } in order that it be a basis for a manifold 
M[8,(u)] are: 

(a) Bp(u) ts continuous for 

(b) {Bp(u)} is a moment sequence for each fixed u, 0OSuS1. 

The first of these conditions is necessary in order that the Stieltjes integral 
J.B p(u)do(u) exist for all ¢(u) in BV[0, 1]. The second is necessary in order 
that the sequence of these integrals be a moment sequence when ¢(u) is a 
step function with a single point of increase. From (b) it follows that there 
must exist a function(*) B(u, ¢) of bounded variation in ¢ for each u, OSu 31, 
such that 


1 
(2.1) ° Bn(u) = f 1"d,B(u, t), 
0 
If (a), (b) hold, then a sufficient condition for {Bp(u)} to be a basis is that 
(2.2) > A*-*6,(u)| < M, M independent of n, wu. 
p=0 
In fact, if 
1 
(2.3) = f Bn(u)dex(u), a(u) € BV (0, 1], 
0 


then, when (2.2) holds, 


(*) Throughout this paper the integrals are in the Riemann-Stieltjes sense. 


(*) This function is uniquely determinéd to an additive constant for all ¢ where it is con- 
tinuous [7]. 
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p=0 


where V is the total variation of a(u) on the interval 0Su31, and conse- 
quently {a,} is a moment sequence by virtue of a theorem of Hausdorff [7]. 
Condition (2.2) is met, in particular, if {Bp(u) } is a totally monotone se- 
quence(*) for each u, 0Su<1. In this case we shall call {8,(u)} a totally 
monotone basis. 


THEOREM 2.1. If B(u, t) is real and of bounded variation in t, 0StS1, uni- 
formly for all u in the interval 0 Su 1, and if the functions B,(u) given by (2.1) 
are continuous functions of u,0SuS1, then {B,(u)} is a basis for a manifold 


M[B,(u) 


REMARK. A sufficient condition [3] for the continuity of the functions 
B,(u) is that B(u, t) be of bounded variation in ¢ uniformly for all u, and be 
continuous in u for an everywhere dense set of values of ¢ including ¢=0, 1. 
This everywhere dense set may depend upon u. 

To prove the theorem, put P(x, t)| +id,B(u, t)), 
N(u, t)=3(f;|d,B(u, t)| —J/d,B(u, t)). It is no restriction to assume that 
B(u, 0)=0. Then B(u, t)=P(u, t)—N(u, t), and P(u, t), N(u, t) are mono- 
tone non-decreasing functions of ¢ for each fixed u. We then have 


5, = A*-°B,(u) | 
p=0 p=0 


4 A*-?r,(u) — A*~-?v,(u) |, 
p=0 
where 7,(u) = fited,P(u, t), vp(u) = t). Hence, 


p=0 p=0 


Sn S mo(u) + vo(u) = T(u), 


where T(x) is the total variation of B(u, t) in the interval 0<¢31. Since, by 
hypothesis, T(u)<M, where M is independent of u, we see that (2.2) holds, 
and the theorem is thereby established. 


DEFINITION. A manifold is called regular if it contains at least one regular 
mean, and if every mean contained in it is essentially regular. 


THEOREM 2.2. A totally monotone basis {B,(u)} is the basis of a regular 
manifold if and only if Bo(u) #0, and 


(*) A real sequence {cn} is totally monotone if all differences A™c, 20. 
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(2.4) lim A"Bo(u) = 0, O0susi(’). 

Proof. The condition Bo(u) #0 is obviously necessary. Let [H, ay] be 
any mean in M [Bp(u)]. Then [H, a,] is essentially regular if and only if [7] 
limne«w A"ay =0. It readily follows that the condition (2.4) is necessary in order 
that M[8,(u)] be regular. The conditions are also sufficient. For, since {B,(u) } 
is totally monotone, the sequence {A»Bo(u) } is monotone non-increasing, and 
therefore limne. A"ao=limnew J,A"Bo(u)da(u) =0, so that [H, is essen- 
tially regular when (2.4) holds. Since Bo(u) 40 the manifold must contain at 
least one regular mean. 


THEOREM 2.3. Let {Bp(u)}, Bo(u) #0, be a basis given by (2.1), where B(u, t) 
is of bounded variation in t, OStS1, for each u, OSuS1. Let | B(u, t)| <K, 
0<tS1, OSuS1, where K is a finite constant independent of u and t; and let 
lim,-o+ B(u, t) =B(u, 0) =0 uniformly for 0SuS1. Then M[B,(u) | is a regular 
mantfold. 


Proof. Let a, be given by (2.3). Then we shall prove that lim,.,, A"ay =0. 
We have 


-f fio — #)"d,B(u, t)da(u). 


Denote the inner integral by J. Then J=1,+J2 where =f, (1—#)"d,B(u, 2), 
I,=J'(1—1)"d,B(u, t). After an integration by parts in J; we get 


I; = (1 — s)*"B(u, s) - B(u, t)d.[(1 — 
Consequently, 
| (1 — s)"| B(u, s)| + | B(u, | | — 
OsStss 0 


S (1—s)"e+ [1 (1 —s)"]e e>0, 
for all u, OSuS1, provided only that s<so where So is sufficiently small. 


Having chosen s<so, we integrate by parts in J, and get 


1 
I, = — (1 — s)*B(u, s) -f B(u, t)d(1 — 2)", 


3 1 
| Z2| S (1 — s)™| s)| + Lub. | B(u, | f | d(1 — 
sstsi 


S (1 —s)"e+ K(1 —s)"= (1 +6). 
Hence, if mo is sufficiently large, | <eif 
(7) This theorem holds for any basis such that { A™o(u) } is uniformly bounded on 0 S431. 
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We then have 


1 
+| Za] )| | 207, n> 
0 


where T is the total variation of a(u) in OSu3S1. Thus lim,., A*ay=0, as 
was to be proved. Hence, every mean in M[8,(u)] is essentially regular; and 
since Bo(u) #0 it must contain at least one regular mean. 

We now have the following comparison theorem. 


THEOREM 2.4. Let {Bp(u) } be a sequence of continuous real functions on the 
interval 0 Su S1, Bo(u) 40. Then {By(u) } is a basis if there exists a totally mon- 
otone basis {ap(u) } such that A"B,(u) SA™7,(u), OSuS1, m,n=0,1,2,---. 
Moreover, if M[m,(u)] is regular, and A*Bo(u)=0, OSuS1, then 
M[,(u)] is regular. 


Proof. Put a,(u) =2,(u) —8,(u). Then A*a,(u) =A"r,(u) —A*B,(u) 20, so 
that { ap(u) } is a totally monotone basis. Thus, 8,(u) =7,(u) —a,(u) where 
w,(u)} and {ap(u) } are totally monotone bases. It readily follows that 
B,(u)} is a basis. If M[x,(u)] is regular, so that lim... A*ro(u) =0, and 
if lime. A"Bo(u) =0, then it follows that lim,.,. A*ao(u)=0. Hence if 
o(u)EBV[O, 1], we must have lim,.,, A*ao=0, so that 
every mean in M[8,(u) | is essentially regular. The condition Bo(u) 40 insures 
that M[8,(u)] contains at least one regular mean. This completes the proof 
of the theorem. 


DEFINITION. A manifold M[B,(u)] is said to include a given regular mean 
[H, bp] if any series which [H, b,| sums is also summed by every regular mean 


in M[B,(u)]. 


THEOREM 2.5. Let M[B,(u)] be regular, and [H, b,| a regular mean for 
which b,#0, p=0, 1, 2,---. Then M[8,(u)] includes [H, by] if and only if 
{Bp(u)/by} is the basis for a regular manifold. 


This follows at once from the theorem of Hausdorff [7] that a regular 
mean [H, ay] includes a regular mean [H, b,] for which b,~0, p=0,1,2,---, 
if and only if {a,/b,} is a moment sequence and [H, ay/b,] a regular mean. 

ILLUSTRATIVE EXAMPLES. Let B(u)=(u+1)/[u+(n+1)*], n=0, 1, 
2,°:++, where k is a positive integer. The sequence is totally monotone when 
k=1, and BY (u) = t), By(u, t) =t*+". By Theorem 2.2, this is the 
basis of a regular manifold M,. 

When k=2, we find Bz(u, t)=t[cos (u‘/? log t)—u-"/? sin log #)], so 
that the sequence is not totally monotone. Since d,B2(u, t) = —u-/*(1+4) 
-sin log #) dt, it follows that |d,Ba(u, t)| <2, OSuS1, 0S#<1. Also, 
| Ba(u, t)| <t(1—log ¢), 0S¢31. It therefore follows from Theorems 2.1, 2.3 
that M[8®(u)] is a regular manifold. 
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On writing 6®(u) as a sum of partial fractions it is now easy to see that 
{8 (u)} is a basis for a regular manifold My, k=1, 2, 3,---. 

To illustrate Theorem 2.5, we shall show that M; includes (C, 1) but does 
not include (C, k) if k>1. The sequence {6%(u)/b,}, b, =1/(1+m), must 
be proved to be a basis for a regular manifold. We find that 


= (ut Dnt = f d, 
0 


where Q(u, ¢) = —ut*t!, OS¢<1, and Q(u, 1)=1. By Theorem 2.3, this is the 
basis of a regular manifold, so that M, includes (C, 1). On the other hand, if 
b, =(1+n)-*, k>1, then B%(u)/b, tends to © with m, so that M, cannot in- 
clude (C, k), k>1. 

We shall give an elementary proof that M; includes (C, k) but not 
(C, k+0), @>0. An arbitrary mean in M; has the form [H, },] where 


Co (n+ 1)*—1 1 Ce 


1 


(2.5) 


We observe that the mean [H, },*] obtained by replacing cn, by Ca41, 
n=0, 1, 2,---, is also in M;. This amounts to using ud¢(u) instead of 
dp(u). Of course [H, b,] is regular if and only if bp =1, i.e., co=1. 

To prove that [H, 6, ]>(C, k) we must show that the sequence { (n+1)*b,} 
is a regular sequence(*) when cyo=1. We have 


On comparing this with (2.5) we see that (n+1)*b, =r-1+5s-b,*,r+s=1, isa 
linear combination of regular sequences, where the constants of combination 
add up to unity, and is therefore a regular sequence. Hence we have proved 
that [H, bn}D(C, k). Since, in general, (n+1)*+%,—+ © as if 0>0, it 
follows that [H, b,] does not include (C, k+6). 

3. The manifold M [(1+u)—]. Thesequence yu, =(1+pu)-!,p=0,1,2,---, 
is a totally monotone basis inasmuch as y,(u) is continuous and Ay, 20, 
m, n=0, 1, 2,---, OSus1. Since lim,., A"uo=0, OSuS1, the manifold 
M|u,(u)] is regular, by Theorem 2.2. This can be established also by Theo- 
rem 2.3. For, if M(u, ¢) is the function defined as follows: 


pile, 0<usil, 0sts1, 
(3.1) M(u, t) =< 0, u = 0, 0st<1, 
1, u = 0, t= 1, 


(8) A regular sequence is one which determines a regular mean. 
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then y,(u)=f/t7d,M(u, t), p=0, 1, 2,---. It is readily seen that (3.1) satis- 
fies the conditions imposed upon B(u, ¢) in Theorem 2.3. 

We shall begin by determining a large class of means which are in this 
manifold. Let 


da(u) 
(3.2) = f 0,1,2,--+,a(u) € BV[O, 1], 
0 1 nu 
so that [H, a,] isa mean in M[u,(u)]. Since {a,} is a moment sequence, there 
must exist a function 6(¢) in BV[0, 1] such that 
1 
(3.3) a, = f t"d0(t), n=0,1,2,-+> 
0 


One may determine @(¢) in the following way. Put p(x) =a9—aix+a2x? — 
Then, on putting in the values of the a,’s from (3.2) and using a well known 
integral representation for hypergeometric functions, we get 


_ doe) M(u, t)de(u) 


where M(u, t) is given by (3.1), and where the last step may be verified di- 
rectly from the definition of a Stieltjes integral. Consequently, 


(3.4) = t)da(u), 
0 


We shall now prove the following theorem. 


THEOREM 3,1. Let 0(t) = pit+ pot? +psl*+ --- beany power series with con- 
stant term 0 and which is absolutely convergent when t=1. Then 6(t)EBV(O, 1], 
and [H, 6(t)] is a mean in M[(1+pu)-"]. 


Proof. Let 


(Pit pet pst 1s4, 
Pet pst 1/2s <1, 
Pst+ 1/3 Su < 1/2, 

0, u = 0. 
Then a(u)EBV(0, 1]; and if this function is used in (3.2) there is determined 
a mean [H, a,] in M[u,p(u)]. We see by (3.3), (3.4) that [H, a,] =[H, 
where 6(t) = pit+pot?+ ---. This proves the theorem. 

The function 1—(1—#)*, R(a)>0, which is the mass function for Cesaro 


summability (C, «), has a power series of the kind specified in Theorem 3.1, 
and hence (C, a) is in the manifold M[y,(u) |. 
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Throughout the remainder of this section we shall consider only the sub- 
set of means-of M[u,(u)] of the form [H, g(p)] where 


(3.5) g(x) = J ae ’ ¢(u) monotone, ¢(1) — ¢(0) = 1. 


We recall that g(x) has a continued fraction representation of the form [11] 


(3.6) (1 — (1 — 2) 
i+ i+ 1 + 1 

where 0Sg,51, n=1, 2, 3,---+, it being agreed that if some g, is 0 or 1 the 
continued fraction terminates with the first identically vanishing partial quo- 
tient. Conversely, any such continued fraction represents a function of the 
form (3.5). The function g(x) is holomorphic in the plane of x cut along the 
real axis from x= —1 tox=—o, 


THEOREM 3.2. (C, 0)C[H, g(p)]C(C, 1). 


Proof. Since [H, g(p) | is regular, it includes (C, 0) (convergence). To prove 
the second relation, put g*(x)=1/1+(1—g:)x/1+g:(1—ge)x/1+---, the 
continued fraction being obtained from (3.6) by replacing g, by 1—gn, 
n=1, 2, 3,-++. Then, we have the continued fraction identity [11, p. 166] 


(3.7) g(x)g*(x) = 1/(1+ x), all x not real and S — 1. 


Since [H, g*(p)] is a regular mean, it follows that [1/(1+ )]: g(p), p=0, 1, 
2,-++, is a regular sequence, so that, since (C, 1) =[H, 1/(1+ )], the in- 
clusion relation follows by Hausdorff’s fundamental theorem. 

It is perhaps of interest to determine conditions under which [H, g(p) | 
=(C, 0), [H, g(p)]=(C, 1). We have this theorem. 


THEOREM 3.3. If g(x) is the function (3.5), then [H, g(p)|=(C, 0) if and 
only if @(u) is discontinuous at u=0; and [H, g(p)|=(C, 1) if and only if 
Sidb(u)/u is finite. 


Proof. From the equation 


1 do(u) (1 ~) do(u) 


o 1+nu o (1/n) +6. 


it follows that {(m+1)g(n)} is a bounded sequence if and only if [¢dp(u)/u 
converges. Moreover, when { (n+1)g(n) } is bounded, it isa regular moment se- 
quence. For, in terms of the bounded monotone function ¥(u) = [9(1 —#)d@(t)/t, 
we have 


n> 0, 
n 


(w+ Daim) = f 


1 1 dy(u) 
1 + nu 
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and thus have expressed our sequence as a linear combination of two regular 
sequences, where the constants of combination add up to unity. Hence we 
have shown that g(p):(1+ )-!, p=0, 1, 2,---, is a regular sequence, i.e., 
[H, g(p)]D(C, 1), if and only if fjdp(u)/u< ©. Since we previously had 
[H, g(p)]C(C, 1), the second part of the theorem is proved 
To prove the first part, we use (3.7) and write 1/g(p) = (p+1)g*(p). Hence, 
from the foregoing proof, {1/g(p)} is a regular sequence if (and only if) it is 
bounded, i.e., if and only if 
1 
lim g(m) = lim dou) > 0. 
1 + nu 
But this well known limit is equal to ¢(0+) —@(0), the discontinuity of ¢(x) 
at u=0. This completes the proof of the theorem. 
From the above proof we see that an alternative form of Theorem 3.3 is 
as follows. 


THEOREM 3.4. If g(x) is the function (3.5), then [H, g(p)|]~(C, 0) if and 
only if the sequence {1/g(p)} is bounded; and [H, g(p)]~(C, 1) if and only if 
the sequence {(p+1)g(p)} is bounded. 


The conditions may be formulated in terms of the continued fraction (3.6) 
for g(x) as follows. 


THEOREM 3.5. If g(x) is the function (3.5) with continued fraction represen- 


tation (3.6), then [H, g(p)|~(C, 0) if and only if the series obtained from 


** 8p 
(3.8) 1+> 

pai (1 — gi)(1 — ge) - (1 — gp) 
by replacing ga by 1—ger, k=1, 2, 3,- ++ , converges; and [H, g(p)]*(C, 1) if 
and only if the series obtained from (3.8) by replacing gus by 1—gex-1, 
k=1,2,3,--- , converges. 


Proof. Let G(x), H(x) be the functions obtained from (3.6) by substituting 
1—go. for gx and 1—ge_1 for gex-1, respectively, k=1, 2, 3,---. Then 
[12] G(—x[1+«]-) =1/g(x), H(—x[1+2x]-) =(1+x)g(x). As we see 
that —x/(1+x)—>—1+. The conditions stated are necessary and sufficient 
[11, p. 181] for G(x) and H(x«), respectively, to remain finite as x—>—1 
through real values greater than —1. Hence the theorem follows by Theo- 
rem 3.4. 

Examp tes. If g,=1/2, p=1, 2, 3,---, in (3.6), then g(p) =(1+9)-"?, 
and therefore [H, g(p)]=[H, 1/2]~=(C, 1/2). If gox-1=1/2, gox=2/3 then 
[H, g(p)]=(C, 0); while if gx1=2/3, gx =1/2 then 


[H, g(p)] ~ (C, 1). 
If the coefficients 1, po, p3,*-- in the power series of Theorem 3.1 are 
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real and greater than or equal to 0, and )>p,=1, then [H, 0(t)] is a mean 
of the kind being considered. In particular, if 0(¢) =1—(1—#)*, 0Sa31, the 
coefficients are greater than or equal to 0 and their sum is unity, and conse- 
quently the Cesaro means (C, a), 0Sa@<1, are all of the form [H, g(p) ] where 
g(x) is of the form (3.5). 

4. Inclusion problems in the difference thatele for {g(p)}. If {c,} is a mo- 
ment sequence, then the row, column, and diagonal sequences in the differ- 
ence matrix [5] 


Coy C1, C2, 
Aco, Ac, Ace, ees 


(A"c,) = 
Arco, ° 


are all moment sequences, and accordingly define Hausdorff means. The fol- 
lowing theorem concerns the rows in this matrix when the base sequence {cp} 
is of the form {g(p)}. Its proof affords an application of some of the ideas 
of §2. 


THEOREM 4.1. Let g(x) be a function of the form 


1 
(4.1) g(x) = f do(u) ’ o(u) BV (0, 1]. 
0 


1+ xu 


Put b,=A"g(n)/Ag(0), supposing A*g(0) #0, k=0, 1, 2,---. Then [H, bn] 
is a regular mean, and 


(4.2) [Z, bn] D (C, m), m =1,2,3,+++. 


Proof. Since 4"g(0) =0 it follows that lim,.., A"b) =0. Thus [H, 
is regular. We use Theorems 2.5, 2.3 to prove (4.2). To do this, we note that 
{8,(u)}, where 


Bp(u) = + pu)-! = mlu™/(1 + pu)(1+ [p+ (1+ [p+ m]u), 


is a totally monotone basis for a regular manifold, M[8,(u)], and that the 
mean [H, b,| is in M[8,(u)]. To prove (4.2) it is sufficient, by Theorem 2.5, 
to prove that the sequence {f,(u)/cp}, where Cp=Cpim.m, P=0, 1, is 
the moment sequence defining (C, m), is the basis for a regular manifold; and 
this will in turn be true if 


1 
(4.3) = CasmBn(u) = f t"d:B(u, n=0,1,2,++:, 
0 
Where B(u, ¢) satisfies the conditions of Theorem 2.3. 


Since 7,(0) =0, we must have B(O, t)=#0, OS#31. 
If 0<u 31, we find that 
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Ao Ay An 
l+nu 1+(n+1)u 1+(n+m)u’ 


where u”A; is a polynomial in u of degree m with coefficients independent of n. 
Hence it follows that if u >0, y,(«) is a linear combination of totally monotone 
sequences with coefficients of combination independent of n. Therefore 
{y.(u)} is a moment sequence. Hence there exists a function B(u, #) in 
BV (0, 1] such that (4.3) holds, OSu <1. 

We show next that 
(4.5) lim. B(u, t) = 0, uniformly for 0 S u 3 1. 


(4.4) -yn(u) = 


If.u>0, it follows from (4.4) that B(u, ¢) can be expressed as the sum of m+1 
functions of the form [h(u)#?t!“]/u™, p an integer, OS pSm, where h(u) is a 
polynomial in u. Hence it is easy to see that | B(u, t)| <kt, where k is a con- 
stant independent of u, t, provided that 0<¢<Sr<1, r a fixed number less 
than 1, 0<u31. It follows that (4.5) holds. 

It remains to be shown that 


(4.6) | B(u, t) | = K, 0S451,05#81, K < © and independent of w, 1. 


The proof is by induction starting with m =0, for which the requirement is 
clearly met. If u>0, { n(u)f(m, u)} is a regular sequence if f(m, u) is chosen 
so that yof(m, u)=1. We shall use the superscript m to indicate dependence 
upon m. 

To prove (4.6) by induction, we assume that 


and shall prove it for m+1. We have 
+ 1, 9) = 
where e(m, u) = [1+(m+1)u]/(m+1)u. Then, we may write 
(n + m + 1)u 
1+ (n+m-+ 1)u 


e(m, (u)f(m, 1), 


1 
e(m, u) -f t"d,E(u, t), n=0,1,2,--- 
0 


(1) f(m, u) = f t), n= 0, 1, 2, 
0 


which are both regular sequences if u>0. 
We now use a composition theorem [4, p. 201] for these integrals and get 


(m+1) 


agin + 1,9) = f = f 0), 
0 0 0 
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G(u, t) = E(u, t) + f t/v)d v), 


+ 1, u) Bom (u, 1) = E(u, t) + f u)B\™(u, t/v)d E(u, 0). 


Thus 
t) = h(u, t) +f B‘™)(t, t/v)d,E*(u, v) 


t 
where E*(u, v) = [vt!+(/ |/[(m+1)u+1], and h(u, ¢) is a bounded function 
| h(u, t)| SH, OSuS1, OStS1. We therefore have 


1 
| H+ Km f d,E*(u,v) u>0,0S5¢51, 
0 


where K‘"*» is a finite constant. Since the function is identically 0 for u =0, 
the result holds also for «=0. This completes the induction and the proof of 
Theorem 4.1. 


_II. GRONWALL SUMMABILITY 


5. Introduction to Part II. T. H. Gronwall [6] introduced a very general 
method of summation, based upon two analytic functions, a mapping function 
z=f(w), and a weight function g(w) =), *_9b,w?, bp~0. The nth (f, g)-sum of 
the series )-u, is U,, where U, is determined from the power series identity 
in w 


n=0 n=0 
The function z=f(w) is regular for | w| <1 except possibly at w=1, and 
maps | w| <1 one-to-one upon a region D interior to |z| <1. Under this map- 
ping, w=0 corresponds to z=0 and w=1 to z=1. The inverse function f—1(z) 
is regular on the boundary of D except possibly at z=1, and at this point 


(5.2) ], Az 1, a >0. 
The function g(w) has the form 
g(w) =(1—w)*+7(w), a>QO, 


where y(w) is regular for | w| <1; and g(w) £0 for | w| Gi; 

The series } 1%, is said to be (f, g)-summable to s if lim,.. Un=s. 

Special (f, g)-methods are (C, k) for k real and greater than —1; (EZ, 6) 
(Euler-Knopp) for 0<8S1; de la Vallée Poussin summability (V); and 
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a generalized (V)-summability, (Vk), introduced by Gronwall. Recently 
C. Birindelli [1] has shown that a method of summation of Obrechkoff is 
the (f, g)-method for which f=1—(1—w)!/?, g=(1—w)-*. We show in §7 
that a method of summation introduced by W. A. Mersman [8] is a special 
(f, g)-method. 

Some of the important properties of (f, g)-summability are the following: 

(a) If (f, g), (fs gi) are two Gronwall means with map regions D, D, and 
with exponents X, A; (cf. (5.2)), then (f, g) (fi, gi) if \>Ax, and D is interior 
to 

(b) If X>1, then (f, g)D(C, k), k>—1. 

(c) The exact domain in which (f, g) sums the geometrical series })x" to 
the sum 1/(1—<) is the interior of the region bounded by the curve 

x = 1/f(e*), +7. 

(d) If dun is (f, g)-summable to s, then ¢(z) => uns" is holomorphic in- 
side the map region D, and ¢(z)—s uniformly as z—>1 over every path of z 
interior to D which reaches 1 inside the sector z=1—re, —0,<0<+0o, 
09<2/2X, r=0, defined in (5.2). 

The properties (a), (b), (d) were established by Gronwall. Property (c) 
was established for (Vk) by Gronwall, and extended to the general case by 
C. Birindelli [2]. 

The main problem which we consider here is as follows: to determine all 


means which are common to the class of Hausdorff means and the class of Gron- 
wall means. We find these to be the means [H, c,] where 


(5.3) Cn = B"/Cata,ny 0<6S1,0a20, 
the Gronwall mean identical with this Hausdorff mean being (f, g) where 
Bw 

(1— 


6. Hausdorff means which are also Gronwall means. If we suppose that 
the Hausdorff mean [H, c,] is the Gronwall mean (f, g), then if we put u, =0 
for nk, u,=1, in (5.1) we find the relation 


(5.4) = — g(w) = (1 — 


(6.1) —[f(w)]* = = 


which must hold identically in w for k=0, 1, 2,---. We shall suppose that 
[H, cn] is regular, so that co=1. Then, by (6.1) with k=1, we have ' 


(6.2) f(w) = [e(w) — A%co)w". 


To determine b,, put f(w)=a,w+aqw?+ --~- in (6.1). Then we find the rela- 
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tions b,c, = boat, n=0, 1, 2,---. If a1=0, then --- =0 inasmuch as 
b, must be different from 0, and hence by (6.2) we would have f(w)=0 which 
is impossible since f(1)=1. Consequently, a:#0, and therefore c,+0, 
n=1, 2, and b,=boat/c,, n=0, 1, 2,- ++. Now it is clear that (5.1) 
is unaltered if 5, is replaced by kb,, n=0, 1, 2,---, where k is any constant 
not 0. It follows that there is no restriction in assuming that b})>=1. Hence 
we have the following necessary conditions for the (regular) Hausdorff mean 
[H, cn] to be the same as the Gronwall mean (f, g): 


(6.3, i) Cn ¥ n=0,1,2,---, = 1; 


(6.3, ii) g(w) (0w)"/cn; 


(6.3, iii) fw) = 1 — 


where @ is a parameter unequal to 0 so chosen that f(1) =1. 

To obtain other necessary conditions, divide both members of (5.1) by 
6w =t, f(w) = F(t), and we obtain the equation 


This obviously holds when k =0. If it is to hold for all & it must hold for k+1 
when it holds for k. Hence, on multiplying both members of (6.4) by F(t)/t 
we find that a necessary and sufficient condition for (6.4) to hold for all k 
is that 


n=0 n=O 


(6.5) 


| 
> Cn > turd k = 0, 1, 
n=O nm 
On equating the coefficients of the first power of ¢ on either side we obtain the 
relation 


+ 1) (cx = + (2e1 C2) = +4 2) om 


This serves as a recursion relation to determine c, parametrically, whence we 
find that c, must have the form B*/Ci+a,r. 

When this value of c, is substituted in (ii), (iii) of (6.3) we get: 
F(t) =f(t/0), f(w) If we take we 
find for f(w), g(w) the values (5.4). If these functions are to satisfy the condi- 
tions of Gronwall we must have, first of all, a real and a+1>0. But since 


n=O 
n=0 
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[H, cn] is a regular Hausdorff mean, R(a) 20. Hence we must have a real 
and greater than or equal to 0. 

We now determine 8 so that the map of | w| <1 by z=f(w) shall lie in 
|z| <1. Put w=e", B=p+ig, and we see that |z| <1 if and only if 
p+ [g/tan (0/2) ] <1; and hence g=0, 8 =p <1. The map of | w| =1 is a circle 
in the z-plane whose intercepts on the real axis are z= —8/(2—8), z=1. In 
order that this map should contain the origin it is necessary that 820. Since 
B=0 is clearly excluded, we therefore have 0<8 31. 

We have shown that c, must have the form (5.3). Consequently 


(6.6) = n=0,1,2,---, 


where 


u>B. 


Thus [H, c,] is a regular Hausdorff mean. 

It remains to be proved that when c, is given by (6.6) then (6.4) holds 
for all values of k. On making use of the integral representation (6.6) we find 
that (6.4) will hold if 


w 0 


1— (1 — 8) [1 + Bw(1 — 


But the right member is equal to 
+ 1)0(a) < 


Crab 1) Bw/(1 — w)]* = [1 + Bw(1 — 


which is equal to the left member. It now follows that [H, c,] is the Gronwall 
mean (f, g), where f, g are given by (5.4). 
We have proved the following theorem. 


THEOREM 6.1. A necessary and sufficient condition in order for a regular 
Hausdorff mean [H, c,] to be a Gronwall mean (f, g) is that 


1 

= = u"do(u), n=0,1,2,---,a20,0<681, 
0 

where (u) =1—(1—uB-')¢ if uSB, o(u) =1 if u>B. The Gronwall mean which 

is the same as this has f, g given by (5.4). 


We note that the domain in which this mean sums the geometrical series, 
and which is given by (c) of §5, is the circular region |s+(1 —B)/B| <1/8. 
This result furnishes additional evidence in support of the conjecture [5, p. 
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205] that a necessary and sufficient condition that a Hausdorff mean sum a 
power series outside its circle of convergence is that the mass function be con- 
stant in the neighborhood of 1. 

7. Mersman summability. In a recent paper, W. A. Mersman [8] studied 
the transformation 


(7.1) Un = (4)?" Consk.n—p' (tot 
p=0 


He proved that this defines a regular method of summation, which we shall 
call (M)-summability. He found that (M)D(C, k) for k=1, 2; (M) includes 
an Euler-Knopp method; and he determined the domain in which (M) s sums 
the geometrical series. We shall now prove the following theorem. 


THEOREM 7.1. (M)-summability is (f, g)-summability with 


§ 

Proof. It is required to show that when these values of f(w), g(w), and U,, 
from (7.1) are substituted in (5.1), the latter becomes a power series identity. 
This can be done in exactly the same way that Gronwall established the corre- 
sponding theorem for.de la Vallée Poussin summability (V) determined by 

n ! 2 
(7.3) u=> (n!) 
— p)\(n + p)! 


with f(w), g(w) given by 


(7.4) jw) gw) = 

‘ w) = w) = (1 — w)-"/2, 

On making the indicated substitutions, and putting u,=0, n#k, u,=1, we 

find that the following identity must be verified 


(7.5) (1— w)“[f(w)]* = x k=0,1,2,--- 


One may show directly that this holds for k=0, 1. Then by means of the 
identity 


[f(w) = [f(w) ] 2) [f(w) k= 1, 2, 3, 


one may prove (7.5) by mathematical induction for all values of k. On sub- 
stituting (7.5) in (5.1) the proof may be completed exactly as in Gronwall’s 
proof. 

On comparing (7.2) and (7.4) we see that the map function f(w) is the 
same for (M)- and (V)-summabilities, while g(w) is of the form (1—w)~* for 
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both methods, with a having a larger value in the case of (J/)-summability. 
It therefore follows from a theorem of Birindelli [2] that (V)C(M), (M)C(V) 
This will also follow from results to be given in Part III. 


III. A METHOD OF SUMMATION ARISING FROM AN ALGORITHM OF SCHUR 


8. Introduction to Part III. The starting point of Part III is the following 
theorem of Wall [13]. 


THEOREM 8.1. Let e(x) be any function analytic and with modulus less than 
- or equal to 1 for |x| <1, which is real when x is real. Then there exists a function 
F(z) of the form 


(8.1) F(s) = f Panna 


i+se 


o(u) bounded, monotone non-decreasing, OS uS1, with modulus less than or equal 
to 1 for |z| <1, such that 

1 + xe(x) 
Conversely, if F(z) is any function of the form (8.1) with modulus less than or 
equal to 1 for | z| <1, then there exists a function e(x) of the kind described above 
such that (8.2) holds. 


The theorem grows out of an algorithm used by Schur [10] in his work on 
functions bounded in the unit circle. This algorithm yields a continued frac- 
tion representation for the function in the left member of (8.2), and the con- 
tinued fraction is in turn equal to a function of the form (8.1) with modulus 
less than or equal to 1 for |z| <1. (For details, and a discussion of some con- 
sequences of this theorem, see the paper of Wall [13].) 

We shall denote by E the class of functions e(x) described in this theorem. 

Put F(z) =) oen(—2)* in (8.2). Consid- 
ering the result as a power series identity in x, and equating coefficients of 
like powers of x on either side, we obtain a transformation of the form 


(8.3) Cy n=0,1,2,--- 
p=0 


From the above theorem it follows that if e(x)CE, then the transformation (8.3) 
carries the sequence {cy} into.a totally monotone sequence {C,}. In §9 we have 
formulated this in such a way as to characterize a class of functions having 
positive real part for |x| <1. 

We find, moreover, that if {c,} is any moment sequence, then {C,} is 
also a moment sequence, so that [H, C,} is a Hausdorff mean. The set of all 
these means forms a regular manifold in the sense of Part I. 
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Considered as a transformation on the series > .c, to the series Cn, (8.3) 
defines a regular method of summation, which we call Schur summability and 
denote by (S). It turns out that (S) =(M/), where (M) is the method of Mers- 
man discussed in §7. Thus (S) is equivalent to a Gronwall method. 

9. Schur summability. If we put f(x) =)0c,(—x)", Fe) =)_C,(—s)" in the 
relation 


(9.1) (1/2)(1 — x)f(~) = F(z), = 4x/(1 — 


write both members as power series in x, and then equate coefficients of like 
powers of x, we obtain the relation 


(9.2) (— cn = (— 
p=0 
If (—1)"cn =an, =A,, this gives 
(— 1)"Ag = — + (— 1) "te nae, k=0,1,2,--> 
ty.» being a certain determinant, namely, 


= p=0, 1,2,°°:, k, 


where 
0, 0, 


= 1, = 


Cr+2m—2,0 


k=0, 1, 2,---,m=1, 2, 3,--+.On subtracting the (m—k)th row from the 
(m—k-+1)th row in succession for k=1, 2, 3,---, m—1, we readily obtain 


k+1 
(9.3) J = J + J = J 
p=1 


This holds for k21, m=1, 2, 3, - - - . Hence it follows that 
(9.4) = (Rk + + m + Carrom; k21,m=0,1,2,---. 


This holds also for k=0. In fact, if f(x) =1 in (9.1), ie., co=1, c,=0, n>0, 
then 


= + — 1] = + 2)”, 


p=0 
and consequently ¢,,o=Jo,, is given by (9.4) with k=0. We may now write 
down at once the inverse of the transformation (9.2): 


0 
| 
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(9.5) ET aster Tap = + + 


It is desirable to express this as a transformation on the partial sums 
Sn=CotCit ++ +Cn, Sn=Citcot +c, of the series To do 
this, let S,=) n=0, 1, 2,---, and it will be seen that 


p=0, 1, 2,- ++, , One may then show by mathematical 
induction that b,,p= (4)2"+"Con42,n—p. We now make the following definition. 


DEFINITION. The transformation 


p=0 


is called the (S)-transformation; and the method of summation which assigns to 
the sequence {sn} the value lina Sn when the latter limit exists, is called (S)- 
summability. 


From Theorem 8.1 and from the way in which (S)-summability was de- 
fined we have this theorem: 


THEOREM 9.1. Let E denote the class of functions e(x) which are analytic and 
have moduli less than or equal to 1 for | x| <1, and which are real when x is real. 
Then e(x) is in E if and only if (S) transforms the sequence 
defined by [1—e(x)]/[1+xe(x)]=)oca(—x)" into a sequence S,=Cot+Ci 
+--+ +C,, convergent and with limit(*) less than or equal to 1, and such that 
{Cn} is a totally monotone sequence. 


A theorem equivalent to Theorem 9.1 is as follows: 


THEOREM 9.2. Let K denote the class of power series, with real coefficients, 
of the form . 


(9.8) k(x) = — Dox + Dix? — + 


convergent and having real part greater than or equal to 0 for | x| <1. Then k(x) 
is in K if and only if (S) transforms the sequence {1—D,} into a sequence 
Sn=CotCit +--+ +C, convergent and with limit less than or equal to 1, and 
such that {C,} is a totally monotone sequence. 


Proof. Let e(x), k(x) be two power series with real coefficients related by 
the equation k(x) =1/2—xe(x) [1+xe(x) ]-'. Then it is easily seen that k(x) is 
in K if and only if e(x) is in E. Moreover, if [1 —e(x) ]/[1+xe(x) ]=)oen(—x)*, 
and k(x) is of the form (9.8), then 1—D, =co+cait+ ---+¢,,”=0,1,2,---. 
The theorem now follows at once from Theorem 9.1. 


‘Mi The modulus of F(z) is less than or equal to 1 for |z| <1 if and only if >C, $1 [11, p. 
181}. 
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10. The (S)-transformation and moment sequences. By an application of 
the work in Part I we shall prove the following theorem. 


THEOREM 10.1. The (S)-transformation in the form (9.5) transforms any 
moment sequence {cn} into another moment sequence {C,} such that [H, Cn] 
4s an essentially regular Hausdorff mean. 


Proof. Let cp= /ju?do(u), o(u)EBV(0, 1], p=0, 1, 2, - - - : Then by (9.5) 
we see that 


C, = n=0,1,2,---, 


where 8,(u) =)."~97n,»4?. To prove the theorem it is therefore required to 
show that the sequence {8,(u)} is the basis of a regular manifold. 

Let 0Su 31. Then e(x) =u =constant is a function in the class E of Theo- 
rem 9.1. Also, 


Hence it follows from Theorem 9.1 that the sequence {(1—1)8,(u) } is totally 
monotone, and consequently {8,(u)} is totally monotone if OSu<1. It is 
also totally monotone for u =1 by reason of continuity. Therefore {Bn(u) } is 
a totally monotone basis of a manifold M[8,(x) ]. 

To show that M[8,(u)] is regular, we put f(x) =1/(1+ux) in (9.1) and 
find that the corresponding value of F(z) is 


(10.1) — + (1+ u)(1 + = (u)(— 2)", OS us 1. 
p=0 
We may write this in the form 


d,B(u, t) 
(10.2) [i —u) + (1+ = f 
- 0 1 + at 
where B(u, t) is a monotone function of t, OS¢31, for each u, OSu 31, de- 
termined by the equations 8,(u) = ot7d,B(u, t), p=0, 1, 2,---. We see by 
inspection that (10.2) tends to 0 as z tends to through positive real values, 
in consequence of which B(u, ¢) is continuous at ¢=0. This in turn implies 
that lim... A*Bo(u) =0, OSuS1. Therefore, by Theorem 2.2, M[8,(u)] is 
regular and the proof of the theorem is complete. 
With a view toward finding out other properties of the means in the mani- 
fold M[8,(u)] we obtained B(u, t) explicitly from (10.2), using the Stieltjes 
[9, p. 372] inversion formula. The result is 


1 1/2 
= — f (—-1) ds, 
(1+)? —4us\s 


p=0 
‘ 
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By means of a known [4, p. 202] necessary and sufficient condition for a 
Hausdorff mean to include (C, m) for integral n, we find that special means in 
M[8,(u) | include (C, 1) but not (C, 2). That this is not always the case can be 
seen from the fact that the regular mean [H, 28,(1)], which is in the manifold, 
does not include (C, 1). In fact, 8,(1):(m+1)—'2(m+1)/4n"/?, and con- 
sequently this ratio cannot be the mth member of a moment sequence. Hence 
(C, 1)¢ [H, 28,(1)]. 

11. The relation of (.S)-summability to Gronwall summability. On modify- 
ing the notation to facilitate comparison with the work in Part II we find that 
(S)-summability is determined by the relation 


(11.1) wal = (1 U,w ’ f(w) 1+ (1 w) 


in the same way that (f, g)-summability is determined by (5.1). This is there- 
fore not a Gronwall method inasmuch as the function 1/(1—w) [1+(1—w)"/?] 
does not satisfy the conditions required by Gronwall for g(w). However, (S) is 
equivalent to (M), which we showed to be an (f, g)-method. In fact, if we put 
2 then (11.1) becomes 


1 

= ———— U,tw", 

n=0 (1 w) n=0 
which is formally the same as (M)-summability. Now it is easily seen that 
limne. U,=s if and only if lim,... U,*=s, and consequently (S)=(M). In 
fact, if 1+(1—w)”*=) v,w", then nit +0,Uo, and 
since converges absolutely and =1, it follows that lim U, =s implies 
lim U,* =s, so that (S)C(M). Since >> U,w* =w—[1—(1-—w) it 
follows similarly that (M)C(S). 

Let S,(so, s1,:--) denote the mth (S)-sum of the sequence {sa}, and 
M,(So, 51,  - - ) the mth (M)-sum of the same sequence. Then from (9.7), (7.1) 
it follows that S,(so, s1, - - - )=(1/2)Mal(sSo, 51, - -)+(1/2)M,(0, So, 51, ---). 
From this and from the fact that (S)~(M) we have this theorem: 


THEOREM 11.1. If the (S)-limit of the sequence So, s1, S2,--+ 1s s, then the 
(S)-limit of the sequence 0, So, 1s also s. 


A number of properties of (S)-summability follow from the general theo- 
rems about Gronwall summability: e.g., (V)C(S), (S)C(V); (S) sums the 
geometrical series in the same domain as that in which (V) sums this series; 
(S)D(C, k) for k>—1. In the next paragraph we shall prove some of these 
things by direct methods. 

12. Some properties of (S)-summability. Using the relationships obtained 
in §§9-10 we shall prove the following propositions: (a) (S) is regular, (b) (S) 
sums the geometrical series ).x" to 1/(1—x) inside the curve 
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(12.1) r= 2 —cosé + [(1 — cos 6)(3 — cos 6) ]*/2, 


while (S) does not sum the geometrical series outside or upon this curve; (c) 
(V)C(S); (d) (S)C(V). 

Proof of (a). It is required to show that the numbers 3,,, of (9.7) satisfy 
the regularity conditions: 


(12.2, i) > | ba.p| < M for every n, M independent of n; 
p=0 


(12.2, ii) Dd bn,» tends to 1 as n tends to ~; 


p=0 


(12.2, iii) lim bn,» = O for every p. 


From (9.6) we have pe a, As n tends to © this tends to 1 
inasmuch as the power series [(1+2)"#—1]/z= converges 
and has the sum 1 when z= —1. This proves (ii). Since the 5,,».’s are all 
positive, (i) holds by virtue of (ii). To prove (iii), we use the relation 


k=p k=p+1 


- 


which is a consequence of (9.6). As n>, the two sums of positive terms on 
the right have finite limits. For if f(x) =(—x)” in (9.1) there results the equa- 
tion 


(12.4) 


= 


k=p 


(S + z) 1/2 


and this series converges for z= —1, being the Cauchy product of 2p+1 ab- 
solutely convergent series. Since the value of the function on the left is 1 when 
z=—1 it follows that }\f,7:,»=1, p=1, 2, 3,--- . Therefore, by (12.3) we 
see that the last of the regularity conditions is satisfied, and therefore (S) is 
regular. 

We note for future reference that 


(12.5) = (1/2)??+F(p + 1/2, p + 1, 2p + 232), 
k= p 
where F(a, 8, y; 2) is the hypergeometric series. 

Proof of (b). On replacing c, by x” in (9.5) we find that in order to show 
that the geometrical series dx? is (S)-limitable for a particular value of x, 
it is required to prove that the series }>6,(x) is convergent, where 8,(x) 
=) 707 n,pt?. Using the recursion formula (9.3) one may show that these 
polynomials satisfy the relation. 
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(12.6) Bp(x) = — (1 + w = (1 + 2)*/4x, Bo(x) = 1/2, 
and consequently 
Ba(x) = (1/2) w™ — w(1 + x)-"(To ow! + + +7 


Now the last quantity in parentheses is the coefficient of /*~' in the power 
series in ¢ for the function [1—(1—#)"/?]/#(1—w#t), which is convergent for 
t=1 provided |w| <1. It follows that if |w| <1, 


Ba(x) = (1/2)(1 — — — w)-(1 + = 1/(1 — 2). 
On the other hand, if | w| 21, | 1+x| =2, we have 
B,(x) _ w"[1/2 (1 + x)-"(T,0 + T,-1,0w'*) J. 


Inasmuch as the series }\,207',0ow-? converges and has a sum numerically 
less than or equal to 1 it follows that 


|wl21, 


Now )_6,(1) evidently diverges, being the series for (1/2)(1+z)-"/? evaluated 
at = —1. In any other case where | w| 21, |1+x| 22 we have |B,(x)| 2d>0, 
where d is a constant independent of n, and hence >Ba(x) diverges. Since the 
curve |w| =1, |1+2| 22 is given in polar form by (12.1), and since the in- 
terior of this curve corresponds to |w| <1 and the exterior to | w| >1, the 
proof of (b) is now complete. 

Proof of (c). The mth (V)-sum of the sequence {s,} is given by 


(n!)?(2p + 1) 
12.7 Ve = 
plete 


On eliminating so, 51, - - - , S$, between (12.7) and (9.7) we obtain a relation 
of the form S,=)>7_o€n,»V, where 


(k!)?(2p + 1) 


We shall prove that 


29)! 


To do this it will suffice to verify the identity 


= (2k + 1) D> (2p + 


The quantity on the right may be identified as the coefficient of x*~* in the 


{ 
\ | 
id 
a 
q 
\4 
i 
d 
iW 
H 
4 
n 
iy 
4 
il 


278 W. T. SCOTT AND H. S. WALL [March 


product F(3/2, 1, 2; 4x)F(k+1/2, k+1, 2k+2; 4x), while the left member is 
the coefficient of x*~* in F(k+3/2, k+2, 2k+3; 4x). Thus we must establish 
the power series identity 


F(k + 3/2, k+ 2, 2k + 3; 2) = F(3/2, 1, 2; 2)-F(k + 1/2, k+ 1, 2k + 2; 2). 


Since D,F(k+1/2, k+1, 2k+2; 2) =(1/4)(2k+1)F(R+3/2, k+2, 2k+3; 2), 
the relation to be established reduces to 


F(k + 1/2, k +1, 2k + 2;2) = (2. 


which is an identity by (12.4), (12.5). 

In order to show that (V)C(S), we must show that the regularity condi- 
tions (12.2) are satisfied by the numbers ¢,,,. Condition (iii) is clearly satis- 
fied; and (i) will follow from (ii). We have 


> = Con—2p+1,n—pC 2p, p- 
p=0 p=0 


This is seen to be the coefficient of x"2~-*"—! in the power series in x for the 
function 2[1—(1—4«)"/*]/4x(1—4«). Hence it is required to show that the co- 
efficient of x" in the power series in x for the function (1—x)-'[1—(1—x)"/?]/x 
has the limit 1 for n= ©. But if this coefficient is denoted by d,, we have 


(12.9) dn = V0Gn + + * + 


where g=qi=--- =1, and Since converges 
absolutely and }-v,=1, it follows that (12.9) constitutes a regular trans- 
formation of the sequence {gn} into the sequence {d,}. Hence, inasmuch 
as g,=1 it follows that lim d,=1, as was to be proved. We have completed 
the proof that (V)C(S). 

Proof of (d). To show that (S)({(V) we shall show that there is at least 
one sequence which is summable (S) but which is not summable (V). For that 
purpose it will suffice to show that if we put V,=(—1)” in the relation 
Sn=).7-0€n,p Vp Of the preceding proof, then lim S, exists and is finite. We 
find that 


41 — — +1] = So+Stt+ Se +---, 


where S, =) Thus if (1—£)/?+1 =) = gy», 
then +0ngo. This is a regular transformation of the se- 
quence {g,} into the sequence {S, } . Hence, inasmuch as lim g, =0, it follows 
that lim S, =0. This establishes (d). 
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ON CONFORMAL MAPPING OF INFINITE STRIPS 


BY 
S. E. WARSCHAWSKI « 


INTRODUCTION 


Let S be the strip in the plane of the complex variable w =u +iv defined by 
the relations 


o-(u) <0 < $4(u), 


where $_(u), 64(u) are continuous for — © <u<+ Let 0(u) —p_(u) 
and ¥(u) =4$[¢4(u)+@_(u)]. S can be mapped conformally onto the strip 
| y| <m/2 of the z-plane, z=x+iy, by means of an analytic function 
2=Z(w)=X(w)+7Y(w) in such a manner that limy.,. X(w)=+0. The 
principal object of this paper is to obtain asymptotic expressions for Z(w) 
and its derivative Z’(w) as u—+ ©. For this purpose two inequalities con- 
cerning the difference X (we) — X (wi) (wi =u1+701, We = U2+iv2.in S) are estab- 
lished which are similar to certain inequalities of Ahlfors(!), but which, due 
- to some assumptions regarding the smoothness of the boundary of S, yield 
sharper estimates for large values of u and we. 

We say that S is an L-strip(*) with the boundary inclination y at u=+, 
ly| <1/2, if, for 


+(tu2) — o_(u2) — 


Uy ue — Uy 


approach the same limit, tan y, as “4; and %,.—>+ © simultaneously. The two 
inequalities in question (the “basic inequalities”) are then as follows: 
I. If S is an L-strip with the boundary inclination y=0 at u=+ ©, then 


u2] /2 ue 6/2 
X (we) X(w1) s =f 
“1 6(u) 12 uy 6(u) 
where 0(1)—0 as u, u—+ ©, uniformly with respect to v; and v2. 

II. Lf Sis an L-strip as in 1 and if, in addition, .! (u) and o_ (u) are con- 

tinuous and of bounded variation for urSuS+ ~, then 
“a1 + y/2(u) 0/2 (4 

O(u) 


du + o(1), 


) du + o(1). 


— X(w:) f 


Presented to the Society, January 1, 1941; received by the editors January 23, 1941. 

(1) Ahlfors [1, p. 10 and p. 16]. The number in the brackets refers to the author’s paper 
quoted in the bibliography. 

(?) For a justification of this notation see §1 (b). 
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If now the integral /%[6’2(u)/0(u) |du converges, I and II together yield 
an asymptotic expression for the difference X (we) —X(w): 
u2 /2 
X(w») — = f + 0(1) aS + ©. 
uy 

Combining this with a result on Y(w) established in this paper under the 
same hypothesis as in I, we obtain the following asymptotic representation 
for Z(w): 

u 1 t 
uo 6(t) 
uniformly with respect to v. Here d is a real constant. 
As to Z'(w), we find under the same hypothesis as in I, 


+ o(1), asu—>-+ 0, 


us 

Z'(w) asu—>+ o, 
uniformly in any subregion Sz: {(|vo—(u)| )/0(u) <B/r} where 0<B<7/2. 
The “approach of u to + © in any Sg” is the analogue of the “approach within 
any angle” in the case of a finite boundary point at which the boundary curve 
possesses a tangent. In this connection we obtain an extension of Cara- 
théodory’s well known theorem which states that the map of a region bounded 
by a Jordan curve onto a circle is quasi-conformal at a boundary point which 
is the vertex of a corner (cf. §16). 

Similar expressions for Z(w) and Z’(w) are obtained when y+0, but 
|y| <a/2. Further theorems are derived as corollaries from the above men- 
tioned results. 

An important part in the proof of some of these results is played by a 
theorem of A. Ostrowski (cf. §2) which deals with the argument of the deriva- 
tive of the mapping function in a neighborhood of a point at which the bound- 
ary curve has a cusp. In the present paper a new proof of this theorem is 
given.. 

By the use of suitable transformations these results can be applied to the 
study of the mapping function in a neighborhood of a boundary point for 
various boundary configurations. Let I be a closed Jordan curve in the 
w-plane, R the interior of I, let §={(w) map R conformally onto the circle 
| f- 1| <1, let wo be a point on I and let {(wo) =0. By means of simple loga- 
rithmic transformations, asymptotic expressions for {(w) and as w—wyo 
are derived from the above stated results. In particular, when I possesses a 
tangent at wo, the expression for {(w) yields a new criterion for the existence 
of the derivative of [(w) at wo (i.e., lim... §(w)/(@—wo) for unrestricted ap- 
proach). Another case is that in which T has a cusp at wo. It was partly for 
the purpose of treating this case that the present investigation was started. 
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In addition to the asymptotic expressions for {(w) and {’(w) as w—>wo we ob- 
tain some extensions of earlier results on the cusp which are due to Ostrowski. 

Other applications include the study of {(w) for a region R whose boundary 
contains two “concurrent” spirals. These spirals may both approach a single 
“asymptotic” point wo, or else the set of their limiting points might be a more 
general point set which forms a prime end of R. 


I. PRELIMINARIES 


1. Definitions. We begin with a few definitions which will be used in the 
paper. 


(a) SIMPLE JORDAN stTRIP. Let C, and C_ be two curves in the w-plane 
(w=u-+iv) represented by continuous functions 


v= v=g(u), Uz uo, o4(u) > o(u), 


respectively, and let C, be a Jordan arc(*) which lies in the half-plane uSuo 
and connects the finite end points of C, and C_. The curve C, consisting of C+, C_ 
and C, decomposes the complex plane into two regions (by Jordan's theorem). Let 
S be the one which contains the region 


o-(u) <0 < o4(u), 
We call S a simple Jordan strip. 


We set 0(u)=¢4(u)—-(u) and denote by 0, the segment {Rw=u, 
o-(u) SvS¢,(u)}. 


(b) L-TANGENT AT u=+ 0; L-strip. Let C be a curve represented by the 
equation v=(u) where o(u) is continuous for u.su<+ ©. We say that C has 
an L-tangent with the angle of inclination y, —17/2Sy 31/2 at u=+~%, if the 
angle of inclination of any chord wywe of C (wi W2=U2+i02), U1 
approaches the limit y when u, and uz approach + © simultaneously, or, in 
other words, if for every €>0O there exists an R(€)>0 such that for the principal 
value of the argument, 

arg (W2 — w1) — <eé when ue > u > Rie). 


Let S be a simple Jordan strip whose boundary curves Cy and C_ have both 
L-tangents at u=+ © with the angles of inclination y4 and y-_, |-v+| <n/2, 
|y-| <1/2, respectively. Then, for sufficiently large u, say Uo, has 
bounded difference quotients and hence 0'(u) exists for u =u, except possibly for a 
set of measure zero. Furthermore, 0'(u) is bounded and 0(b) —0(c) = [%0"(u)du, 
b = c = U1. 

If, in particular, the L-tangents of C, and C_atu=-+ © have the same angle 
of inclination y, then we call S an L-strip with the boundary inclination y at 
u=+o, 


(*) Ci may pass through the infinite point (“u = — ©”). 
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The definition of an L-tangent at u=-+ © is patterned after that of an 
L-tangent to a curve at a finite point(*). Let 8 be a Jordan arc which possesses 
a tangent at one of its end points, P. If the angle of inclination of every chord 
P,P; of B (P1# P:2), approaches that of the tangent at P as P; and P: approach 
P simultaneously, then we say that 6 has an L-tangent at P. 

2. A theorem of Ostrowski on L-cusps. Let I be a closed Jordan curve. 
If, in a neighborhood of a point P of I’, T' consists of two branches ', and T_ 
each of which possesses a tangent at P, and if the interior angle made by these 
two tangents is 0, 0<@< 27, then we shall say that [' has a corner of measure 0 
at P. The limiting case where 0 =0 will be called a cusp. If both tangents at P 
are L-tangents then we shall say that T has an L-corner (9>0) or an L-cusp 
(6=0) at P. 

The following theorem is due to A. Ostrowski(*). 


THEOREM I. (Ostrowski.) Let T be a closed Jordan curve in the w-plane which 
has an L-cusp at the point P of T, and let w=f(f) map the circle I¢| <1 con- 
formally onto the interior of T in such a manner that § =1 corresponds to P. Then, 
for any determination of the argument in | c | <1, limy.1 arg [f’(6)(¢—1)] exists 
for unrestricted approach. 


This theorem is an extension of a theorem by Lindeléf(*) on arg f’(£) in the 
case that I has an L-corner of measure 0=7 at P, and was first stated and 
proved by Ostrowski(®). We give here a proof of this theorem, which is differ- 
ent from the one by Ostrowski. It follows to some extent the ideas which 
Lindeléf used in proving his theorem. 

Proof of Theorem I. (i) It may be assumed that P is the point w=0, that 
T_ follows !', when [ is traversed in the mathematically positive direction 
and that the L-tangents to ly and T_ at w=0 fall on the negative real axis. 
Then we have, for a proper choice of the determination of the argument for 
and w, on T_, 


(2.1) lim arg 1) = (w: between w = 0 and we) 


and for w, and w, on T,, 


(2.2) lim arg (we — w:1) = 24 (we between w; and w = 0). 


Let y+ and - be subarcs of I’, and T_ , respectively, such that both have 
w =0 as an end point and that for all w:, w: on y— 


(2.3) | arg (w2 — w:) — r| < 4/8 (w: between ws and w = 0) 


(4) The idea of an L-tangent at a finite point was introduced by Lindejéf, [1, pp. 89-91], 
the term “L-tangent” by Ostrowski [1, p. 93]. 

(5) Ostrowski [1, pp. 181-183]. 

(*) Lindelof [1, pp. 89-91]. 


4 
it 
| 
( 
| 
| 
q 
4 
ig 


284 S. E. WARSCHAWSKI “ [March 


and for all wz on y+ , 
(2.4) | arg — wi) — 24| < 4/8 (ws between w = 0 and 


It follows from (2.3) and (2.4) that y_ and + can be represented in the 
form (w=£+in): 


n=g-(§), g+(8), 


respectively. Both of these functions are continuous and have derivatives al- 
most everywhere in a certain interval £5 <0 ()<0). We can assume both 
functions have a derivative at £0, so that y_ and y+ have tangents at the 
points P; (£, and Ps (&, g+(&)), respectively. Denote the arcs OP; 
and OP, by I’ and I, respectively. 

Let y be an arc with continuously turning tangent which joins P; and P2, 
which has the same tangents at P; and P, as I’, and which lies in the interior 
R of T except for its end points. Call I’; the closed Jordan curve formed by ¥, 
I’! and I’. We shall prove the theorem first for the function w=f,(f) which 
maps the circle |¢| <1 onto the interior R; of T,, and for which f,(1) =0. 

(ii) We establish first an auxiliary inequality. Let a be a point on Tf and b 
a point on T'! (so that Ra=ko, RbZ=ko). If that determination of the argument 
is chosen which lies between and (inclusive), 


T T 
(2.5) 


Assume first that Rb>Ra. Then only the left-hand side of (2.5) needs 
proof, since then arg (b—a) S7/2. Draw the line § =Ra. This line intersects 
I’ in a point a’ whose ordinate is greater than that of a. By use of elementary 
properties of the angles of a triangle, it is easily seen that 


arg (b — a) 2 arg (b — a’), arg (b — a’) > — 1/8, 


because of (2.3), since b and a’ are both on I’ and bd is between a’ and 0. The 
case Rb <Ra is treated similarly. If Ra = Rb, arg (b—a) = 7/2 and (2.5) is true. 

(iii) Let fi(e*) and fi(e') be interior points of T and T,/, respec- 
tively, 0<6:<62<27, and let 59 be a positive number which is less than 
min {6;, 2r—62} and also so small that (2.3) and (2.4) are satisfied on the 
arcs of corresponding to 0S and of |¢| =1, re- 
spectively. Since w=f;({) is continuous and univalent on | c | =1, 


Q(0; 8) = arg — file], 0 <8 S do, 6 fixed, 


is continuous for all real @, once the determination for one value, say 0=0, 
is selected. Since (2.3) holds on I’, Q(6; 6) can be determined by the condi- 
tion |Q(0; 6) We have then also 


(2.6) | 8) — r| < for0 


‘ 
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We assert now that 
(2.7) |Q(0;6) 24 —6. 
To prove this it is sufficient to show that 


(2.8) | Q(62; 8) — < 


For since (2.4) holds on thearc of which corresponds tothearc S27 
of |¢ | =1 and Q(0; 5) is continuous in 0, (2.7) will then follow. 
To prove (2.8) we observe first that for any 8, 


(2.9) Q(0 + 2m; 8) — 8) = 2m. 


This is an application of the principle of the argument, since the function 
filfe*) —fi($) is regular in, | | <1, continuous in <1, and has exactly one 
zero, =0, in |¢| <1. 

Now let Q(02; 5) =/2+2km where is an integer and | (because 
of (2.4)). Since Q(0; 5) is continuous, it follows from (2.4) and (2.5) that for 
62 Ss 6 Ss 2r 


(2.10) 2ke — S O(0; 5) S +4 + 27/8. 
Let Q(0; 6) |h:| by (2.6). Then by (2.9) 


Q(2x; 6) = hy + 34 
and hence by (2.10) for @=27 


— Sh + S ++ 72/8. 


The left-hand side of this inequality implies k $1, the right-hand side k21, 
so that k=1 arid (2.8) is proved. 

If we set wm=fi(e"), w2=fi(e*) then (2.6) shows that Q(6; 5) for 
05039, is identical with the determination of arg (w:—w:) chosen in (2.1). 
Hence, by (2.1), Q(0; 5) as 0 and 6 approach 0 simultaneously. Similarly, 
we infer from (2.7) and (2.2) that Q(@; 6)—2m9 as 0-—+2x and 6-0 with the 
restriction that — 6. 


Finally we note that there exists an 1 >0 such that for all 0S6S22 and 
all 
(2.11) | 8)| < M. 


For 05039; this follows from (2.6) for 6.—5S0529r—6 from (2.7), for 
27 50527 from (2.10) with and for from (2.3), (2.4) 
and the fact that y has a continuously turning tangent. 

(iv) For fixed 6S do, the function 


Silge*) — filf) 


6) = 1) 


for £0, g(0; 6) = fi (0), 


a 

f 

i 

i 
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is regular in | ¢| <1, continuous in || $1, and never vanishes because fi({) 
is univalent in | | $1. Therefore, any branch of arg g({; 5) is harmonic in 
| ¢| <1 and continuous in | ¢| <1. We choose that branch of arg g({; 5) which 
reduces to 


Q(0; 8) — 6/2 — 6 — 05068 
for |¢| =1. Consider now, for |{| <1, the harmonic function 
(2.12) P(g; 8) = arg [g(5; 8)(¢ — 1)] = arg g(s; 8) + arg (¢ — 1), 


where arg ({—1) is determined by the condition that it reduces to m for { =0. 
P(f; 8) is bounded in | {| <1 and it has continuous boundary values on | {| =1 
except at {=1. Hence it can be represented by the Poisson integral 


(1 — 
1 +p? — 2p cos (0— a) 


= pe’, 


1 2r 
== f 8) 


(v) Let €>0 be given. Then by our statement at the end of section (iii) 
there exists an 7 =7(€) <€/4 such that, for ali positive 6S min (5o, 7): 


(2.13) | 0(; 8) — <«/4 for0S6Sn 
and 

(2.14) - |Q(0;8) for2r —n SOS —6. 
Observing that, for the determination of arg ({—1) selected in (2.12) 


arg (e# 1) 4, 0 <6 
we find, for 0<@<7, 
| P(e; 8) — = | Q(6; 8) 
2 2 2 2 
<|00;8) 
2 2 
=| 00638) 5) 
and for 


6 6 


< | 0; 8) 


Because of (2.13) and (2.14), we have therefore 


| 
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€ € € 
(2.15) | P(e; 8) — 
for 0 and 2x S68 2x — 6. 


To estimate the difference | P(f; 5) —| we decompose the Poisson integral 


as follows: 
=—4 f + f + + 


Then we find, from (2.15), (2.12), and (2.11), 
1 (1 — p*)dé 
| 8) =| o 1+ p? — 2p cos (6 — a) 
M + — p*) 
1 + — 2p cos (n — | a|) 
(1 — p*)dé 
Qe 2S 1+ 2p cos (0 — a) 
M + 2x 6(1 — p*) 
(1—p)* 
Now we keep ¢ fixed and let 5-0. Since M is independent of 6, we find 


1 — p? 
1 + p? — 2p cos (n — | a| ) 


| arg [A — 1)] — Se + (M 


Hence, as © 
(2.16) lim sup | arg [ff (S)(¢ — 1)] Se, 


q.e.d. 

(vi) It remains to prove the theorem for the original function f(¢). The 
inverse function of w=f({) maps R; onto a region E of the circle Iz <i and 
the arc P,OP; of I; onto an arc of the circumference |{| =1 which contains 
¢=1 as an interior point. If f={(s), ¢(1) =1, is a suitably chosen function 
which maps the circle | s| <1 onto E, then fi(s) =f(¢(s)). By Schwarz’s reflec- 
tion principle, ¢(s) is regular at {=1 and {’(1) #0. Now we have, in a suffi- 
ciently small neighborhood of ¢ =1, |¢| <1, 


arg f’(¢) = arg fi (s) — arg ¢’(s) 
and 


arg — 1)] = arg [ff (s)(s — 1)] — arg + arg 


s—1 


| 

| 

\ 

q 

id 

| 

AI 
— 

1 j 
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Letting ¢—1 in |¢| <1 and consequently s—1 in |s| <1, we find the desired 
result from (2.16). 
3. An application. As an application of Theorem I we prove the following 


TuHeEoreEM II. Let S be an L-strip with the boundary inclination y=0 at 
u=+o. Let w=W(z), 2=x+1y, map the strip | y| conformally onto S 
in such a manner that RW(x+iy)—~+ © as x-—>+ ©. Then 


(a) For a suitable choice of the branch of the argument, lim,.+.. arg W’(z) =0, 
for unrestricted approach. 

(b) For 2; and 2 in any fixed strip | y| SB <x/2 which satisfy the condition 
|ze—z;| SM (M a constant), lim [W'(22)/W'(2:)]=1 as x1=Rz: (and hence 
x2=Rz) approaches + ©, uniformly in | y| =B(’). 


Proof. (a) The transformation w=1/w maps S onto a region R bounded 
by a closed Jordan curve(*) T in such a manner that u = + © corresponds to 
w=0. Let w; and w2 be two points on one of the boundary curves C, or C_ of S 
and w:=1/w: and w,.=1/w, their images on T’. Since S is an L-strip with the 
boundary inclination y=0 at u=+, the principal value of arg w 
<arg is single-valued in S if u=Rw is sufficiently large, and arg 
and arg w2 approach 0 as w and w2 approach © along C; or C_. Hence, it 
follows from the relation arg (w2—w;) =arg (wi—we) —arg wi—arg we, which 
holds when the principal value is taken for each of the arguments, provided 
Rw; > Rw. and both are sufficiently large, that has an L-cusp at w=0. 

Let now, for |¢| <1, z=log [(1+£)/(1—$)] be the branch of the logarithm 
which is 0 when ¢ =0. The function 


1 1+¢ 
w = = Wo’ 


maps the circle | ¢| <1 conformally onto R. It can be defined as a continuous 
function in lg | <1, and then f(1) =0. Hence by Theorem I, 


exists, or 


lim arg W’(z) = lim arg = 
f-1 2 


exists. That this limit is 0 for a suitable choice of the branch of the argument 
can be seen in the following way. The image L in the w-plane of the real axis 


(7) Part (b) is due to Ostrowski [1, p. 185, relation (68.6), and p. 177, relation (64.2) ]. 

(8) If the arc C; of the boundary curve of S passes through w= «, I will have a double 
point at w=0, In this case, however, I will/be a Jordan curve on the Riemann surface of 
(w—a)*/* for a suitable choice of the point a (a +0). 


A 
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in the z-plane by means of w= W(z) has a tangent at the point W(x) which 
forms the angle arg W’(x) with the positive u-axis. If 10, we may assume 
that / is also not a multiple of 27. Since L lies in S, the slope of any chord 
through two points W(x») and W(x1), xo fixed, will approach 0 as x1—+ ©, no 
matter how large x» might be chosen. On the other hand, lim,.,.. arg W’(z) =/ 
implies that L has an L-tangent with the direction / at u = + ©, which is im- 
possible unless / =0 or a multiple of 27. 

(b) To prove part (b) we note first: If F(z) = U(z)+7V(z) is regular for 
|y| <a/2 and if lim,.,.. V(z) = Vo in | y| <x/2, then uniformly in any fixed 
sub-strip | y| <8 <7/2, lim,.4. F’(2) =0(°). 

This statement follows immediately from the integral representation('®) : 


i 
=— [Viet re endo =— + re) Vole, 
mre’ o 


where | y| 
Now, if 2: and z are points in |y| <@<z/2, and |z—2| <M, 


as x1, uniformly in | y| $8. Applying this result to 
F(z) = log W’(z) = log | W’'(z) | + iarg W’(z) 
and using the result of part (a), we have, for | ze —z:| =M, 


lim [log W’(z2) — log W’(z:)] = 0 


Ww’ 
W' (21) 


q.e.d. 


4. Some auxiliary results. As an application of Theorem II we prove the 
following 


Lemma 1. Let S be an L-strip in the w-plane with the boundary inclination 0 
at u=-+ 0. For all u exceeding a certain number ux, let l, denote a line segment 
within S which joins the point w=u+ip_(u) of C_ with some point of C, and 
which forms the angle y(u), limy.4. ¥(u) =0, with the positive v-axis("'). Let 


(*) This result is well known; see for example, Wolff (1, p. 221, §6], Ostrowski [2, p. 23, 
Theorem V, Part 3]. For the last part of this proof compare Ostrowski [2, p. 31, Theorem VII]. 

(*°) Copson [1, p. 88, Example 1]. 

(#4) The angle 7 which a line forms with the positive v-axis is the smaller of the two angles 
between them (if there be a smaller one), and it is considered as positive if the direction of rota- 
tion from the positive v-axis to the line is counterclockwise. 


f 
\ 
| 
| 
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2=Z(w)=X(w)+iY(w) map the strip S conformally onto the strip | y| <1/2 
in such a manner that limy.+. X(w) =+ Jf 


x* = max X(w), x, = min X(w), m(u) = max | arg Z'(w) |, 


then, for all sufficiently large u, 
a* — xy S 2x tan {m(u) +| } asu—>+ o, 


Proof. By Theorem I, a suitable branch of arg Z’(w) approaches 0 uni- 
formly in S as ©. Let, for u2u22m, | arg Z'(w)| <1/8, | y(u)| <7/8. 
The image of J, in the z-plane by means of z=Z(w), is an arc X, joining 
2* =Z(u+id_(u)) on y= —2/2 with a point on y=7/2. If wEl, (w in the in- 
terior of S), then A, has a tangent at z=Z(w) which forms the angle 
t=arg Z'(w)+7(u) with the positive y-axis. A simple application of the 
mean value theorem shows that no point of X, is in the exterior of the isos- 
celes triangle whose top is at 2*, whose base is on y=2/2 and whose angle 
at 2* is 2[m(u)+|-(u)| ]. The base of this triangle is 2x tan [m(u)+|(u)| ], 
and therefore x* tan [m(u)+ | 7(u)| ]. 


THEOREM III. Let S bea simple Jordan strip and let z= Z(w) = X(w)+1Y (w) 
map S conformally onto the strip <a/2 in such a manner that limy.+.0 X (w) 
= + co. Let We = U2+ uo s U1 s = X (wi), Xe = X (we). Then 
(a) the integral 


(4.1) wis 
6(1) => Xe Ts 


(b) if S is an L-strip with the boundary inclination 0 at u=+, 


uz d 
6(u) 


uniformly with respect to v1, Ve. 


Proof. (a) Part (a) is a theorem of Ahlfors (see Ahlfors [1, p. 10] or 
Nevanlinna [1, p. 92]). 

(b) In the proof of (4.1) an inequality (Ahlfors [1, p. 8, relation (3) or 
Nevanlinna [1, p. 90, relation (35) ]) is first derived which contains the fol- 
lowing 

ue du * 
where x#:=minwes, X(w), x# =maxwes, X(w). Now, by Lemma 1, (applied 
with 1,=0,), and x1—xs1—0 as 0. Hence, if we write 
xe =X2+ —x2), X41 =X1+ (X41—4%1), the result (4.2) follows immediately. 


t 
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II. THE FIRST BASIC INEQUALITY 
5. Statement of Theorem IV. The content of Theorem IV (b) will be re- 
ferred to as the first basic inequality. 


THEOREM IV. Let S be a simple Jordan strip and let the functions v=$4(u) 
and v=@_(u) representing the boundary curves C, and C_ of S have uniformly 
bounded difference quotients for u2=uo. Let 


= o4(u) — = $[64(u) + o-(u)]. 

Suppose that the function w= W(s) = U(z)+iV(z), z=x+iy, maps the strip 
| y| </2 conformally onto S in such a manner that x=+ © corresponds to 
u=+ 0, Let and be two points in | y| <m/2, x1<x2, and 
let uy = U(21), = U(2). 

(a) Jf |p! (u)| and lo (u)| Sm for u=to, there is an xo, depending on uo, 
such that for x9 Sx1Sx2 


du + + $m’). 


(b) If Sis an L-strip with the boundary inclination y=0 at u=+ ©, then 

| /2 ug 9/2 
f (u) 

12/4, 


as ©, uniformly with respect to y1, y2. 


(5.2) w2e—-ms f du + o(1) 


Remark. Ahlfors proves [1, pp. 12-16] the following theorem. Let S be a 
region represented in the form —0@(u)/2<v<@(u)/2, <u<-+~, where 
6(u) is of bounded variation in any finite interval and 0<6(u) <L for all u. 
Then, if x1, x2, u1, we have the same meaning as in Theorem IV, 


“a du 6.+V 
(5.3) — + 8x + 167rL? ’ 


u m 


where 6,, is the infimum of 0(u) for u1.—4LSuSu.+4L and V is the total 
variation of 6*#(u) in this interval. (It should be noted that ¥(u) =0 here be- 
cause S is symmetrical with respect to the real axis.) While the hypotheses of 
Theorem IV regarding the smoothness of the boundary of S are more strin- 
gent than those of Ahlfors’ theorem, Theorem IV contains norestriction as to the 
symmetry of S or boundedness of 0(u). Moreover, since V=2 410(u) 
| d0(u)| , for continuous 0(x), 
2 2 


umust4L | d6(u) | 


291 
| 
fl 
| 
{ 


292 S. E. WARSCHAWSKI ~ [March 


and this shows that under the hypotheses of Theorem IV (b) the “remainder” 
term 1 /¥2(0/2(u) /0(u))du+o(1) is smaller than the one in (5.3) if u is suffi- 
ciently large. This becomes important in the case when lim inf,.,.. 0(u) =0, 
since then (5.4) is not bounded as © fixed), while (0’*(u)/0(u))du 
converges for very general classes of functions @(u).—In the proof of Theorem 
IV (as well as in that of Theorem VI below) we make use of Ahlfors’ method 
of relating area and arc length employed in the proof of his inequalities. 

6. Proof of Theorem IV. 1. Let for x,.S*xS%2, a< U(z)<b. We assume 
first that the functions $,(u) and ¢_(u) have two continuous derivatives for 
asusb. 

The functions 


(6.1) #=A(u) = ndt _ ¥(u) 


, 
map the domain S(a, b): {@_(u) SvuS4(u), aSuSb} in a one-to-one and 
continuous manner onto a rectangle: {¢<a<5,-|6| $1} of the #-plane, 
w = The function W(z) maps the line segment } x, | y| s1/2 } Sx 
onto a rectifiable arc /, in S and the transformation (6.1) carries /, into a recti- 
fiable arc J, within the strip || $1 of the w-plane. If the variable arc lengths 
of J, and /, are denoted by s and 5, respectively, the 


0, a constant, 


/2 
length of ff | + iy) | dy. 
ds 


le as 


Since /, connects a point on the line 6= +1 with another on 6= —1, its length 
is greater than or equal to 1. Hence, 


(6.2) 1s + in)| (=) W'(x + iy) |*dy. 


ds «/2 ds 


Now, if u(s), v(s) denote the parametric representation of ], in terms of s, 
d3s\? (dai du\? du dv\? 
u ds Ou dv ds ds dv/ \ds 
+ 
Ou ds 
dv| | | ds Ou dv/ \ds 


* 
| 
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Hence, by Schwarz’s inequality, 
G+ GQ IG) +@)] 
Ou dv ds ds 
Ou dv/’ 


since (du/ds)?+ (dv/ds)*=1. Observing that (we leave off the argument u) 


Oy’ + (v — 


(y’, 0’ are derivatives with respect to u), we find at every point (u, v) of 1, 

6. (= Oy’? + — + (v — 
+ 1) 64 

Hence, from (6.2) 


1 
= f(u, 


w/2 
Wie + iy) ay, 


Integrating this inequality between the limits x1, x2 with respect to x, we find 


(x2 — S dx V(2)) | W'(x + iy) \*dy. 


Now, introducing the variables (u, v) in place of (x, y) by means of the 
transformation w= W(x+iy), we obtain 


rf v)dudv 
(T) 


where T is the image of the rectangle x1<x<“%2, | y| </2, in the w-plane. 
If = <2 and us = maxiy) < U(x2+7y), it is clear that T is 
contained in the region $_(u) <v<$4(u), usi<u<us*. Using this fact and 
substituting the value in (6.3) for f(u, v) , we find 


1 + y/2(u) (u) dvdu 


$4.4) — — 
f (v — ¥)00'y’ + (0 
us, 


_(u) 64 


The integration with respect to v can be easily carried through. The first two 
integrals yield the result 
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41+ y/%(u) 


The third integral is equal to 


“i “i 2 02(u) 
ar f f == du. 
we, 3\2/ 6 


Hence we finally obtain 


This inequality is true for every 7. Keeping x1, x2 fixed and letting 7-0 we find 


2. If the hypothesis made at the beginning of part 1 of this proof (that 
¢$+(u) and ¢_(u) have continuous second derivatives for au 3b) is not satis- 
fied, we replace the arcs v=4(u) and B_: v=¢_(u), aSusb’ (b’>b) by 
certain arcs 8% and 6” for which this assumption is true and which converge 
to 8B, and B_ , respectively, as n+ ©. We proceed as follows: 

Since $4(u) and ¢_(u) have bounded difference quotients, ¢,/(u) and 
¢_ (u) exist almost everywhere in a<u3b’ and are, in absolute value, less 
than or equal to m. There exist therefore two sequences of continuous func- 
tions, (u; m) and (u; n), aSusb, such that 


(6.4) 


(6.5.1) f | duo, | m) — 008 


(6.5.2) | 2) | S 2m, | m) | S2m asusd,n=1,2,3,---, 
d d 

(6.5.3) —4(u;n), exist and are continuous for S u 
du du 

Now we define 


(6.6) = + f mat, m) = + fo 


esusb. 


Furthermore, we may assume that ¢,(b)~0 and ¢_(b)#0 and set for 
bsusd’ 


$+(; 
$+(b) 


i-g 


m) = qu + (uw — B) where = 
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1 — pn 
q—-(u; = pat (u — b) where p 
and define 


(6.7) = = o(u)g(u;m) forbSusd’. 


Then it is evident from (6.5.1), (6.6) and (6.7) that the arcs 


v= ¢,(u;n) and v= o_(u;n), asustd, 


converge to the arcs B, and B_, respectively, in the sense that 


(6.8) lim m) = ¢4(u), lim m) = o_(u), uniformly fora Sus 


If now, for sufficiently large n, the arcs 8, and B_ are replaced by B® and 
6”, respectively, we obtain a Jordan strip S, whose boundary curves satisfy 
the hypotheses stated in the theorem and in the beginning of part 1 of this 
proof. Let W,(z) be the function which maps the strip | y| </2 onto S, in 
such a manner that x= + © corresponds to u=+ © and that W,(0) = W(0). 
Then we may define u) and u#™ for W,(z) in the same way as us: and u#* 
are defined for W(z). Since B® and 6™ converge to 6, and B_, respectively, 
in the above specified manner, 


(6.9) lim us; = lim 
Let 0,(u) and ¥,(u) have the samie meaning for S, as 0(u) and ¥(u) for S. 
We now apply (6.4) to the region S,, where is sufficiently large, and obtain 
an analogous inequality in which 6, ~’, 0’, us:, and us# are replaced by 
On, We, Of, u, u#™, respectively. Here we let n— ©, and it follows from 
(6.5.1) and (6.5.2), that the inequality holds for the original region S without 
the assumption of the existence of the second derivatives of ¢,(u) and ¢_(u). 


13 


(32) To see this, we may assume that w=0 is neither in S nor on the boundary of S and 
transform S and S, by means of the function w= 1/w into limited regions Rand R,, respectively. 
R and R, are bounded by closed curves I and I,, respectively, which coincide except for the 
arcs and ” of the images of and and y, and y-_ of I, the images of 6, and 
From (6.8) it follows that the curves I’, converge to I in the sense that their Fréchet ‘distance 
approaches 0. (The Fréchet distance d of two Jordan curves C and C’ is defined as follows: 
For any continuous one-to-one transformation of C onto C’, the distance of corresponding points” 
has a maximum. The greatest lower bound of these maxima for all possible transformations 
is d.) If wn(¢) and map <1 conformally onto R, and R, respectively, and if wn(0) =w(0) 
and wa(1) =«(1) =0 (the image of u = + ©), then it follows from a theorem of Radé [1, pp. 180- 
186] that uniformly in as n— ©. Now the functions W,(z) and W(z) of the 
text are 1+ 7 


and it follows therefore that W,,(s)—+W(z) uniformly in any fixed rectangle SxS &, y| sx/2. 
This implies (6.9). 


Wale) = WE) = where z = log ——— 
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3. Now the proof is easily completed. We treat the cases (a) and (b) of 
our theorem separately. 
(a) By Theorem III (a), 


Moreover, since 
06%(u) S 4m’, 


we find (5.1) from (6.4). 
(b) In the case (b), we have by Theorem III (b), 


“ du “a du 
as u;—-+ ©, and by hypothesis 
lim = = 0. 


From these facts (5.2) follows immediately. 
7. Acorollary of Theorem IV. If Sis an L-strip with the boundary inclina- 
tion y=0 at u=+ ©, for which the integrals 


= $2(u) 
(7.1) pond du and ——du converge, 
up 9(u) up 9(u) 


and if z= Z(w) = X(w)+24Y(w) maps S conformally onto the strip | y| in 
such a manner that limy.+. X(w) = + ©, then there exists a constant d such that, 
for w=u+iwvEs, 


(7.2) X(w) + o0(1) asu—+-+ ©, uniformly with respect to 


Proof. First we note that (7.1)implies the convergence of [% (0’2(u)/0(u))du 


and {if (W’2(u)/0(u))du. Applying now Theorems III (b) and IV (b) we find 
that, for in S, ui 


where 0(1)—>0 as ©, uniformly with respect to 1, If we set 
A(w)=X(w)—7 ]-'dt, then (7.3) means that for every there exists 
an N(e) such that 


ug di 


4 
4 
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| A(we) — A(wi)| <e if > > N(e). 


Hence (7.2) is true by Cauchy’s convergence principle. 

The condition (7.1) is very restrictive, since 6(u) might be of smaller order 
of magnitude than ¢,/? (wu) and ¢/*(u). Our next aim is, therefore, to establish, 
in place of Theorem III (b), a lower bound for the difference x2—x; in terms 
of the integral Sai (1+y/2(u))/0(u) }du and of a suitable “remainder” term. 
This inequality, combined with Theorem IV, will yield an asymptotic repre- 
sentation for X(w) which will require only the existence of the integral 
/0(u))du in place of (7.1). 


III. THE SECOND BASIC INEQUALITY 


8. Preliminaries. In order to derive the inequality indicated at the end 
of §7 we shall establish several preliminary results. 

(a) Let S be an L-strip in the w-plane with the boundary inclination y, 
at u=+ 0. Moreover, let its boundary curves Cy: v=,(u) 
and C_: v=¢_(u), u2uo, satisfy the hypothesis that ¢,/ (u) and ¢/ (u) are 
continuous and of bounded variation in any finite interval contained in u 2 uo. 

(b) Let s denote the variable arc length of C_ measured from u =u» and 
w=w(s) the parametric representation of C_ by means of s as parameter. Let 
a(s), —17/2<a(s)<m/2, be the angle of inclination of the tangent to C_ at 
the point w(s). 

(c) Since the boundary inclination of .S at u=+ © is y, there exists a 
half-plane H,: u2c, such that the angle of inclination of a tangent at any 

- point of C, or C_ in H, satisfies the relation 


T 


Let C,* and C_* denote the parts of C, and C_, respectively, which lie in H.. 
Application of the mean value theorem shows then that any straight line with 
the angle of inclination 8, where 


(+5 
B 


can intersect C,* and C_* in but one point each. Hence, there exists a number 
o>0 such that any normal to C_ at w(s), where s 2a, will intersect C,* and 
C* in exactly one point each. The segment of this normal which lies in S 
will be denoted by A,, its length by A(s). Evidently A(s) is a continuous func- 
tionfors=o. 

Denote the point w(s) by A, the other end point of A, (on C,) by B and 
the point u+i¢4(u) by C (u=Rw/(s)). Since, in the triangle ABC, the angle A 
approaches | y| and B approaches 1/2 as s— ©, it follows by the law of sines 
that 


= 
= 
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(8.1) Jim = cos y, u = Rw(s). 
(d) For the following two lemmas we assume that hypothesis (a) is satis- 
fied. 


Lemma 2. If a’(s) is continuous for Sa Ss Sb, and if A(s)a’(s) <1 in the 
open interval a<s <b, then no two normals A,, aSs 3b, intersect in S(**). 


Proof. We show first that no two normals A, of any closed subarc 
a<asss6<b of the arc a<s<b, intersect. If this assertion were not true, 
there would exist a point A; (s =a;) and a point B, (s =},) on C_,aSa:<h SB, 
such that A,, and A,, would intersect at some point Di:GS(*). Let J; be the 
arc a:$5S;. The curvilinear triangle A,B,D, lies entirely within 5. Let 
s’=(1/2)(ai:+6:). Then A, enters this triangle at the point s=s’ of C_ and 
will intersect either A,D, or B,D, or both at some point D,CS. If Dz lies on 
A,D,, we let J, be the arc agSss’ and denote its end points by Az (s =a) 
and By (s=b2) where b2=s’. Then A, where s’’ =(1/2)(a2+5:2), will 
intersect either A2D2 or B,D, or both at some point Dy. If Dz does not lie on 
A,D,, let I; be the arc s’ Ss $b where now a2,=s’ and b, =}; and the end points 
of I, are again denoted by Az and B,. Everything said about A,, holds then 
for this second choice of J;. Continuing in the manner indicated, we obtain a 
sequence of intervals J, (n=1, 2,3, - - - ) whose end points we shall denote by 
A, (s=a,) and B, (s=b,), such that lim,... d,=limn.. 


exist and that A,, and Ay, intersect at some point D,€S. By the law of sines, 
we obtain from the triangle A,B,D,: 


sin D, sin A, 


Since the angle A, approaches 7/2 as n—© and the angle D, = a(b,) —a(an) 
20, and since B,D, S A(b,) we find 


lim (bn) — lim sin A, 
b, — an A(c) 


a’(c)A(c) 1, 


which contradicts the hypothesis. 

To complete the proof of the lemma we must seen that no A,, a<s<b, 
intersects A, or Ay. Suppose A,,, a<so<b, intersected A, at some point Do. 
Then any A,, with so<si<6 must intersect A,, since it must intersect A,, or A, 
and it cannot intersect A,, (by the part already proved). Let B denote the 
point s=b on C_. The point D, at which A,, intersects A, must lie on the seg- 


(*) The closure of a point set M in the complex plane will be denoted by M. 


¢ 
or 
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ment BD, of A; (for otherwise A,, would meet A,,) and hence BD,;< BD, 

Let now {s,}, m=1, 2, 3,- ++, S0<5n<Sn41<b, denote a sequence which 
converges to b as and let A,, intersect A, at D,. For all n, BD, SBD, 
<A(b). Call A, the point s=s, on C_. Then, by the law of sings, 


sinD, sinA, sinA, 
A,B BD, BD, 
Since the angle A,—7/2 as n— © and since D, =a(b)—a(s,), 


or 

‘ while the continuity of A(s)-a’(s) wale that A(d)a’(b) $1. A similar argu- 
ment applies to the point s =a. 


Lemma 3. Let A, and A;, oSa<b, intersect at a point C in S. Suppose that 
any of the angles, which a chord of C_ or of C4 through the end points(") of A, 
and Ay, aSs<s' Sb, forms with A, and A,., differs from 1/2 in absolute value 
by less than €, Then 


ds a(b) — a(a) 
a A(s) cos* (2e) 


Proof. Call the points s=a and s=bon C_, A and B, respectively. Draw A,, 
a<s<b, and denote its end points on C_ and C, by D and E, respectively. 
DE will intersect either AC or BC or both. Suppose it intersects BC at a 
point F. Call C’ the end point of 4, on C,. From the two triangles BDF and 
C’'EF we find by the law of sines 

sin B sin C’ 
DF = BF ’ FE = FC’ - 
sin D sin E 


(8.2) 


Since, by hypothesis, sin B>sin (7/2 =cos sin C’ >cos €, we have 
(8.3) A(s) = DF + FE > BC’ cose = A(b) cose. 

If A, intersects A, we obtain in a similar way 

(8.4) A(s) 2 A(a) cos «. 


Now, by the mean value theorem, [?[A(s)]-'ds=(b—a)/A(3) where 
a<3<b. Hence, by (8.3) or (8.4) 


(*) If the end points of A, and A, on C, coincide at a point P, then a chord through these 
end points on C, means the tangent to C, at P. 

(4) This condition will always be satisfied if a is sufficiently large (because of the hypothesis 
in §8 (a)). 
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a A(s) A(a) cos 


a A(s) A(b) cos ¢ ‘ 


respectively. 
From the triangle ABC we find 


sin B COs € COS € 
A(a) 2 AC = AB —— 2 AB ——_; A(b) = AB— , 
sin C sin C sin C 
so that 
ds sinC b—a 
a A(s) cos*e AB 
Observing that the hypothesis regarding the chords of C_ implies that(*) 
AB 
cos (2e) 
and that the angle C=&(b) —a(a), we obtain (8.2). 
9. ‘Invariant’ formulation of the second basic inequality. We prove now 


THEOREM V. Let S be an L-strip which satisfies the hypothesis of §8 (a) and 
let a(s), A,, and A(s) be defined as in §8 (b) and (c). Suppose that z=Z(w) 
= X(w)+iY(w) maps S conformally onto the strip | y| <a/2in such a manner 
that X(w)>+ © as u>+o. Let w; and we be points in S and A,, and A,, 
normals to C_ which pass through and we, respectively ('"). Let 
X (we). Then, tf s2>51, 


b-—a 


82 d 
(9.1) m2 — (1+ f | da(s) | + o(1) 


where the second integral on the right-hand side is taken in the sense of Stieltjes 
and 0(1)—0 as s:>+ ©, uniformly in w, and we. 


(1) The tangents to any two points of the arc AB: aSs 3b, of C form an angle not exceed- 
ing 2e. By the mean value theorem it follows therefore that the chord AB forms an angle of 
measure less than 2¢ with the tangent to any point of the arc AB. Hence, if the arc AB is repre- 
sented in the form y=f(x), AB being the x-axis, A the origin and B the point (J, 0), we have 


(?") If Rw, and Rw, are sufficiently large, there always exist normals A,, and A,, passing 
through w; and ws, respectively. 


300 [March 
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Proof. 1. It is sufficient to prove this theorem under the assumption that 
y= 0 since the statement of the theorem is invariant with respect to a rotation 
of the coordinate system in the w-plane through the angle y in the positive 
direction. Since S is an L-strip with the boundary inclination y =0 atu=+o, 
there exists for every ¢>0, €<7/8, a half-plane H,: u2c, such that the angle 
of inclination a, |a| <x/2, of the tangent at any point of C, or C_ in H. 
satisfies the condition 


| «| < 


Let an ¢€ be fixed. We assume 5; so large that all A, with s 2s, lie entirely in H., 
Say 51>01. 
2. We assume first that a’(s) exists and is continuous for s:S5S52. Let 


xe = max X(w), %e1 = min X(w). 
weds, 


Then we prove that 


ds 


(9.2) — cost (26) | a’(s) | ds. 


Let Ii: ai<s<bi, be a largest open arc of I: s1<s<5e, where 
(9.3) A(s)a’(s) < 1. 
If there is no such arc we have on J 
(9.4) A(s)a’(s) 21 


and hence 


ds 
a’(s)\ds 50 S xf — 
A(s) 1 


so that (9.2) is evidently true. If there are several such arcs, let J; be one 
of them. By Lemma 2, no two normals A, of the closed arc Ti: aiSs Shi, 
will intersect. If there are any normals A, with }:<s sz which intersect Ay,,, 
let Ay’ be the one for which bj is as large as possible. Otherwise we set b{ =)i. 
If there are any A, with s;Ss<a, which intersect A,,, let A; be the one for 
which aj is as small as possible. Otherwise we set af =a. 

Call If the arc af <s<b{. No normal A, of the arcs (J—J{ ) will intersect 
any of the A, of J;. 

If (I—I{) is void we do not proceed any further. In case (T—T{) is not 
void, either (9.4) holds for all s€(7J—J{), or else there exists a largest open 
arc Ip: a2a<s<be, IzC(I—I{), where (9.3) is true. By Lemma 2 again no two 
normals A, of J; will intersect. If there are any normals A,, s€(IJ—J{), with 
$ >b2z which intersect A,,, let A;; be the one for which b/ is as large as possible. 


\ 
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Otherwise let b/ =b:. Similarly, if there are any A,, s€(I—I/), with s<a,z 
which intersect A,,, let A,; be the one for which aj is as small as possible. 
Otherwise let af =az. Call Jf the arc af <s<bj. I{ and If have no points 
in common, except possibly an end point. Moreover, no normal A,, 
s€{I—(1i +1/)}, will intersect any of the normals of J; and J:, and none 
of the normals of J, will intersect any of the normals of J». 

Continuing this construction in the manner indicated as long as possible 
we obtain a finite or infinite sequence of arcs I,: dn<s<b,, in which (9.3) 
holds, I, being a largest open arc of the set ([—}-3=1//) for which (9.3) is 
true. With each J, we obtain an arc J,!: a, <s<b, containing J, which is 
defined in the following manner: If any A,, with. s>b, in- 
tersects A,, let Ay, be the one for which s=d, is a maximum, and if any A,, 
sE(I—) ), with s<a, intersects A,,, let A., be the one for which s =a, 
is a minimum. We set b,! =b, or a, =a, if there are no such A, for s>b, or 
$ <a, respectively. Then no normal A,, ), intersects any of the 
normals A, with sEJ;, (k=1, 2, 3, - - - , m). This implies that the normals of J, 
and In, n>m, do not intersect. For no A,, s€(1—)_%.,// ) intersects any of 
the A,, sel, (k=1, 2,---, m), and J,C(UI—>-%.,1/), since n>m. More- 
over, since, for sEJ, any A, with s<aj/ cannot intersect any of the A, with 
(k=1, 2, 3, ), it is easily seen that any two arcd I! and I,! , 
have no points in common except possibly an end point. Hence, the same is 
true for —I,) and —In) if Let 


sofa cette 
kewl 1 


keen 


so that /=A+B+C. By our construction, we have 
(9.5) for sG A: A(s)a‘(s) < 1. 

If B is not void, we have 
(9.6) B: A(s)a’(s) 2 1. 

If (9.6) were not true, there would be for at least one 
(9.7) so B: A(se)a’ (50) <1. 


Then there exists an open arc JCI containing so such that (9.3) holds for 
s€J. We show first that no arc J/ CJ. Such an arc I; (af , b¢ ) must neces- 
sarily coincide with its subarc J; (a;, b,) on which (9.3) holds, for otherwise 
Aa, and A,; or Ay, and Ay, would intersect and that is impossible by Lemma 2 
since a , dx, by, bg are all points of J, where (9.3) holds. Let I,{ be the first 
arc in the sequence {J, } (in the order in which the J,; were constructed) 
which is entirely contained in J. Since so is not in any J,, , I,/ lies either to the 
right or to the left of so. In either case it follows that, in choosing J,, we did 


i 

4 
| 

é 
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not select the largest available interval in which (9.3) holds, since in the first 
case at least the arc (so, a@,) and in the second case the arc (b,, so) should be 
part of J,. Thus, no J,/ can be entirely contained in J. 

Therefore, there can be in J at most one left end point a/ >5s» of some 
arc I} and one right end point b/ <so of some I} and the subarc b/ <s<a/ of 
J must remain free of any points belonging to any arcs J, (m=1,2,3,---). 
But this is impossible: The set of arcs J,, is at most denumerable and, if in- 
finite, the lengths of the J,, approach 0 as m— ©. Since at each step of our 
construction a largest possible arc in which (9.3) holds is being taken for an 
Im, the arc bf <s<a/ would have to be included at some step in the sequence 
{In}. If there is no end point a/ or no end point }, in J, an even larger subarc 
of J remains free of points of any J, , and this again is impossible. The as- 
sumption (9.7) thus leads to a contradiction, and hence (9.6) is true. We 
obtain therefore 


ds 
(9.8) f —s a’(s)ds = f a’(s) | ds. 
«ey A(s) (B) | 
Finally, by Lemma 3, on each of the two arcs of I.) —Im, Gm S53 SG» and 
, we have 


«, A(s) cos? (2e) |, 


- 


Hence, 


ds 1 
(9.9) J (a) J 


3. Consider now an arc I,: a,<s<b, of A. The points on a normal A, 
are given by the equation 


(9.10) w= w(s) + As). 
The integral 


A(e) 
0 4, 


since it represents the length of the image of A, in the z-plane. By Schwarz’s 
inequality, 


s |Z’ (w) |*d¢. 


{ 
| 
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If sEI, and a’(s)20, we have, because of (9.5), 
05 1-—a(s)A(s) $1 — a (s)t for 0 A(s); 
and if a’(s) <0, we have 


1s1-a'(s)t for 0 S¢ S A(s). 
Hence, in either case 


bn b, ds bn A(s) 
| f asf | Z’(w) |2(1 — a’(s)é)dt. 


By what was said in part 2, no two normals A,, a, $s 5b,, will intersect, 
and the transformation (9.10) maps therefore the region {0<t<A(s), 
an<s <b,}, of an (s, ¢)-plane in a one-to-one manner onto the (limited) sub- 
region T,, of S which is bounded by C_, C,, 4., and 4),. The Jacobian of this 
transformation is (1—a’(s)#). Hence, the last double integral may be written 


as 
ff | Z’(u + iv) |*dudo. 
(Tn) 


Summation over n gives 


ds 


Since, again by the discussion of part 2, the normals A, of any J, do not inter- 
sect those of any other J,, (nm), the regions T, for n=1, 2, 3,--+- do not 
overlap. Each T, is mapped by z= Z(w) onto a subregion of the strip| y| <1/2 
whose area is given by /f(r,)|Z’(u+iv)|%dudv. Since the T, do not overlap, 
their images in the z-plane do not overlap either, and the total area which 
these images cover is therefore less than or equal to r(xs* —x«1). Hence, from 
(9.11) 


d 
(A) (ay A(s) 


Combining (9.12) with (9.8) and (9.9) we find (9.2). 

4. In order to prove now the general case of the theorem (where a’(s) is 
not necessarily continuous) we approximate the arc 8: w=w/(s), sigs S52 0f C_ 
by a sequence of arcs B,: w=w,(s), 51:55 S52 (n=1, 2, - - - ), with the follow- 
ing properties('*) 

(i) wa(s), we (s), wa’(s) are continuous for s;SsS52, =w(ss), 
Wz (sx) =w'(s.), =1, 2), and does not intersect any part of the boundary 
of S except 8. 

(18) The functions w,(s) may be found as follows: Let a(s; h) =(1/h) ” a a(t)dt, s=s1,h>0. 


Then a(s; h)—a(s) as h-0, uniformly for s; Ss Sse. Let a(s) =a1(s) —a2(s), where a1(s), a2(s) are 
continuous, non-decreasing functions. The total variation of a(s; h) in Ss S52 is 
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(ii) wa(s)—>w(s) and w, as n— ©, uniformly for 5135352. This 
condition implies that if 7=o,(s) is the variable arc length of 8,, measured 
from s=s,, and if a,(s) is the angle (|an(s)| <x/2) which the tangent to 8, 
at w,(s) forms with the positive real axis, then 


(9.13) on(S) — 51, an(s) a(s) asn— ©, 


uniformly for all s:Ss S52. 
(iii) The total variation 


(9.14) iz | dax(s)|—> f | da(s) | asn—> 


Denote by S, the region obtained from S when the arc 8 is replaced by B,. 
For sufficiently large m and s25;, A,(s) can be defined for S, as A(s) is defined 
for S (see part 1 and §8 (c)). Condition (ii) implies that, as n—~, 


(9.15) A,(s) — A(s) uniformly for Ss 52. 
By a well known theorem, it follows from (9.13) and (9.15) that 


do,(s) 
(9.16) f 
ene, (8) A(s) 
Finally let S, be mapped onto |y| <2/2s0 that u=+o andx=-+ © cor- 
respond to each other and that a point wo which is in S and in all S, is carried 


da(s; h)| < f + 


Thus, for h SM, the total variation of a(s; h) in s: Ss Ss is uniformly bounded, and there exists, 
therefore, by a theorem of E. Helly, a sequence h,—>0 as n— ~, such that, for &n(s)=a(s; hn): 


an (s)| ds = £3 dan(s)| da(s)| 


Let w;* = w(s;), ws* = w(s2). Then we set 


Since 


* 
wWa(s) = ; f edt + (ans + bn)(s — — 52), 
where gn = and a, and b, are so determined that wx (s;) =w’(s:), wn (s2) =w'(s2). It is 
easily seen that limn.40 gn= litin.e On =limn.. and that the w,(s) satisfy the 
three conditions (i), (ii), (iii) of the text. 


| 
we have 
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into Z(wo). Let x and x#™ be defined for S, as x#; and x# are for S. Then(!*) 


(9.17) lim = and lim a3” = x3. 
no no 
For sufficiently large n, S, will satisfy the condition stated at the end of 
part 1 of this proof, since S satisfies it. Moreover, since 8, has continuous 
curvature, we have by (9.2) 


do,(s) *(n) (n) 
Xe — Xe1 - 


#2 


Letting n—>© we find because of (9.14), (9.16), and (9.17), 


cos? (2e) da(s)| + 

Finally, to prove pei we need only observe that by Lemma 1 x#—x2—0 
and x1—%+#:—0 as s;—> © and that ¢ may be taken arbitrarily small, provided 
$1 is chosen sufficiently large. This completes the proof of Theorem V. 

10. A definition and further lemmas. Theorem V will enable us to obtain 
a lower bound for the difference x.—+x: of the type mentioned in §7. We in- 
troduce first the following definition. 

DEFINITION. Let S be an L-strip in the w-plane with the boundary inclina- 
tion ¥, | y| <1/2,atu=+o. Letv=o,(u) and v=g_(u) represent the bounda- 
ary curves C, and C_ of S, respectively. We shall say that S is a strip with finite 
boundary turning at u=+ ~ if 4 (u) and o/ (u) are continuous for all suffi- 
ciently large u, say u 2, and if the integrals 


Our object will be accomplished by the following lemma. 


converge. 


Lemma 4. Let S be an L-strip in the w-plane with the boundary inclination y¥, 
| y| </2, and with finite boundary turning at u=+ 0. If A(s) and w(s) are 
defined as in then for u=Rw(s) and s1< 52 u2=Rw(S2)) 


Proof. Denote the point w(s) on C_ by A, the other end point of A, by B 
and the point u+i@,(u), where u=Rw/(s), by C. Suppose, for the present, 
that B lies in the half-plane to the left of AC. In the triangle ABC the angle 


(9) This follows from the theorem of Radé used in the proof of (6.9); see (##). 
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A=a=a/(s). To find the angle C, observe that by the mean value theorem 
there exists a point w* = u*+i,(u*) on the arc BC of C, such that the tan- 
gent to C, at w* is parallel to the chord BC. If the angle of inclination of this 
tangent is | <x/2, then the angle C=2/2—(*. Let 8, |p| <2/2, denote 
the angle of inclination of the tangent to C, at C. By the law of sines we ob- 
tain from the triangle ABC: 
_ sin(A +C) _ cos (6*— a) _ cos [(6 — a) + (6* 
sin C cos 6 cos [8 + (6* — 6)] 
Since a, 8, 8* approach y as s—© and since |-y| <x/2, we may write 
(10.2) in the form 
6(u)  cos(B — a) 
A(s) cos B 


(1 + 0(| — B| )) 
Now 
| — <| tan 6* — tang| < | 46400 |. 
Moreover, 
\u— «|< BC = < 0(u) 


for sufficiently large u, since and A—| | as u>+ ©. Hence 


utO(u) 
(10. 3) | 6* — B| |. 


The quotient 
cos (8 — a) 


cos B cos a 


= 1+ tana tang = 1+ = 1 


so that 


1 COS a _ cosa 6'(u) $,(u) 


as u->+ 0. This relation is also easily verified if B lies to the right of AC. 
Observing now that cos a-ds =du, we obtain 


The result (10.1) follows now immediately from 
LemMMA 5. Under the hypotheses of Lemma 4 the integral 


[4 
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f du converges, ,(u) = | 
6(u) t—u—0(u) 


Proof. We have for b<c: 


Interchanging of the order of resign’ in J; gives 


(10.4) 


t 


du 
< f | | 


o(t) 6(u) 


where u =g(t) is the inverse function(”*) of ¢=u+6(u) for b+0(b) StSc+0(c), 
u=g(t)=b for bStSb+0(b). Now OSt—g(t)SO(g(t)) for bStSc+O(c). 
Hence, by Lemma 7 (which is proved in §15), 


= 40(g(t)) for g(t) Su St, 
provided only 6 is sufficiently large. Thus 


and hence 


e+6(c) 
ns2f | |. 


Similarly, 
| dp,’ (¢)|, 
t=b—9(d) 


if b is sufficiently large, so that 
e+6(c) 
t=b—6(b) 


Hence (10.4) follows from the hypothesis that S has finite boundary turning 
atu=+o. 

11. The second basic inequality. We are now in the position to prove our 
second basic inequality. 


(2°) The inverse function of t= u-+0(u) exists if b is sufficiently large, since dt/du=1+-0'(u), 
and therefore approaches 1 as u>+ ©, 


[March 
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THEOREM VI. Let S be an L-strip in the w-plane with the boundary in- 
clination y=0 and with finite boundary turning at u=+. Suppose that 
z=Z(w)=X(w)+iY(w) maps S conformally onto the strip | y| </2 and that 
limy 40. X(w)=+ 0. Let be two points in 
and let x;= x2= X (we). Then 

1 
as u, and hence uz, approach + ©, uniformly in v and 2. 


Proof. Let w(s) be defined as in §8 (b), and let Rw(s) = uz, X (uzx+ib_(ux)) 
(k=1, 2). By Theorem V we have, since db (t)| 


(11.1) m—nzrf — du + o(1) 


ds 
(11.2) 10 + 0(1) as s; and hence 


By Lemma 1, limy,.4. (x2—x7) =0 and limy,.4. (%1—x/ ) =0 so that the dif- 
ference xf —x{ in (11.2) may be replaced by xz—%:1+0(1). The result (11.1) 
follows now immediately from Lemma 4. 


IV. A DISTORTION THEOREM 
12. A lemma. If in Theorems IV and VI it is assumed that the integral 


6’2(4) 
du converges, 


then their combination yields an asymptotic expression for x2—%1, 


/2 
(12.1) + o(1) as u; and uz— + 
One of the hypotheses under which this formula is obtained is that the bound- 
ary inclination of S at u=+ © is y=0. It is easy to modify it so as to obtain 
a result which holds for any y, || <2/2. For this purpose we prove first the 
following lemma. 


Lemma 6. Let S be an L-strip in the w-plane (w=u-+iv) with the boundary 
inclination ly| and with finite boundary turning at u=+o. Let 
v=$,(u) and v=$_(u) represent its boundary curves C, and C_, respectively. 
Suppose that a new set of coordinates i, 6 (4+ii=wW) is introduced by means of 
the rotation » = we~‘? and that, for sufficiently large i, C+ and C_ are represented 
in the new coordinate system by 6=$4(%) and i=g_(), respectively. Set 


= d4(u) — = — 
If u and & are connected by the relation 


= 
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(12.2) a = ucos y + ¢_(u) sin 7, 
then, for sufficiently large u, 


(12.3) | | 2{ | + 


Thus, the convergence of the integral 
9/2 
f (u) 
f (a) 
(by (8.1) and Lemma 5). 


Proof. Let u and @ satisfy (12.2). We denote the points #+i¢_(a) and 
i+ig,(a@) of the #-plane by A and B, respectively. The coordinates of A 
and B in the w-plane are then u+i_(u) and u1+74(u:1), respectively (where 
u; is determined by the relation = Finally, we 
call C the point u+i$+(u) of the w-plane. In the triangle ABC, AB=6(a), 
AC=6(u) and the angle A =| 

Let a,(u) and a-(u) denote in the w-plane the angles of inclination of the 
tangents to C, and to C_, respectively, at a point with the abscissa u. Then 


implies that of 


¢_(u) = tan a_(u), $4(u) = tan a(x); 
$-(@) = tan {a(u)—vy},  $4(@) = tan {a4(m) — y}. 


Hence, 


(a) = tan {c4(us) — a_(u)}- {1 + 
Since ¢/ (a) and ¢4/ (a) approach 0 as a+ ©, we may write: 
(12.4) | (a) | {| +| — + 0(1)) 


as u—+ ©. Now 


sin A 
«|< BC= 6(u) S 
sin B 
for sufficiently large u, since the angle B-2/2 and A= ly| </2. Hence, 
| pa! (1) —b4/ (u)| S| | &4(u), and (12.3) follows from (12.4). 
13. First form of the distortion theorem. We prove now 


THEOREM VII. Let S be an L-strip with the boundary inclination vy, 
|| <x/2 and with finite boundary turning at u= + ©. Moreover let the integral 
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(13.1) f 
Suppose that z= Z(w)=X(w)+1Y(w) maps S conformally onto the strip 
ly| <a/2 in such a manner that limy.+. X(w)=+ 0. Let A,, A(s) and w(s) 
be defined as in §8. Then, if s1<s2, wiGA,,, weEA,,, 


(13.2) X(an) — = f of ond ©, 


uniformly with respect to w; and we. 
_ Proof. As in Lemma 6, let there be introduced a new set of axes (4, 6), 
by means of the rotation #=e—‘7w. Let ¢,(u), o-(u); be de- 


fined as in Lemma 6 and let u and @ be two numbers related: by equation 
(12.2). Then, by Lemma 6, (13.1) implies that 


(13.3) f = da 


converges. Let % and # be the abscissas of the points w(s1) and w(sz) (on C_) 
in the (#, #)-system, and let x{ =X(w(s:)), xf =X(w(s2)). If y(a) 
+$-(@)], we have by Theorem IV, 


as Ss; and s:~ «0. By Lemma 4 and by (13.3) we obtain 


(13.4) xg as $1, ©, 
A(s) 
Finally, application of Lemma 1 shows that lim,,.. (%1—*i ) =lim,, +. (x2—x? ) 
=() (x,= X(w,)), so that the difference xf —xj{ in (13.4) may be replaced by 
x2—%x,. Combining this result with Theorem V, we obtain (13.2). 
14. Second form of the distortion theorem. For some applications the fol- 
lowing form of Theorem VII will be more convenient. 


THEOREM VIII. Let S be an L-strip satisfying all the hypotheses of Theorem 
VII, and let z= Z(w) be defined as in that theorem. Then for w,=ui+iv, and 
We = in S, <Uus, 


(#) Condition (13.1) is automatically satisfied for L-strips with finite boundary turning at 
u=-- for which 0<¢,50(u) (ci, c constants). For 


Since |log 6(u)| is bounded and S| d0’(u) | exists, (13.1) follows. 
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X(we) — X(w:) = 


+r 

6(u2) 6( 141) 
as u, and u.—>+ ©, uniformly with respect to v; and v2. 


Proof. Let A,, A(s) and w(s) be defined as in §8. Let A,, and A,, be two 
‘normals of C_ which pass through w; and w., respectively. By Theorem VII, 


] tan y + 


6ds 
X (we) X (wy) = rf AG) 
Let Rw(s;) =ui , Rw(s2) =uz. By Lemma 4 and (13.1) this equals 
J. 0(u) 


+ o(1) as $1, Sg—> ©, 


du + o(1), as + ©, 


or 


(14. 1) X(we) — X(w:) = 0(1). 


We estimate the first.and third of the integrals in (14.1). Assume, for the 
present, that y>0. Denote the points u,+i@_(u1), w(s:) and wm by A, B, and C, 
respectively. In the triangle ABC the side AC=1,:—@_(u), the angle Cy 
and the angle B—7/2 as u:>+ ©. These limits, as well as all following in this 
proof (taken as u:—>+ ©) exist uniformly with respect to the position of w; on 6,,,. 
Now 

ui — u, = BC sin (y + é), lim q= 0, 
s 


BC = AC ‘ lim = 0, 


sin B +0 


and hence 


1 
(14.2) ui — = [v1 — sin (y + 4) cos (y + 


This result is also easily verified when y $0. 
Now, by the law of the mean 
f du = (uj — (u* between and uj). 
6(u*) 
Since, by (14.2), | — for sufficiently large 1, it follows from 
Lemma 7 (which is proved in §15) that (0(u*) /0(u:))—>1 as w+ ©. Further- 
more, as ©, 1+y/2(u*)—>1/cos? y. Hence 
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“1+ y/%(u) 1 
du = tan y + 0(1) 
— ¥(u1) 

6( 1) 


as 4%,—>+ ©. An analogous result is obtained for the third integral in (14.1). 
Substitution of these expressions into (14.1) proves the theorem. 


1 
+5] tan y + 0(1) 


COROLLARY OF THEOREM VIII. Under the hypotheses of the theorem, for 
w=u+wEs, 


“1+ ¥(u) a 
(14.3) Bernd { x(w - tan = 
exists uniformly in v and 1s finite. 


For, if the difference within the braces in (14.3) is denoted by A(w), Theo- 
rem VIII states that for any given e>0 there exists an N(e) such that for all 
w, and we in S for which Rw2>Rwi> N(e): 


| A(we) A(w,) | <e. 


THEOREM IX. Let S be an L-strip satisfying the hypotheses of Theorem VII 
and let <= Z(w) be defined as in that theorem. Then, for w=u+iwES, 


“1+y/%(2) v— ¥(u) ¥(u) 
dt+r tan y + ir 


as u—>+ ©, uniformly in v. d is a real constant. 


Z(w) rf + o(1), 


This result follows immediately by combining (14.3) with the result (18.1) 
of Corollary 1 of Theorem X (which is proved in §18). 


V. ASYMPTOTIC BEHAVIOR OF THE MAPPING FUNCTION 
OF AN L-STRIP AND OF ITS DERIVATIVE 


15. Preliminary remarks and lemmas. We shall establish now asymptotic 
expressions for Z(w) and Z’(w) under the mere assumption that S is an 
L-strip. These results will be less sharp than those of Part IV. While in Part 
IV (Theorem IX) we obtained, under more restrictive assumptions, an ex- 
pression f(w) such that the difference Z(w)—f(w) approaches a finite limit, 
as u—>+ ©, we shall find here expressions for Z(w) and Z’(w) which represent 
these functions merely in the sense of asymptotic equivalence (that is, the quo- 
tient of the function in question and its asymptotic expression approaches 1 
as u—+ ©). None of the results of Parts III and IV will be used here. 

Throughout this part we assume S to be an L-strip in the w-plane with 
the boundary inclination y, |y| <n/2 at u=+o, and Z(w) =X(w)+iY(w) 
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a function which maps S conformally onto the strip | y| <#/2 in such a man- 
ner that lim,.,. X(w)=+ ©. The inverse of z=Z(w) will be denoted by 
w= W(z) = U(s)+4V(z). 

We shall make use of the following simple lemma. 


LEMMA 7. Let, for Us, 
us) = max 0(u), = min 


Susu, “Susu, 
and let 


(15.1) — S uz), k a constant. 
Then, untformly for all us, 
O* (141, Us) 


Proof. Let 6*(u:, u2) =0(b) and us) = O(c), uid, cS ue. If u is suffi- 
iently large, we have 


b us 
100) =| f s f | dus sup | | 


(where SUP u,5usu,| denotes the least upper bound of | 6’(x)| in 
Su Suz). Hence by use of (15.1): 


su |@(u)| Sk su | +0 


as %,:—+ ©, by hypothesis. This proves the lemma. 


CoroLiary. Let 
(15.2) OSm—mSec, c > 0, a constant, 


and U(xitty), U(x2+iy). Then, uniformly for 
all x2, satisfying (15.2), 
2) 


Proof. From Theorem III (a) we have 


us du 
u, 9(u) 


by (15.2). On the other hand, since u22 1, 


“du 
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and hence 0S { us). Thus the result follows from 
Lemma 7 


16. Asymptotic expressions for Z(w) and Z'(w). We prove now the follow- 
ing 


THEOREM X. If S is an L-strip with boundary inclination 0 at u=+ ©, we 
have 


(i) For w=u-+iv in S, uniformly in v, 
Z(w) 
uote “ dt 
(ii) Uniformly in any fixed strip ly| (2 =x+1ty)(**), 


tim LOL (uw = U(z)), tim _ 


=f, uo defined as in §1 (a). 


0. 


(iii) The straight line Ay: y=const., |y| <x/2, is mapped by Z(w) onto a 
curve Ly which for sufficiently large u is represented by an equation of the form 


6(u) 
(16.1) v= = ¥(u) + —— + of0(u)] asu—+>+ 0, 


uniformly in |y| 
(iv) Let the image of the strip 
Da: <x < ~, | y| <a}, 0<a<-2/2, 
by means of w= W(z) be T., and let Sg be the region 
v — ¥(u) 


If 0<ate<m/2, €>0, then there exists an N= N(€; a) such that the part of T. 
‘ which lies in u=N, contains that part of Sa. which is in uz N and is contained 
in 


(22) Since arg W’(z)-00 as x->+ ~, the first of these relations implies that even 
Ww) 1 


Ou) 


(*) This implies the following fact: If A is a curve in the strip | y| <*/2 which approaches 
the line A; as an asymptote, as x>+ ~, then, for any point (u, v) on the image L of A in the 
w-plane, v=y¥(u)+(0(u)/x)t+o[0(u)] as u—++ 0. (L need not be representable in the form 
v=f(u).) For, if «>0 is given, there exists an x; such that the part of A for x2 lies “between” 
the lines Ay_, and Arse (if «| <#/2; in case t= or t= — 7/2, it lies “between” Ace), and 
Agi or “between” A_(¢/2) and A_ (e+, respectively). The image of that part of A lies in a certain 
half-plane u 2% “between” the curves and (or Len or Lian, respec- 
tively). Since e may be taken arbitrarily small, this proves the above assertion. 
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(v) In any region Ss, 0<B<1/2, B fixed, 
(16.2) lim [| Z’(w) | 0(u)] = x, w=ut iv, w Sp. 


REMARK. Part (iii) may be considered as an extension in a certain direction 
of Carathéodory’s well known result, which states that the map of the interior 
of a closed Jordan curve I onto the circle | | <1 is “quasi-conformal” at a 
boundary point wo with a corner of measure B>0, i.e., that the angles at corre- 
sponding boundary points wo and {» are transformed proportionally(). 
Transformation of the interior of T onto a strip S by means of the function 
w=log [1/(w—wo)] and of || <1 onto the strip | y| <#/2, in such a way that 
¢=fo corresponds to x = + ©, leads to the following statement of Carathéo- 
dory’s theorem: Let C be a closed Jordan curve through w= © which, in a 
neighborhood of w= ©, consists of two branches C, and C_ having the lines 
v=, and v=¢_, respectively, for asymptotes as (¢,—¢_=0>0). 
If W(z) = U(z)+iV(z) maps ly| onto the interior S of C and if 
lim,.4. U(z)=+ ©, then 


4 
(16.3) = tle + 4-] +— + o(1) asx—>+ 0, 


uniformly in | y| <m/2. 
If S is a simple Jordan strip, the hypothesis regarding the asymptotes of 
C, and C_ means that - 


lim ¢4(u) = and lim ¢_(u) = ¢_ exist. 
Similarly, Part (ii) can be considered as an extension in a certain direction 
of a theorem of Ostrowski which (formulated for infinite strips) states: Under 
the hypothesis of Carathéodory’s theorem 


6 log | W’ 
lim |Ww(s)|=—, lim 
+e 


[a] 
uniformly in any strip | y| <8 <7/2. Here 6 may be greater than or equal 
to 0(?5). 


(*) Carathéodory [1, pp. 40-41] and [2, pp. 19-93]. See also Lindeléf [1, p. 87]. Carathéo- 
dory’s theorem has been generalized in two other directions: 1. The assumption that C, and C_ 
approach distinct asymptotes has been replaced by the condition that C, and C_ “oscillate” 
within the strips ¢,—k, SvS¢4+k, and ¢-—k_SvS¢_+k_ respectively (k,, k_ constants). 
2. It has been extended to the case where C, and C_ may be arbitrary continua forming the 
boundary of S (and not necessarily Jordan curves). For these extensions see Gross, [1, p. 278], 
Ostrowski [1, pp. 172-174], Wolff [2, p. 42] and [3, p. 46], Warschawski [2, p. 674]. Ostrowski 
[2, p. 77] gives a necessary and sufficient condition in order that the mapping function of a 
simply-connected region onto a half-plane preserve angles at an accessible boundary point. 

(%) Ostrowski [1]; the first of these equations is his relation (11.3) of page 101, the second 
follows, for @>0, by combination of his relations (62.2) and (62.1) of page 174, and, for @=0, 
by combination of his relations (68.7) of page 185 and (62.1) of page 174. 
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Both of these theorems do not require that C, and C_ have an L-tangent 
at u=+ oo, as our Theorem X does. Our extension, however, refers to the 
fact that (iii) might be substituted for (16.3) when C, and C_ have no asymp- 
totes and that in (ii) the asymptotic behavior of |W'(z)| at x=+ © is given, 
whether 0(u) =$4(u)—@_(u) approaches a limit as u—>+ © or not. 

17. Proof of Theorem X. (i) By hypothesis, ¥’(u) and 0’(u) approach 0 
as u—-+ ©. Hence it follows from Theorem IV (b) that there exists, for every 
e>0, an Ni(€) =u such that for all w=u+iv and w,=u1+7%% in S for which 


dt 


~ f ate 


Hence, 


X(w) — X(w) 


dt “dt 
Keeping here w; fixed and letting u>+ © we find, since /%[6(t)]-"di+ © as 


X(w) 
lim sup 
ufo “ dt 


(0) 


Since the left-hand side of this inequality is independent of €, we may let e—0 
and find 


r(i+e), uniformly with respect to 2. 


(17.1) 


ar 


On the other hand, by Theorem III (a), uniformly with respect to », 


X(w) 
(17.2) lim inf ————— 2 =, 
dt 
uy 
and (17.1) and (17.2) together imply that, uniformly in », 


(17.3) 


\ 
X(w 
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The result (i) follows now from (17.3), if we observe that Z(w) = X(w)+iY(w) 
and that | Y(w)| while as u—>+ 0. 

(ii) Let L denote the image in the w-plane of the real axis of the z-plane by 
means of w= W(z). Let 2,=3n (n=1, 2, 3,---) and =Unt+ivn. 
Observing that lim,.,. ’(u) =lim..+. 0’(u) =0, we have, by Theorem IV 
(b), for all sufficiently large n, 

dy 


3 = 3(n +1) — 3n S —+1, 
un 9(u) 
or 
dy 
> 


(17.4) 


Let e€>0 be given. By Theorem IV (b) there exists an mo(¢) such that for 
n=no(e) 


x )-x «< (1 due 


unti 


(17.5) 


because of (17.4). Similarly, by Theorem III (b), there is an m(€) = o0(€) such 
that for n 2m(e): 


du € du 
> 
u, 9(u) 

Since arg W’(z)—0 as x—>+ ~, the curve L can be represented for suffi- 
ciently large u in the form v=f(u) where f’(u) exists and approaches 0 as 
u—-+o. Evidently, for all sufficiently large n, w,=u,+if(u,). The func- 
tions X(u+if(u)) and f%[6(¢)]-'dt are differentiable for u,SuSuays, and 
d/duf% [0(¢) |-'dt >0 for u2=u,. Hence, by the extended mean value theorem, 
for sufficiently large n, say n2m2.2m: 


ee du OD 
vn 


where and w, =u, +if(u, ). Thus, we obtain from (17.5) and 
(17.6): 


Pic: )|, 


ox aX 
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Since 


ox 
OX = | Z'(w) | cos (arg Z’(w)), = sin (arg 
Ou ov 


and 
lim [arg Z’(w)] = lim f’(u) = 0, 
we have, for all sufficiently large n, say n2>mg2 m2: 
(1 + 


Let 2, =Z(w, ). Evidently 3nS2, $3(n+1). Since Z’(w,)=1/W'(z,) we 
have also 


S O(us) | Z’(ws)| + 62. 


1 | | (1+ 
(us) 7 


Now let z=x+iy be a point in the strip ly SB with x 23m, and let n 
be such that 3n Sx <3(n+1). Since then | z,/ —x| <3, we infer from Theorem 
II (b) that, uniformly for | y| <8, 


W'(z) 
I W' (24 ) 
Moreover, by the corollary of Lemma 7, we have for u = U(z), 3nSx<3(n+1), 


O(un ) 


Hence, if x is sufficiently large, 
1 | W’(z) | -| W'(z) | |W(2r)| 


and this proves the first relation of part (ii) of the theorem. 
To prove the second relation we use the first one: 


(17.7) log | W"(2)| = log 0(u) — log + log (1+8), lim 8=0, 


uniformly in |y| <8. Now, by part (i), uniformly in | y| <1/2, as x>+ 0, 
fas 
Ju 
dt 
T 


(17.8) 
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Here u: may be chosen arbitrarily large, but fixed. Let €>0 be given. We 
choose 1 such that | 6/(t)| <e for #2m:. Then by the mean value theorem 


“ 
f | 
dt 
9(#) 
Keeping fixed and letting u->+ ©, and hence x—>+ ©, we find from (17.8) 
log 


=| 0(&)| <4. 


lim sup 
0 

and the result follows from (17.7). 

(iii) a. We shall first prove the weaker statement that (16.1) holds uni- 

formly for all y with | y| <6, B being any fixed positive number less than 7/2. 

The image Ly, of A, is represented in parametric form by the equations 

u=U(x+iy), v= V(x+iy), where x is the parameter, — © <x < @, and y is 
fixed. Evidently 


(17.9) + is) = V2) + f 
0 


an 
For {=x+in, |n| 

OV (x + in) 

on df 


and by Theorem II (a), the first of the relations (ii), and the corollary of 
Lemma 7, we have for u = U(x) 


o(1)) asu—> + 
on 


uniformly for || $8. Therefore, 


=| W'()| cos (arg 


(17.10) V(a + iy) = + + as x—> + 0, 


uniformly for | y| <8. 

Since arg W’ ()—0 as x—>+ ©, uniformly in ly| <7/2, there exists an N’ 
such that for «2 every curve |y| <#/2, is representable in the form 
v=f,(u), where df,(u)/du is continuous and approaches 0 as u—>+ ©, uni- 
formly for | y| <m/2. Let u= U(x), u' = U(x+iy) and let x be so large that u, 
= N''>N’',where N’’ is so chosen that | df,(u)/du| <1 for u2N’’. Hence(*) 


(%) = max 0(t) for between and 
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dt 
— V(x + =| — fw’) | <| u — O*(u, f 


By Theorem III (b), /¥ [0(¢) ]-1dt = 0(1) and, by the Corollary of Lemma 7, 
6*(u, u’)/0(u)—1 as ©. We find therefore 


| fu(u) — V(x + iy)| 0(u) o(1), as u—> + 0, 
uniformly in | y| <#/2. Hence we obtain from (17.10) 


(17.11) fy(u) = V(x) + asu—> + 


uniformly for | y| $A. 

Let now an ¢, 0<¢<7/8, be assigned. We may apply (17.11) for the par- 
ticular value of 8 =7/2—«. Let the curves L, for and y= —7/2+¢e, 
for sufficiently large u, be represented by the equations v =/,(u) and v=f_(u), 
respectively. Then it follows from (17.11) that 


1 € 
= V(x) + 0(u) <| + 


€ 1 
flu) = V(x) + 0(u) =| + 


as u—>+ ©. Addition and subtraction of these expressions give 


V(2) = + ofo(u)], 
(17.12) 


fale) — = Me) [1 + 


respectively. Substituting 6(u) =¢,(u) —@_(u) into the second expression we 
find 


2e 
[4(u) — f4(u)] + [f-(u) — o-(u)] = + }. 
_ Since each of the summands on the left-hand side is greater than or equal to 0, 


2e 
0S d4(u) — falu) + o(t) Jac, 


2e 
0 f-(u) — -(u) [= + o(t) 0(u). 


Hence we obtain from the first of the relations (17.12) 
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(17.13) v(x) = + [> o(t) 6(1) 
2 


for a suitable A, || $1. Substitution of (17.13) into (17.11) gives 


= 4(b4(u) + o-(u)) + y +(= A+ o(t) 0(u) o, 


uniformly for |y| <8. This proves our result in the above stated weaker form, 
since it shows that, for all | y| <8, 


for all sufficiently large u, say u2>N=N(e; B)2N”’. 

b. Using this (weaker) result only we shall prove part (iv) of our theorem 
below. Anticipating here part (iv), we can readily prove (16.1) in the com- 
plete form, namely that 0[6(u)] in (16.1) holds uniformly for | y| </2. 

Let €, 0<e<7/8, be given. Choose 8 =2/2—¢€/2 and determine the index 
N(e; +/2—€/2) so that (17.14) holds. Let Then, by part 
(iv), there exists an N;(e)2WN such that all points w=u+if,(u) with u2N, 
lie in the exterior of Ss_./2, i.e., either 


vu) “(= - < 140) < $4(u) 


e——). 
2 


Since we assumed 4/2—¢€/2<y<2/2 and limy.+/2 fy(u) =o(u), the first in- 
equality holds. Similarly, if —1/2<y<—a/2+€/2, the second inequality 
holds. Hence, for all u 2 Ni(e), 


Su) — < &(u) for all | y| < /2. 


(iv) Let € be given as stated in the theorem. By (17.14) there exists an 
N=N(e/x; a) such that all points w&T, with Rw2N are contained in the 
region 


This proves that the part of T. which lies in u2 WN is contained in S,4,. In 
a similar manner it may be seen that it contains the part of S,_, within u2 N. 

(v) Relation (16.2) follows immediately from the first of the relations (ii) 
and part (iv) if we observe that, for w= W/(z), Z’(w) =1/W’(z). 


[March 
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18. Corollaries of Theorem X. We now prove the following corollaries. 


Corotiary 1. If S is an L-strip with boundary inclination y, |y| <x/2 at 
u=-+ ©, then parts (iii) and (iv) of Theorem X remain unchanged and parts (ii) 
and (v) are to be replaced by the relations 

(ii*) lim, | W’(2)| /0(u) = (cosy)/x, +0 [log | W’(2)| ]/|=| =0, uni- 
formly in y, 

(v*) limy.4. [|Z’(w)|0(u)]=x/cos y, uniformly for w=u+ivES,, 
0<6<72/2, respectively. Moreover, uniformly for wES, 

(18.1) ¥ 0(1) asu—>+ 0, 

To prove the corollary we rotate the coordinate system through the angle 
¥ in the positive direction, thus obtaining a new set of coordinates (4, 4), 
where #=e-‘7w. Let, for sufficiently large 2, 5=$4(@) and 5=¢_(@) 
represent C, and C_, respectively. Consider a point C: w=u+iE€S and let 
w=e-‘tw. Denote the points u+ip_(u), in the w-plane, and 
it+ig_(&), 4+1¢,(a) in the #-plane by A, B, A, B respectively. In the tri- 
angle AAC, the angles A and A approach 7/2 and x/2—|y| respectively, 
and in BBC, the angles B and B approach 2/2 and 7/2— || respectively as 
u—>-+ ©, uniformly with respect to the position of C on AB. Hence 
(18.2) 


sinA cosy 
and therefore (6( 4%) =¢,(a#) —$_(@)) 
(18.3) 6(u) = AB = AC + BC = + o(AB) = + o(1)) 
cos y cos 
asu—>+ 


the convergence in (18.2) and (18.3) being uniform with respect to the posi- 
tion of C on AB. 
Now (ii*) follows immediately if we observe that for W(z) =e-*"W(z) by 
Theorem X (ii) and subsequently by (18.3), uniformly for |y| <8: 
and that 


i = RW(z); u = RW(2), 


log | W'(z) | log | W’(z) | 
| | 


To prove now that part (iii) of Theorem X remains unchanged, we note 
that in the figure which was used above, AC=v—o_(u), BC=,(u) —2, 
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AC=i—¢_(a), BC=$,4(a%)—6. From (18.2) we obtain therefore (leaving off 
the arguments u, @) 


1 1 
(18.4) »—¢ = (6 — ¢_) +05), ¢4—7= — —— + off), 
cos 


cos 


as u—>-+ ©, uniformly with respect to the position of Con AB. By Theorem X 
(iii), there exists an W (independent of y), such that any line Ay: y=const. 
(|y| <m/2) is mapped by #=W(sz) onto a curve Ly which, for all #2, can 
be represented in the form =4[¢,+¢_]): 


as + ©, uniformly for | y| < 
T 
Hence, for on Ly (@2 uniformly for | y| <1/2, 
00] 


as u—-+ ©. Substituting these values for 5—¢_ and ¢,—@ into the first and 
second equations of (18.4), respectively and using (18.3) we find that there 
exists an N (independent of y) such that any point w=u-+i on L, with u2N 
satisfies the relations 


(18.5) 474000], y+ 0], 


as u—>-+, uniformly in |y| <x/2. Subtraction of the second equation in 
(18.5) from the first gives 


6 
(18.6) v=y+—y-+ (6) as u— + ©, uniformly in | y| < x/2. 


It may be shown now by use of (18.6) (as in the proof of part (iv) of Theo- 
rem X) that the statement of part (iv) remains unchanged in the case of any y, 
ly| <7/2. Part (v*) of the corollary follows then from part (ii*) in the same 
manner as part (v) of the theorem follows from part (ii). 

Finally, (18.1) is obtained by solving (18.6) for y, since for w=u-+-iv on L,: 
Y(w) =¢. 


CoROLLARY 2. Let S be an L-strip with the boundary inclination y, 
<m/2,atu=+o., 
(i) If y=0, then for 2:=x1+1y1, %2=x2+iye, | x2—x:| = M (M=const.), 
(18.7) U(22) — U(z:) = (x2 — x1) + 0[0(u)] 


| 
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uniformly for | y| as x1, + ©. Here u may be taken equal to any num- 
ber between u; and us. 
In particular, if limy.+4. 0(u) =0 exists, then (18.7) becomes 


0 

(18.7*) U(z2) — U(2:) = — (x2 — x1) + o(1). 
T 

(ii) Jf lim 0(u) =0*, lim infy.,. 0(u)=04, then, uniformly in 
|y| <1/2, 
6 3 U U o* 2 
t+ 0 x x 
Thus, if limy.+4. exists: 
U(z 6 cos? W 6 cos 
(18.8%) 


REMARK. In the case that 


(18.9) = d+, lim o-(u) = exist, 


ust oo 


both of these parts are known theorems(?’). 
Proof. (i) Let u:= U(21), w2= U(2e), x22%1. By Theorems III (b) and IV (b) 


us 


1 6(u) 
lim = 0, k= 1, 2,3. 


By the corollary of Lemma 7, for any u between 1“ and 2: 


27+ 


(uz — + &) lim « = 0 
(u) 


Substituting this value of /%[0(¢)]-'dt into (18.10) and observing that 
| x2—2:| SM, we find (18.7). 


(27) In the case that ¢,—¢-=0@>0, (18.7*) has been proved under the less restrictive 
hypothesis that S is a region as described in the statement of Carathéodory’s theorem in the 
remark of §16, whose boundary curves C, and C_ (which approach the aysmptotes v= ¢, and 
v=@_ respectively) satisfy an additional condition regarding their “oscillation” (“Regulire 
Unbewalltheit”). See Wolff [1, p. 217], Warschawski [1, p. 326], Ostrowski [1, p. 117, relation 
(21.2)]. For 6=0, Ostrowski [1, p. 177] proved (18.7*) under the assumption that S is an 
L-strip satisfying (18.9). Compare also Ostrowski’s extension of the first case (9 >0) to regions 
with general boundaries [2, pp. 88, 95].—Part (ii) of Corollary 2, under the assumption (18.9) 
is due to Ostrowski [1,.p. 174, relation (62.1) ]. 


| 
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(ii) Assume first that y =0. Then it is sufficient to prove that 
(18.11) — lim su uniformly for w € S. 
Let ¢>0 be given. Take so large that 
6, —e O(u) S + for u = %. 
By Theorem X (i), uniformly for wES, as u>+ ~, 


Hence, keeping fixed, we have 


Ox < lim i < lim < 6* + € 
su . 
7 X w) X(w) 
Since ¢ is arbitrary this proves (18.11). 
If let W(z) = U(2)+iV (2) =e-'7W(z). Moreover, let 5(#) 
be defined in the #-plane as 0(u) is in the w-plane. Then, by the part just 
proved, 


(18.12) int 8(a) <= lim inf —— lim sup —lim sup 6(4#). 


Now 


U(z) = U(z) cos y — V(z) sin y = U(z) cos at ~ aS tan r}. 


Here V(z)/U(z)0 as ©, uniformly for |y| <#/2. Using this relation 
in connection with (18.3) we obtain (18.8) from (18.12). 


VI. APPLICATIONS 


19. The general result. We shall now apply our results to the study of the 
mapping function in a neighborhood of a finite boundary point wo of a region 
bounded by a closed Jordan curve. First we derive from our results a theorem 
which deals with a certain general boundary configuration and then apply 
it to various special cases. 

(a) Let R be the interior of a closed Jordan curve Ti in the w-plane and 
let #=0 be on I’. Suppose that in a neighborhood of w=0, say |w| Sa, I’ con- 
sists of two arcs I’, and I'_ which are represented in polar coordinates in the 


form 
#,(p), = _(p), 
O<pSa, < O(p), 


[March 
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respectively, the functions ®,(p), ®_(p) being continuous in the interval 
0<psa. The region 


O<p<a, (0) 


is contained in R. We set @(p) = —,(p) and V(p) = $[S_(p)+,(p) J. 

Suppose that ®,(p) and ®_(p) are absolutely continuous in any closed in- 
terval within 0 <p Sa and that p[d®,(p)/dp] and p[d®_(p)/dp], which exist for 
0<psSa except possibly for a set of measure 0, approach the same limit, tan y, 
ly| <2/2,as p—0. 

Finally, let §={(w) map R conformally onto the circle |{—1| <1 in such 
a manner that w=0 corresponds to {=0 and let w=w(f) denote its inverse 
function. 

(b) Logarithmic transformation of R by means of the function(?*) 
w=log (1/w) and of the circle |¢—1|] <1 by means of z =log [(2—£)/¢] gives 
at once the following results: 


THEOREM XI(A). Under the above stated hypotheses we have(?*): 
(i) If y=0, then for any branch of log [(w), | w| =p, uniformly in R, 


_log 


rQ(r) 


(ii) Uniformly in any angle | arg $B<7/2, as 
| | 

~ CO | | = p. 


(iii) Amy circular arc t fixed, |t| {arg =t, |¢-1| <1} 
is mapped by w(f) onto a curve |, which in a neighborhood of w=0 is represent- 
able in the form 


= V(p) 0100) as p— 0, 
uniformly for |t| <m/2. 


(#8) R is transformed by w=log 1/w into an L-strip S whose boundary curves C, and C_ 
are given by the equations v= ¢,(u) = v= ¢_(u) = — _(e™), respectively. To see 
that C, (and similarly C_) has an L-tangent at u=-+- ©, one only has to note that 

ta — — dp P 

log p2 — log 


= — (1+ tany = (1+ tany, 


where e—0 as 
(*) Part (A) follows from Theorem X and Corollary 1 of this theorem. 


‘ : 
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(iv) Let o, denote the region within l¢— 1| <1 which is bounded by the two 
circular arcs arg {(2—{£)/} =a and arg {(2— =—a, 0<a<7/2, let 
be its image in the w-plane by means of w({), and let ss (0O<B<m/2) denote the 
region {0<p<a, (8/1) } 

If 0<a+té<m/2, €>0, then there exists an r=1r(€; a) such that the part of Ta 
which lies in 0<pSr contains that part of Sa. which is in p Sr and is contained 
IM Sa+e- 

(v) Uniformly in any region sp, 0<B<71/2, 


$(w) @(p) cos y 


as |w| =p—0. 


(vi) Uniformly in R, for w= pe‘, 


(19.1) arg = + o(1) as w— 0. 


THEOREM XI (B). If in addition to the hypotheses stated in §19 (a), 
pld®,(p)/dp] and pld_(p)/dp] are continuous for 0S p <a and the integrals 


a a a @’2 
(19.2) J dp converge, 


then there exists a constant c>0O such that, for w=pe**, 


(19.3) | = exp{ + — ¥() 


r+fr tan y + o(t)} 


as w—0 in any way at all in R(*). 
(c) Remark. Jf IT is a curve as described in §19 (a) and if, in addition the 
integrals 


‘ p(—_}) — —— converge, 
0 dp Q(p) Q(p) 
then y=0(*!) and the integral J\(p¥'*(p)/O(p))dp exists, and therefore by the 
corollary of Theorem IV (§7), (19.3) reduces to 


(19.5) | f(w)| exp {- + as w—> 0 in R (c’ = const.). 


(d) Coro.iary. Let R be a region in the w-plane satisfying the hypotheses 


(*°) Part (B) follows from the corollary to Theorem VIII (§14). 
(#1) If y were not 0, the convergence of either of the integrals (19.4) would imply that of 
[re(r) and this integral diverges. 
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of §19 (a). If in addition, lim,.o @(p) =@ exists, then we have(*): 
(i) If y=0, for and in |¢—1| <1, for which (C1, Ce 
consts.), 
w($2) $2 
(1 1 0, 
(1 + o(1)) as $1, 
uniformly in the circle | | 
(ii) As {0 in |f{—1| <1 in any way at all, 
log | | oO log 


os? ¥, — — e!7 cos y. 
log loge = 


(iii) As in any angle Sa<7/2(*), 


———_ — — cos? y — 1. 
log | 

We now apply these results to various special cases. 

20. Boundary ‘‘elements’”’ with bounded argument oscillation. Let T be a 
curve as described in §19 (a) for which ®,(p) and ®_(p) are bounded for 
0<p sa. Then, necessarily, y = 0(*), and the results of §19 hold with y replaced 
by 0. We consider the case where 


(20. 1) lim ,(p) = and lim $_(p) = exist. 


(19.6) 


(19.7) 


(a) Corners. If 0=¢_—,>0, then I has an L-corner of measure @ at 
w=0 (see §2). In this case parts (ii), (iii) and (vi) of Theorem XI (A) are 
known, (ii) has been proved by Ostrowski, even under the weaker hypothesis 
that I has a corner af w=0 (and not necessarily an L-corner), and (iii) and 
(vi) express the fact that the map is quasi-conformal at w=0. Furthermore, 
the results of the corollary for this case as well as those for @=0 are due to 
Ostrowski (see (?7)). 

Formulas (19.3) and (19.5) give expressions for the order of magnitude of 
| t(@)| . One may ask here, when, in particular, {(w)~cw*!® as w—0 in R+T 
(c =constant #0). This question has received much attention in the recent lit- 

(**) For parts (i) and (ii) see Corollary 2 of Theorem X (§18, (18.7*) and (18.8*)). 

(#) The relation (19.7) follows from Theorem XI (A), (ii) and (19.6) if one observes that 


log | w'(¢)| = log | w(¢)| — log | ¢| + log cos + ot) 


as¢—0in |arg ¢| Sa<*/2. 
(*) If y were not equal to 0, we would have since (d@,/dp)p—>tan y, (p1 <2), 
d@, | tany| dr 


for all sufficiently small p; and p2. Keeping p: fixed and letting p:—+0, we would find that #,(p) 
is not bounded. 
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erature, especially for the case 0=a where this means that {(w) possesses a 
nonvanishing derivative at w=0. Since by (19.1) lim..oarg ({(w)/w*'") exists, it 
is sufficient to consider lim,.» | $(@) /wo*/?| . The remark of §19 (c) yields the 
following result which does not even presuppose any assumption regarding the 
existence of lim,.o 9(p) or that of the limits (20.1). 


THEOREM XII. If T is a curve as described in §19 (a) and if the integrals 
(19.4) converge, then a necessary and sufficient condition that, for some positive 0, 
lim, .o | /w*!*| exist for unrestricted approach and be different from 0 is that 


— O(p) 
For, we have, uniformly in R, 


$(w) 


(20.2) dp converge. 


{ dr a + o1)} 
=c exp — log — — — loga 


= c exp {-- fe + 


as |w| =p—0 (c’’ is a constant different from 0). 
Combining this result with (19.1) we find: 


THEOREM XIII. If T is a curve as described in §19 (a) and if the integrals 
(19.4) converge, then a necessary and sufficient condition in order that for some 
6>0, lima.o (f(w) /w*!") exist for unrestricted approach and be different from 0 is 
that the conditions (20.1) and (20.2) be satisfied and that o.—¢, =9. 


The sufficiency of the conditions stated is clear. That (20.2) is necessary 
follows from Theorem XII. That (20.1) and the relation ¢.-—¢,=90 are 
necessary is immediately seen if we observe that arg {{/[w({)]*/"} approaches 
a limit as {0 in \¢— 1| 1, and then let {->0, first along the upper and then 
along the lower semi-circle of |{—1| =1. 

For @ = this theorem gives a criterion for the existence of the derivative 
of {(w) at a boundary point. Several criteria (sufficient conditions) for the 
existence of the angular derivative (i.e., lims.o (w({)/f) in any fixed angle 
|arg ¢| Sa<z/2) are known which apply to even more general types of re- 
gions than those bounded by Jordan curves. (For sufficiently smooth bounda- 
ries the existence of the derivatives for unrestricted approach can be inferred 
from that of the angular derivative.) The sharpest of these criteria to date is 
due to Ahlfors(*). Since our theorem refers to a smaller class of regions it 
obviously does not contain that of Ahlfors(*). On the other hand, the follow- 


(#) Ahifors [1, p. 36]. 
(*) However, by use of Theorem XII (B) and a modification of Ahlfors’ proof of his cri- 
terion, one may obtain a sharper criterion for the existence of the angular derivative. 


@ 
t \ 7 
. 

5 
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ing example shows that it also is not contained in Ahlfors’ result: Let T be a 
closed Jordan curve through w=0 and let, in a neighborhood of w=0 
(0Sp Sa), T consist of the two branches I’, and I'_ represented by 


$ = = — + 8:(p), = &(p) = + > 0, lim = 0, 


where [8:(p)/p]dp is divergent (é=1, 2), J°{| 8:(p) — 52(p)| /p}dp conver- 
gent, p4/(p) continuous, p(5/ (p))? integrable, OS psa. It is easily seen that 
the hypotheses of Theorem XIII are satisfied and that therefore lim, .o [{(w) /w] 
exists and does not equal 0. However, one of the conditions of Ahlfors’ cri- 
terion is not satisfied. Suppose I’ is mapped by the function w=log (1/w) 
onto a strip. The images C, and C_ of T', and T_ are represented by the 
equations 


respectively. Then (in Ahlfors’ notation [1, p. 36]) the series }>7_,m, does 
not converge. For, if vykSus(v+1)k are the intervals for which the m, are 
formed, then 


n (r+1)k 


vel kewl vk k 


as n— «©. However, the convergence of this series is one of the conditions of 
his criterion. 
A corollary of Theorem XIII is the following 


THEOREM XIV. Let T be a closed Jordan curve through w=0 which has an 
L-corner of measure 6 at w=0, formed by the two branches T', and T_. Suppose 
that the angles of inclination of the tangents to T', and T'_, considered as func- 
tions of p, are of bounded variation in a neighborhood of w=0, 0S pSa. Let [(w) 
be defined as in §19 (a). Then, a necessary and sufficient condition that 
lim..o ({(w)/w*!") exist and be different from zero is that the integral (20.2) 
converge. (©.(p), B(p) and Q(p) in (20.2) are defined as in §19 (a).) 


Proof. We represent [', and I'_ in the form ¢=,(p) and ¢=®_(p) re- 
spectively, OS pa, and show first that the integrals (19.4) converge. Let 
74(p) denote the angle of inclination of the tangent to Ty at w= pe*+ (if the 
tangent exists), being so chosen that lim,.» 7,(p) (see (20.1)). As 
is well known, 


d® 
p = tan [r+(p) — 44(p)]. 
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To prove the convergence of the first integral in (19.4) it is sufficient to show 
that 


a d®. 
(20.3) J — 


+-(p) 
dp converges. 
dp 


Integration by parts gives (0 S¢<a) 


a d® a 
f [r+ — f (44(p) — ¢4)d[r4(e) — 
€ p p=me 


+ — 44)(ra(0) — | 


where M(e, a) is continuous at e=0. Since 7,() is of bounded variation and 
®,(p) is continuous for 0Sp Sa, the first of the last two integrals converges 
as e—0. The second of these integrals has the value [4$(®,(p) —¢,)?]? and it 
approaches, therefore, a finite limit as e—0. This proves (20.3). 

Similarly it is shown that the second integral in (19.4) converges and 
Theorem XIV follows now from Theorem XIII. 

(b) Cusps. Suppose now that [ has an L-cusp at w=0. Our main results 
here are the formulas (19.3), with y=0, and (19.5) which give asymptotic ex- 
pressions for |{(w)|. Parts (iii) and (vi) of Theorem XI (A) take the place 
of the quasi-conformality in the case of a corner. Part (ii) of this theorem 
(with y =0) is an extension of Ostrowski’s result which states that under the 
weaker assumption that T has a cusp at w=0 (and not necessarily an L-cusp), 
lim; .o [w’(¢)/(w(¢)/£) ] =0, in any fixed angle | arg ¢| $8 <7/2 (cf. the remark 
to Theorem X, §16). Similarly, part (i) of Theorem XI (A) can be considered 
as a sharper form of (19.6), since it gives the order of magnitude of log | $(w) | 
while (19.6) merely states that (log | t(w)| /log | w| )—-+ © as w—0. The re- 
sults of the corollary are due to Ostrowski (see (?7)). 

EXAMPLE. It might be of some interest to apply our results to a cusp 
formed by two arcs ', and ['_ which have “finite order of contact.” T, and T_ 
are represented in Cartesian coordinates (£, 7) by the equations 


(20.4) n = [a + e(&) n = [b + OSES 


Here a, b, n, m are any real numbers, n2m>1; ifn>m then b>0, if n=m, 
b>a; e(&), 5(€) have continuous first derivatives, OSS £9 and approach 0 
with &. It is clear that Ty and I_ form an L-cusp so that Theorem XI (A) 
holds. We examine, therefore, the possibility of applying part (B). 


i 
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We introduce polar coordinates about w=0. Using p as parameter and — 

writing ©,(p) on and ¢=_(p) on we obtain from (20.4), p>0, 
(20.5) psin = [a+ e(€) cos” p sin &_(p) = [b+ ]p™ cos™ S_(p). 
Hence 
sin [4_(p) — ©,(p)] =p"-"{ (b+8) cos™ cos 6, —(a+e)p"-™ cos” cos 
Thus we find 

O(p) = if n>m; ~ (6 — a)p™" if n=m, 


as p—0. Furthermore, differentiation of the first relation of (20.5) with re- 
spect to p gives 


do, 
cos ,(p) (a + — 1)p**{1 + 0(1)} asp—0, 


p (de, 
O(p) \ dp 


Hence the conditions (19.4) of the remark of §19 (c) are satisfied and there- 
fore (19.5) holds. 

21. Boundary ‘‘elements” with unbounded argument oscillation. Sup- 
pose that T is a curve as described in §19 (a) and that lim,.»o ®,(p) and 
lim,.o ®_(p) are both (or — ©). In this case and are two “con- 
current” spirals having w=0 as an asymptotic point. Our results of §19 de- 
scribed the behavior of {(w) and {’(w) as w approaches the asymptotic point. 

However, our methods still apply to a case not included in §19, in which 
p(d,/dp) and p(d@_/dp) both approach + (or — ©). This case is con- 
tained in the following more general configuration. 

Let R be a simply-connected (single-sheeted) region whose boundary con- 
sists of the spirals 


O(p"~*) 


and similarly 


Ty: p=p+(o), p= p_(¢), do 


and of a Jordan are connecting the end points (¢o, p+(¢o)) of Ty and 
($0, of T'_. It is assumed that pi(¢) and p_(@) are positive and ab- 
solutely continuous in any interval ¢o.5¢ S¢:1< ~, and that (1/p4(¢))dp/dod 
and (1/p_())dp_/dp which exist for almost all ¢ 2@0, both approach the limit 
—tany, || as ¢— The region 


so that 
p (=) O(p"-2) 
p™-*). 
O(p) \ dp 


4 
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is contained in R. We set 


1 1 1 1 1 
= — log —— = —| lo 
There exists a function {(w) which maps R conformally onto the circle 
|¢—1| <1 in such a manner that lim {(w) =0 as arg w+ ©, w being in the 
region (21.1). The inverse function of {(w) will again be denoted by ({). 
The function w=u+iv=i log (1/w) log (1/p)+¢@ maps R onto an 
L-strip S in the w-plane with the boundary inclination y at u= + ©. We map 
the circle |{—1 | <1 onto the strip |y|</2 by means of the function 
z=log {(2-—)/¢ (z=0, when ¢ =1). In this way we have again reduced our 


problem to that of a strip. We can carry over all our theorems on L-strips 
thus obtaining results on {(w) and w({) as arg w+ © for w in (21.1) and 
in |¢—-1| <1. 

To apply Theorem IX and to obtain the analogue of Theorem XI (B) we 
assume here that the integrals 


\p+($) \p-(¢) ¢ 
converge. There is no_difficulty in actually writing out the results obtained 
for this case. 
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ON THE SEMI-CONTINUITY OF DOUBLE INTEGRALS 
IN PARAMETRIC FORM 


BY 
TIBOR RADO 


INTRODUCTION 


The purpose of the present investigation is to extend the scope of the im- 
portant and comprehensive results of McShane on the semi-continuity of 
double integrals in parametric form('). The class of surfaces considered by 
McShane is very general, but we shall see that the conditions placed by him 
upon his surfaces can be greatly relaxed without hurting the validity of any 
one of his theorems. Our condition (see 1.19) is however not only less restric- 
tive but also possesses a certain degree of finality. Indeed, we shall be able to 
prove that the class of surfaces for which our condition holds is precisely the 
class of surfaces which admit of a representation where the Lebesgue area of the 
surface is given by the usual integral formula (see 3.15, 3.19). 

The methods used in this paper are based on previous work by McShane 
in the calculus of variations and by the author on the area of surfaces. Since 
this work is scattered_in a number of papers in various periodicals, it seemed 
advisable to attempt at this time a somewhat self-contained and systematic 


presentation, as well as to carry out various simplifications of detail suggested 
by a comparative study of the literature. In particular, the theory of the Le- 
besgue area of surfaces will not be presupposed. On the contrary, we shall find 
that the most advanced results of that theory are simple corollaries of our results 
on general double integrals. 


CHAPTER 1. PRELIMINARIES(?) 


1.1. We shall be concerned with integrands of the form f(x', x?, x’, 
X'!, X*, X*), defined for all values of the six independent variables x', x?, x’, 
X'!, X*, X*. We shall follow the condensed notations used in McShane [1, 2}. 
Accordingly, we shall use x to refer to the triple x’, x”, x* and X to refer to the 
triple X', X?, X*. It will be convenient for us to interpret x as a point with 
coordinates x!, x?, x and X as a vector with componentsX'!, X?, X*. We shall 
use || X|| to denote the length of the vector X. If X #0, then ,X will denote the 
unit vector X/||X]||. We shall write f(x, X) for f(x!, x?, x*, X1, X%, 


Presented to the Society, April 11, 1941, under the title On the semi-continuity of double 
integrals in the calculus of variations; received by the editors February 3, 1941. 

(1) See McShane [1, 2]. Numbers in square brackets refer to the references at the end of 
this paper. 

(?) For the convenience of the reader, we have collected in this chapter the notations, 
definitions and lemmas we need. The reader is requested to turn to this chapter whenever in doubt 
about the meaning of a term or symbol. 
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1.2. We shall say that the integrand f is admissible if the following condi- 
tions are satisfied. 


(1) f is continuous for all values of the six independent variables. 
(2) f is positively homogeneous of degree one with respect to X. That is, 


I(x, tX) = tf(x, X) for ¢ = 0. 


(3) f has continuous partial derivatives of the first and second order for 
X #0. 


REMARK. As a consequence of (2), we have 
f(x', x’, x*, 0, 0,0) = f(x, 0) = 0. 
1.3. Let us put 


of 
if X <0, 
Si = OX; 
0 if X=0, 
We have then, by (2) in 1.2, the identity(*) 


f(x, X) = X*fa(x, X). 


We define, as usual, 


E(x', x*, X1, X2, X*, X1, X2, X%) = E(x, X, X) = f(x, X) — K*fa(x, X). 


1.4. For an admissible f the following facts are easily established. If A 
is a bounded closed set in x-space, then there exists a constant M>0 such 
that, for xGA and for every X 


| f(*, X)| = M||X'|; 
and, for every x€A and for every pair of vectors X ¥0, X¥ <0, 
| E(x, X, X)| — 


1.5. Lemma. Let there be given an admissible f and a set of six constants 
(x6, xb, Xo Xb, = (xo, Xo), such that 

(a) f(xo, Xo) >0, 

(b) E(xo, Xo, X) >0 whenever X ¥0, 
Then there exist two positive constants 5;, 52 such that the following holds. If 
n, #1, #, X1, X*, X* satisfy the conditions 

(a) 0<n<hi, 

(8) X*f.(x0, Xo) >0, 

(y) |f(@, ¥)| 


(*) A repeated greek letter indicates summation with respect to that letter. 
(*) Cf. Bliss [1]. 
(5) Observe that Xo0 on account of condition (a). 
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then 
(1) f(z, X) xo, X) + E(xo, Xo, X) *fa(xo, Xo). 


Proof. By condition (a), we have X90, and hence we can consider Xo. 
For ¢ >0, let us denote by A(c) the maximum of 


|| — .Xol| 
for all vectors ¥ 0 such that 
E(xo, Xo, X) s o||X||. 


From condition (b) we infer easily that \(¢)--0 for c—0. Hence (cf. condi- 
tion (a)), we have a 6;>0 such that 


(xo, Xo) 
Xa -|| 


where Yo denotes the vector with components f;(xo, Xo), 7=1, 2, 3. Note that 
condition (a) implies that Yo#0. We define now 


f(xo, Xo) 


and we assert that the constants 6; and 5 satisfy the requirements of the 
lemma. To show this, let there be given » and (#, X) such that conditions 
(a), (8), (y) are satisfied. Let us put 


H = f(z, X) — f(xo, X) + E(xo, Xo, X). 7 


If H20, then (1) is true on account of (8). Thus we can assume that H <0. 
We have then, on account of (7y) and (a), 


(2) Xo, X) < f(xo, X) — f(z, < < 


We note that X¥+0 on account of (8). Hence we can consider ,X-. By the 
definition of 6), (2) implies that 


(61) < 


Xo) 


3 uX — SAS 


The inequality of Schwarz yields 


(4) | uX fa(x0, Xo) — uXofa(xo, || Voll -|] xX — 
(4) and (3) yield 
(xo, Xo) 


a a f 1 
| Xo) — Xo)| < 
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(xo, Xo) 


uX fa(xo, Xo) > uXofa(xo, Xo) a. 


Multiplication by ||X|| yields 


1 
(5) X*fa(x0, Xo) > XI; 


(5) and conditions (b), (y) yield finally 
H > — > — Xo), 


and the lemma is proved. 

1.6. We shall consider triples of functions x‘ (u1, u*),i=1, 2, 3, where the 
range of definition will be some simply connected Jordan region B, that is, the 
set of points in and on some Jordan curve. We shall use the notations 


T: x*(u', u?), u*), x*(u!, u?), (u', u*) € B, 
or in condensed form, 
T: x(u), u€ B, 


or simply (7, B) to refer to such a triple. The set of points, in (x', x?, x*)-space, 
with coordinates x1(u!, u*), x?(u1, u*), x*(u1, u*), will be denoted by B). 

1.7. The triple (7, B) will be called guasi-linear if the following conditions 
are satisfied. 

(a) The boundary of B is a polygon. 

(b) x*(u!, u?), x2(u!, u*), x*(u!, u*) are continuous in B. 

(c) B can be subdivided into a finite number of (rectilinear) triangles in 
each of which the functions x‘(u, ue), i=1, 2, 3, are linear. 

1.8. We shall say that the triple (JT, B) is of class K, if the functions 
x'(u!, u*), x?(u!, x*(u!, are continuous in B, if their partial derivatives 
of the first order exist a.e. in B®, and if the Jacobians 

2 3 3 1 1 2 
u?) O(u', u?) 
are summable in B°(*). We shall denote by X(u) the vector whose com- 
ponents are X*(u), X*(u). If (T, B) Kyi, then clearly || X(u)|| is sum- 
mable in B®. 

1.9. If (J, B)EK, and if f is admissible, then clearly f(x(u), X(u)) is 
measurable in B®. Since the set LT, B) is bounded and closed, we have by 1.4 
a constant M>0 such that 


| f(x(u), X(u)) | < MI|X(u)|| ae. in Be. 


(*) Generally, if H is a point set considered in some space, then H® will denote the set of its 
interior points relative to that space. 
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Hence f(x(u), X(u)) is summable in B°. We shall denote its integral over B® 
by I(T, B, f). For example, 


1(T, B,||X||) = f 


1.10. Let there be given a quasi-linear triple 
T: x(u), uc B. 


We subject B to a topological transformation @=7(u) and for clarity We want 
to think of the image point @ as being located in a different plane (#', @*). 
Let us denote by B the image of B, and by u=o(@) the inverse of r. We have 
then the new triple 


T: #(€@) = x(c(a)), 


Suppose now that 7 is quasi-linear (that is, B can be subdivided into a finite 
number of rectilinear triangles in each of which 7 is an affine transformation). 
Then clearly (7, B) is quasi-linear. Given then an admissible f, we find by an 
entirely elementary computation the formula 


I(T, B, f) = I(T, B, f), 
if 7 is sense-preserving, and the formula 
I(T, B, f) sa I(T, B, f*), 


where f*(x, X)=f(x, —X), if r is not sense-preserving. 
1.11. Let there be given an admissible f and a triple 


To: xo(u), uC Bo 


of class Ki. We shall say that (To, Bo) satisfies condition (c) with respect to f if 
(1) there exists, in x-space, a closed bounded set A such that Dr 0, Bo) 
CA®, and f(x, X) 20 for xGA and for every vector X, and 
(2) for a.e. point «GB? such that X,(u) exists and is not equal to 0, we 
have 
E(xo(u), X) 2 0 


for every vector X ¥0(°). 

1.12. We shall say that (J, Bo) satisfies condition (+c) with respect to f 
if condition (2) in 1.11 is satisfied, while condition (1) there is satisfied in the 
following stronger form: 

There exists, in x-space, a closed bounded set A such that bs By)CA*, 
and f(x, X)>0 for every x€A and for every vector X #0. 

1.13. We shall say that (To, Bo) satisfies condition (c+) with respect to f 
if condition (1) in 1.11 is satisfied, while condition (2) there is satisfied in the 
following stronger form: 


(7) For brevity we write du for du'du?, 


he 
. 
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For a.e. point u€Bé such that X,(u) exists and is not equal to 0, we have 
E(xo(u), Xo(u), X) > 0 
for every vector X0 such that .X¥¥.Xo0(u). 
1.14. For the particular integrand ||X|| we find 
E(X, X) = X — 
This identity leads immediately to the following lemmas. 


1.15. Lemma. If f is admissible and if (To, Bo)€K:, then for a sufficiently 
large value of the constant H the triple (To, Bo) will satisfy condition (c+) with 
respect to the integrand H||X|| +f. 


1.16. Lemma. If f is admissible, if (To, Bo)€K:, and if (To, Bo) satisfies 
condition (c) with respect to f, then for every €>O the triple (To, Bo) satisfies con- 
dition (c+) with respect to the integrand «|| X|| +f. 


1.17. Let there be given two continuous triples 
T: xu), uCB; T: #(a), aEB, 


where, for clarity, we want to think of B as being located in a different plane @. 
Let 4=17(u) be a topological transformation from B to B. The Fréchet dis- 
tance of (T, B) and (T, B) is then defined as the greatest lower bound, for all 
possible topological transformations 1, of 


max ||x(u) — £(r(u))||(*). 
vEB 


We shall denote this distance by d[(T, B), (T, B)]. 

1.18. If in the preceding definition we restrict r to be sense-preserving, then 
we obtain what may be called the oriented distance of (T, B) and (T, B). We 
shall denote the oriented distance by .d[(T, B), (T, B)](°). 

1.19. We shall say that a triple (To, Bo) is of class Ke if the following con- 
ditions are satisfied('°). 

(a) (To, Bo) 

(b) There exists a sequence of quasi-linear triples (7,, B,) such that 


od [(To, Bo), B,)| 0, 


and 
Bry ||X||) —> 1(To, Bo, || 


1.20. Given a continuous triple (J, Bo), let us consider the class & of all 


(*) If p, pare points in a metric space, then ||p— || will denote their distance. 

(*) This modification of the Fréchet distance was introduced by McShane, loc. cit.(1). 

(?°) As we shall prove later on, these conditions are necessary and sufficient that the Lebesgue 
area of the surface determined by (To, Bo) be given by the usual integral formula. 
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continuous triples (7, B) such that 
a[(To, Bo), (T, B)] = 0. 


Clearly, 8 is univocally determined by any one of its elements, and possesses 
the following properties: 

(a) If (Ti, Bi)E8R, (T2, Be) ER, then d[(Ti, Bi), (T2, Bs) |] =0. 

(b) If (71, Bi)ER and d[(7;, Bi), (T2, Bs) ]=0, then (T2, Bs)E8. 

Conversely, every class of triples, with the properties (a) and (b), can be 
generated by any one of its elements in the manner described above. 

1.21. A continuous parametrized surface S, of the type of the circular disc, 
is merely a class R of continuous triples as described in 1.20. Every triple 
(T, B)EK will be called a representation of S. For brevity, we shall call S 
simply a continuous surface. 

1.22. Given two continuous surfaces Si, Sz, let (71, B:) be a representation 
of S; and Bz) a representation of Sz. Then Bi), (T2, Bs) is easily 
seen to be independent of the particular choice of these representations and 
can be denoted therefore by d(S;, S2). This quantity is the Fréchet distance of 
the surfaces S; and Ss. 

If (71, Bi), (T2, Be) are any two representations of the same continuous 
surface 5, then the point sets >, ( Ti, B,), B:) are easily seen to be iden- 
tical. That is, the set ).(7, B) is the same for all representations of (T, B). 
We shall denote this set by (Ss). 

1.23. If in the statements made in 1.20, 1.21, 1.22 we replace the Fréchet 
distance d by the oriented distance .d, then we arrive at the conception of an 
oriented continuous parametrized surface, of the type of the circular disc. We 
shall denote such a surface by .S and we shall call it simply an oriented con- 
tinuous surface. The definition of the oriented distance (51, »S2) of two ori- 
ented continuous surfaces .5;, »S2 as well as the definition of the point set 
>-(.S) associated with an oriented continuous surface »S is then worded in an 
obvious manner (cf. 1.22). : 

1.24. If So, S, are continuous surfaces, then S,—>S» will mean that 
d(S,, So)—0. If S,—So, and if A is a point set in (x', x?, x*)-space such that 
> (So) CA (44), then clearly >(S,)CA® for large values of n. 

1.25. If .So, oS, are oriented continuous surfaces, then »S,— 5S» means that 
(So, oSn)—0. That is, for oriented continuous surfaces the notion of con- 
vergence is based on the oriented distance. Again, if .S,— So, and if A is a 
point set in (x!, x*, x*)-space such that }>(.59)CA®, then >>(.S,)CA® for 
large values of n. 

1.26. We say that a continuous surface, oriented or not, is of class K; if it 
admits of a representation (7, B) that is of class K;, i=1, 2 (cf. 1.8, 1.19). 

1.27. In the u-plane, let there be given a simply connected bounded 
Jordan region B. In a #-plane let there be given a region B of the same type. 


Cf. 
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We assume that B is bounded by a polygon. Let there be given also a topologi- 
cal transformation u=7(a%) from B to B. Given then e>0, there exists a quasi- 
linear topological transformation u=7*(%) from B to some Jordan region B* 
in the u-plane, such that 


\|r(@) — r*(a)|| for 


If rt was sense-preserving, then r* can be chosen as sense-preserving (in fact, 
for € small, r* will be then automatically sense-preserving) (*). 


1.28. GENERALIZATION OF A LEMMA OF MCSHANE. In a closed square Q, 
in the u-plane, let there be given triples 
To: xo(u); “EQ, 


such that the following conditions are satisfied. 

(a) (To, Q)E Ki. 

(b) (T,, Q) ts quasi-linear. 

(c) uniformly in Q. 
Then for every choice of the constants a', a”, a* there exists a sequence of measur- 
able sets V,, in Q, such that 


f a X.(u)du— f a Xo(u)du. 
f J, a Xo(u)du > 0, 


then the sets V,, can be chosen in such a way that a*X3(u) >0 on V,. 


Coro.iary. If 


1.29. McShane(“) proved this lemma under the following additional as- 
sumptions concerning the limit triple (Jo, Q). 

(d) xo(u) is absolutely continuous on the perimeter p of Q. 

(e) The following equations hold 


f f Xo(u)du = f (xo(u)dxo(u) — 
Q 2 P 


Q 2 P 
f f 3 1 1 2 2 1 
Xo(u)du = — f (xo(u)dxo(u) — xo(u)dxo(u)). 
Q 2 P 


Cf. (*). 
(#*) The existence of such quasi-linear approximations follows from Franklin-Wiener [1]. 
(*) Loc. cit. (#). 
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It is fundamental for our purposes that these additional assumptions are un- 
necessary("*), It is interesting to note that we require solely summability of the 
Jacobians of the limit triple, a requirement which is necessary if the lemma is 
to have a meaning. 

1.30. Since (loc. cit.(4*)) we did not state the corollary to the lemma, let 
us suggest briefly how the corollary may be derived from the lemma itself. 
Let us denote by Q, the square with the same center as Q, with sides parallel 
to those of Q, and with side-length equal to r times the side-length of Q, 
0<rsi. Denote by V,t the subset of V, where 


a" X.(u) > 0. 


We define now a measurable subset W,, of V, as follows. If 


ff Xn(u)du s ff a’ Xo(u)du, 
Va Q 
then W=V,-t. If 


(6) Sf > 


then let us denote by En,r the set Q,- V,+. Then the quantity 


(7) = f 


is a continuous function of r for 0<r<1. Clearly u,(r)—,.00 and, by (6), (7), 


Hn(1) > f Xo(u)du. 


Hence there exists a value 7, between zero and one such that 


= ff 


We put then W, =E,,,,. For the sequence of sets W, defined in this manner 


a X,(u)du = ff 


we have obviously 
ff a X.(u)du — ff 
n Q 
a’ X.(u) >0O on W,. 


(15) See Radé [4]. 
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1.31. On functions of squares('*). In the (u', u?)-plane, we consider a fixed 
square Qp and all squares gC Qo, all these squares having their sides parallel 
to the axes u!, u*. Given then a function ¥/(q) for all such squares, including Qo 
itself(17), its upper derivative Dy(u) at an interior point u of Qo is defined as 
the least upper bound of 

¥(gn) 
| 
for all possible sequences of squares gn, with sides parallel to the axes, con- 
taining u, and such that | gn| —0. The lower derivative Dy(u) is defined in 
a similar fashion. Both of these derivatives are measurable functions. Gen- 
erally, they will take on the values + ©. If Dy(u) and Dy(u) are finite and 
equal at a point u, then their common value is the derivative Dy(u). The set 
on which Dy(u) exists is measurable and Dy(u) is measurable on this set. In 
particular if Dy(u) exists a.e. in Qo, then it is measurable in Qo. 

1.32. Let g, g1, G2, ° Gm be a system of squares in Qo such that g;Cq 
for i=1, 2,--+, mand such that gf-g/=0 for ij. If for every such system 
we have 


if ¥(q) 20 for every gC Qo, and if < + ©, then we shall say that ¥/(q) is 
of type A in Qo. 


1.33. Lemma. If ¥(q) is of type A in Qo, then its derivative Dy(u) exists a.e. 
in Qo, is summable there, and satisfies the inequality 


ff s 
for every gC Qo(8). 


1.34. The fundamental pattern of our semi-continuity proofs may be now 
described by the following 


Lemma. In the u-plane, let there be given bounded and simply connected 
Jordan regions Bo, B;, Bs, +++, such that the following condition holds: 
If q is any closed square in Bi(**), then qC B® for sufficiently large values of n. 
In Bo let there be given a non-negative summable function f,(u),n=0,1,2,---. 
No assumption is made concerning the convergence of the sequence f,(u). For 


(*) The facts stated in 1.31, 1.32, 1.33 are immediate consequences of results in Banach [1]. 
Cf. also Radé [3]. 

(17) It is convenient to permit ¥(g) to assume infinite values. 

(#8) While this lemma is implied by the results in Banach [1], it seems that it was first 
stated and used explicitly in Rad6 [2]. 

Cf. 
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every closed square qC Be let us define 

(8) = tim int ff 
no 


If we have, for a.e. point u in Bo, the inequality 
(9) Dy(u) 2 fo(u), 
then 


Proof(2°). Let Q be a fixed closed square in B?. Since f,(u) =0, it is obvious 
that ¥(q) is of type A in Q. Hence, by 1.33, 


11 > du. 
(11) woz f Dv(u)du 
Relations (8), (9), (11) yield 


(12) lim inf Jf ff 


for every QC B®. Given now any e>0, we can select in Bé a finite number of 
closed squares Q:, Q2, +--+, Qm without common interior points, such that 


xf fo(u)du > — 4 


We have an N such that Qi, Qo, - - - , Qn for n> N. Since f, 20, we have 


then for» >N 
f fr(u)du 2 f 


and hence, by (12), 


lim inf Sf = lim inf f Sr(u)du 


no 


Since ¢€>0 was arbitrary, (10) is proved. 


(2°) We assume that ¥(q) < + © for every gE Bi. This assumption is justified by the remark 
that if ¥(q)=+ © for some gC BY, then clearly the left-hand member in (10) is + and then 
(10) is obvious. 
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CHAPTER 2. LEMMAS ON TRIPLES 


2.1. FUNDAMENTAL LEMMA. Let there be given an admissible integrand f and 
triples 


To: xo(u), u€& Bo, Ta: %n(%), B,, 


such that the following conditions are satisfied. 

(1) (To, Bo) 

(2) (T,, is quasi-linear. 

(3) (To, Bo) satisfies condition (c+-) relative to f. 

(4) For every closed square qC Be there exists an N=N(q) such that qCB° 
forn>N. 

(5) On every closed square gC Bo, x,(u)—xo(u) uniformly. 

(6) od[(To, Bo), (Tn, Bn) 

Then 


lim inf I(T», Bn, f) = I(To, Bo, f). 


no 


REMARK. By conditions (6) and (3) we have, for large n, f(x,(u),X,(u)) 20 
a.e. in B®, and hence the application of 1.34 is justified. 

2.2. Proof. According to the scheme outlined in 1.34, we define, for every 
closed square gC Bf, 


¥(q) = lim inf I(T,, q, f). 
Let tu be a point in B? and go a small square in BS with center at uo. Since we 
wish to obtain information about Dy(uo) for almost every point in BO, we can 
assume that the following statements hold true for uw» and go. First, Xo(uo) 
exists and 
SS. aoX o(u) du 
| go| 

if | qo| +0(#4). Next, we can assume that (cf. 1.3) 


(13) | 


Xo(uo), 


(14) f(x0(mo), Xo(mo)) = Xo(u0)) > 0. 
Indeed, we wish to prove that ° 
(15) = f(x0(mo), Xo(uo)). 


But D¥20 and f(xo(u0), Xo(uo)) 20. Thus (15) is obvious if f(xo(uo), Xo(uo)) 
=0. Now it follows from (13) that 


fal x0(uo) Xo(uo))du 
| go| 


(*!) If H is a measurable point set, then | H| denotes its measure. 


(16) 


—> Xo (uo) fa(x0(uo), Xo(t0)) 
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if | go| —0. By restricting the size of go, we shall have therefore (cf. (14)) 


(17) f f X5(u)fe(0(us), Xo(ta))du > 0. 


From (14) it follows that 
Xo(uo) 0. 


Finally, we can assume that E(xo(uo), Xo(uo), X)>0O whenever X+0 and 
uX o(uo). 

2.3. We now apply the lemma of 1.5 to the set of constants (xo(uo), Xo(uo)). 
By that lemma, we have two positive constants 6, 52 such that whenever 
we have 


— f(xo(uo), X) + E(xo(uo), X) — 
for every set (2, X) for which 
Xo(uo)) > 0, f(#, — f(xo(wo), X)| 


2.4. We take an 7 satisfying 0<17< 6;. Let Qo be a fixed closed square in 
Bo, with center at uo. On Qo, by assumption, x,(u)—x0(u) uniformly. Hence 
we have an mp» such that 


(18) | f(xn(s4), f(x0(u), Xn(u)) | S for m > mo, a.e. E Qo. 
If we make the square go of 2.2 sufficiently small, we shall have 

go Qo; 
and, since xo9(u) is continuous, 
(19) | f(xo(u), Xn(u)) — f(xo(uo), Xn(u))| (n/2)||Xn(u)|| for ae. u go. 
Combining (18), (19) we see that 
(20) | — f(xo(mo), Xn(u)) | < for a.e. go, m > mo. 
By condition (c+) we have an mo=mo(go) such that , 
(21) S(xn(u), X,(u)) 2 0 for a.e. go, m > mo. 


We take now first a go so small and then an so large that all the relations 
(17), (20), (21) hold. 
2.5. By 1.28 we have in go a sequence of measurable sets V, such that 


(22) ff ff alee), 


and (cf. (17) and 1.28, corollary) 
(23) Xo(mo)) > 0 for u 
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We define 
X,(u) on V,, 

(24) 
By (21), (24), 1.3, 2.3, (23), (24) we can write now, for a.e. wEqo, 
f(an(u), Xn(u)) = flaa(u), X,.(u)) 

= f(xn(u), Xn(u)) — f(xo(uo), Xn(u)) + E(x0(mo), X0(o), Xn(u)) 

+ Xo(%0)) 
> (1 — mb) Xo(mo))du. 


Integrate over go and let n— ©. By (22), (24) it follows that 


= (1 — f f 


Divide by |go| and let | go| +0. By (16) it follows that 


Dy(tuo) (1 — Xo(wo)) = (1 — Xo(u0)). 
Since » was arbitrary, this shows that 
Duo) = f(xo(uo), 
On account of 1.34, this proves the lemma of 2.1. 


2.6. LEMMA. Let there be given an admissible integrand f and triples (To, Bo), 
(T,, B,), such that the following conditions are satisfied. 

(1) (To, Bo) E Ki. 

(2) (Tn, Bn) ts quasi-linear. 

(3) d[(To, Bo), (Tn, Bn) 0. 

(4) (To, Bo) satisfies condition (c+) relative to f. 

Then 


(25) lim inf Bn, f) 2 Bo, f). 


2.7. Proof. For clarity, we want to think of B, as being located in a differ- 
ent plane 4%. We write therefore explicitly 


To: o(u), uC Bo, Tn: aC By. 
Let us put 
= od[(To, Bo), (Tn, Bn) ]. 
We have then, for every n, a sense-preserving topological transformation 


i= Tn(u), E Bo, 
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which carries Bo into B, and for which 
(26) || — < 8, + 1/n. 
Let 

u=0(%), B,, 


be the inverse of 7,. Since B, is a polygon, we have (cf. 1.27) a sense-preserv- 
ing, topological, quasi-linear transformation 


on (&), hE Bn, 


which carries B, into some polygonal region B% in the u-plane (where By it- 
self is located) and which satisfies the condition 


(27) \lon(@) — o,*(@)|| <1/m, B,(%). 
Let us denote by 
&=r*(u), Be, 
the inverse of o,* and let us introduce the triple 
2n(7*(u)), Be. 


Since (T,, B,) and Ta are quasi-linear and since 7,” is sense-preserving, it fol- 
lows by 1.10 that 


(28) I(T,, B,, f) = I(T, Bt, 


and further, on account of (26) and (27), that the triples (JT, Bo), (7,*, B,*) 
and the integrand f satisfy the assumptions of the lemma in 2.1. Hence, by 
that lemma, 


(29) lim inf 1(7,*, B,*, f) = (To, Bo, f); 
(28) and (29) imply (25). 

2.8. Lemma. If (To, Bo)€ Ke, (To, Bo) Ke, and if 
(30) o4[(To, Bo), (To, Bo)] = 0, 
then 
(31) I(To, Bo, ||X||) = Bo, ||X||). 


Proof. Since (TJ, Bo)€K2, we have a sequence of quasi-linear triples 
(T,, B,) such that 


(32) od [(To, Bo), (T,, B,) | 0, 


and 


(#8) Cf. (*%). 
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(33) I(Tn, Bn, ||X||) > Bo, || 
(30) and (32) imply that 

B,), (Ta, B,)] — 0. 


Applying the lemma of 2.6 to the triples (To, By), (T,, Ba) with f =||X||, we 
obtain 


(34) lim inf I(Tn, Bn, ||X1|) 1(To, Bo, || 
and (33) and (34) yield 

(35) I(To, Bo, || X||) 2 1(To, Bo, 
The complementary inequality 

(36) I(T o, Bo, ||X||) = 1(To, Bo, || X||) 

is obtained in the same manner, (35) and (36) imply (31). 


2.9. Lemma. Let there be given an admissible integrand f and triples (To, Bo), 
(T,, B,) such that the following conditions are satisfied. 

(1) (To, Bo) 

(2) (T,, Bn) ts quasi-linear. 

(3) Al(To, By), (T., B,)|-0. 

(4) Bn, ||X||)—1(To, Bo, 

Then 


(37) I(T,, B,, f) o> I(T», Bo, f). 


Proof. From 1.15 it follows easily that if the positive constant H is suffi- 
ciently large, then (To, Bo) satisfies condition (c+) relative to the integrand 


Al| + f. 

Hence we have, by the lemma of 2.6, 

lim inf {HI(Tn, Ba, || X||) + I(T», Bn f)} HI(To, Bo, ||X||) + 1(To, Bo, f)- 
In view of condition (4) of the lemma it follows that 
(38) lim inf I(T,, Bn, f) 2 I(T, Bo, f). 
The same reasoning, applied to the integrand —f, yields 
(39) lim inf (— I(T,, Bn, f)) 2 — I(To, Bo, f). 
(38) and (39) imply (37). 


2.10. Lemma. Let there be given an admissible integrand f and triples , 
(To, Bo), (To, Bo) such that the following conditions are satisfied. 
(1) (To, Bo) E Ke. 
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(2) (To, Bo) Kz. 
(3) [(To, Bo), (To, Bo)] =0. 
Then 


(40) I(T», Bo, f) = I(To, B,, f). 


Proof. Since (J, Bo)€K2, we have a sequence of quasi-linear triples 
(T,, Bn) such that 


(41) [(To, Bo), (Tn Bn) ] — 0, 
and 
(42) I(Tny Bn, || X||) > 1(To, Bo, || ||); 
(41) and the condition (3) above imply that 
(43) od[(To, Bo), (Tn, Bn) ] > 0. 
By 2.8 we have 

1(To, Bo, || X||) = I(T, Bo, || X]l). 
Hence, by (42), 
(44) I(Tn, Bn; || X||) Bo, || 
By 2.9, the relations (41), (42) and (43), (44), respectively, imply that 
(45) I(Tn, Bn, f) + 1(To, Bo, f) 
and 
(45*) I(Tn, Bn, f) > 1(To, Bo, f). 
(45) and (45*) imply (40). 

CHAPTER 3. THE PRINCIPAL THEOREMS(**) 


3.1. DEFINITION. A continuous surface of class Ke, oriented or not, satisfies 
condition (c), (+c), or (c+), respectively, relative to an admissible integrand f if 
it possesses a representation of class Kz that satisfies condition (c), (+c), or (c+), 
respectively, relative to f (cf. 1.11, 1.12, 1.13). 


3.2. THEOREM. Let f be an admissible integrand and ,S an oriented continu- 
ous surface of class Ko. If (T:, Bi), (T2, Bz) are any two representations of class 
Kz of oS, then 

B,, f) I(T2, Bz, f). 


This is a direct consequence of 2.10. 


(#8) Disregarding a few minor items, the semi-continuity theorems of this chapter are gen- 
eralizations of theorems of McShane. The theorems on the Lebesgue area of surfaces are general- 
izations of previous results of McShane, Morrey and the author. 
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3.3. On account of 3.2, if f is admissible and if ,S is of class Ke, then 
I(T, B, f) has the same value for all representations of class Kz of .S. This 
common value may be denoted therefore by J(.5S, f). 

3.4. We shall denote by .€ the class of all oriented continuous surfaces 
of class Ky. By 3.3 the functional J(.S, f) is then defined for every admissible f 
and for every oS€.6. 


3.5. THEOREM. For fixed admissible f the functional I(.S, f) is lower semi- 
continuous in .© at every oriented continuous surface o»SC.C which satisfies con- 
dition (c+) relative to f. 


Proof. Take any sequence such that and oS, Let (To, Bo), 
(T,, Bn) be representations of class Ke of »So, Sn, respectively, where (To, Bo) 
satisfies condition (c+) relative to f. We have then 


(46) od Bn), (To, Bo) ] 0, 
and by 3.3 

(47) I(So, f) = I(T, Bo, f), 
(48) I(Sn, f) = Bn, f). 


Since the triple (T,, B,) is of class Ke, we have by definition a sequence of 
quasi-linear triples (7%, Bi) such that 


(49) (Tn, Br), 0, 
and 


(50) 1(T%, Bi, ||X||) Br» 


By 2.9 it follows from (49) and (50) that 
Bas f) Bm f). 
We have therefore, for every , a j, such that 


(51) od[(T.", Bs’), (Tn, Bn) ] < 1/n, 


and 


(52) 1(7*, f) <1(Tn, Bn, f) +1/m. 
(51) and (46) imply that 


(53) Bs’), (To, Bo)] 0. 
(53) implies, by 2.6, that 


F 
F 
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(54) lim inf 1(7%", BY", f) I(T, Bo, f). 


(47), (48), (52), (54) imply that 
lim inf I(Sa, f 2 I(So, f). 


3.6. THEOREM. Let f, oSo, oSn satisfy the following conditions. 

(a) SoEo€, 

(b) oSn—oSo. 

(c) oSo satisfies condition (c) with respect to the admissible integrand f. 
(d) There exists a finite constant N such that for every n 


|| X|]) < N. 
Then 
(55) lim inf f) 2 I(So, f). 


Proof. Clearly, for every ¢>0, .So satisfies condition (c+) with ig 
to the integrand f+e||X|| (cf. 1.16). Hence by 3.5 


lim inf {Z(oSa, f) + ||X||)} S f) + (So || Xl). 


Since ¢>0 was arbitrary, (55) follows on account of condition (d). 


3.7. THEOREM. For fixed admissible f, the functional I(,S, f) is lower semi- 
continuous in © at every surface SE.C that satisfies condition (+c) with re- 
spect to f. 


Proof. Let us deny the assertion. Then we assert the existence of surfaces 
oSn in such that and 


(56) lim f) < I (So, f), 


while .So satisfies condition (+c) relative to f. This last fact implies the exist- 
ence, in x-space, of a closed bounded set A such that > (So) CA® and 
f(x, X)>0 for xEA and for every vector X #0. It follows that there exists a 
constant m>0 such that 


(57) f(x, X) = X|| forx € A 
and for every vector X. Since »S,—»5So, we have an mo such that 
(58) (Sn) C for > mo. 
Let 

Tr: B,, 


be a representation of class Kz of .S,. We have then, by 3.3, (57), (58) for 
n>MnNo 


a 
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(59) ||X||) = Bn» || S (1/m)1(Tn, Ba f) = (1/m)I (Sa, f)- 


(56) and (59) imply the existence of a finite constant N such that I(oSs, || X]|) 
<N for'every n. By 3.6 this implies that 


lim inf T(Sns f) (So, f, 
in contradiction with (56). 


3.8. THEOREM. If the admissible integrand f is independent of x, that is, if 
f=f(X), then the functional I(.S, f) is lower semi-continuous in .© at every sur- 
face .SoE.€ that satisfies condition (c) with respect to f. 


Proof. Checking through the proof of the theorem in 3.5, where the 
stronger condition (c+) was assumed, we find (cf. 2.5) that the positivity of 
the E-function was used solely to obtain an estimate for the difference 


S(%n(u), Xn(u)) — Xn(u)). 


Since this difference vanishes in the present case, it is clear that condition 
(c+) can be replaced by the weaker condition (c). 

3.9. In what precedes we worked with oriented continuous surfaces. Check- 
ing back through our discussion, we find that this restriction served the sole 
purpose of securing the invariance of the integral J(T, B, f) in the quasi- 
linear case. From the remarks made in 1.10 it is then clear that the restriction 
to oriented surfaces becomes unnecessary if the integrand f satisfies the condition 


(60) f(x, X) = f(x, — X). 


That is, if (60) holds, then in all that precedes we can use the Fréchet distance 
and continuous surfaces instead of the oriented distance and oriented continuous 
surfaces. By way of illustration, we state presently the theorems correspond- 
ing to those in 3.2, 3.5, 3.7, 3.8. We shall use € to denote the class of all con- 
tinuous surfaces of class Ke. 


THEOREM. If f is admissible, then the quantity I(T, B, f) has the same value 
for all representations of class K+ of the surface SEG if the admissible integrand f 
satisfies (60). This quantity may be therefore denoted by I(S, f). 


THEOREM. If f is an admissible integrand satisfying (60), then the functional 
I(S, f) is lower semi-continuous on © at every surface SEC that satisfies either 
condition (+c) or (c+) with respect to f. If in addition f is independent of x, 
that is; if f=f(X), then we have lower semi-continuity at every surface SE€ that 
satisfies condition (c) with respect to f. 


3.10. DEFINITION. If an oriented continuous surface »S admits of a repre- 
sentation (T, B) which is quasi-linear, then .S will be called an oriented poly- 
hedron and will be denoted by .¥. Clearly .BE.C, since obviously every quasi- 
linear triple is of class Ke. 
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3.11. DeFriniTion. If a (non-oriented) continuous surface S admits of a 
representation which is quasi-linear, then S will be called a polyhedron and will 
be denoted by %. Clearly PEG, since every quasi-linear triple is of class Ks. 


3.12. DEFINITION. Let oS be an oriented continuous surface. Its Lebesgue 
area L(.S) is defined as the greatest lower bound of 


lim inf || X||) 
for all sequences such that 


3.13. DEFINITION. Let S be a (non-oriented) continuous surface. Its Le- 
besgue area L(S) is defined as the greatest lower bound of 


lim inf I(,, ||X||), 
for all sequences such that B,—S. 


3.14. THEOREM. Let ,S be of class K;. Then for every representation (T, B) 
of class K, of oS we have 


(61) L(S) 2 1(T, B, || X|]). 
The sign of equality holds if and only if (T, B) is of class Ka(*). 


Proof. Let .P, be any sequence such that .P,—.S, and let (T,, B,) be a 
quasi-linear representation of ,.,. Then 


of B,), (T, B)] — 0. 


Obviously every triple of class K, satisfies condition (c+) with respect to the 
integrand ||X'!|. Hence, by 2.6, 


lim inf I(T, Bn, ||X||) 2 1(7, B, || X||). 

Since this holds for every sequence ., such that .%,—,.5S, and since 
I(Tny Bry || X||) = || 

by (3.3), the inequality (61) follows. Suppose now that 
(62) L(.S) = I(T, B, ||X||). 
It follows from the definition of L(.S) that we have a sequence ,¥,* such that 
(63) oS 
and 


(64) || X||) L(S). 


Let (7,*, B,*) be a quasi-linear representation of ,.,*. We have then, by (63), 


(*) This theorem could also be inferred from Radé [2]. 


We 
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(65) od[(T*, B.*), (T, B)] +0, 
while (64) and (62) imply that (cf. 3.3) 
(66) 1(T#, B,*, ||X||) 1(7, B, ||X||). 


By (65), (66) the triple (JT, B) is of class Ke (cf. 1.19). 
Suppose conversely that (T, B) is of class Kz. We have then, by definition, 
a sequence of quasi-linear triples (7, B,) such that 


(67) Bn), (T, B)] 0, 
and 
(68) I(T», Bz, || I(T, B, || Xl). 


The quasi-linear triple (7,, B,) is a representation of an oriented polyhedron 
Bn. Using (3.3), (1.22), the relations (67), (68) can be rewritten in the form 


(69) — oS, 

(70) ||X||) 1(T, B, ||X||). 

By the definition of L(.S), (69) and (70) imply that 

(71) 1(T, B, ||X||) = L(-S). 

(71) and (61) (which we have already proved) imply that 


= I(T, B, ||X\l). 


3.15. THEOREM. The oriented continuous surface »S is of class Kz if and only 
if it admits of a representation 


T: x(u), uc B, 


such that the following conditions hold. 

(a) The Jacobians X'(u), X*(u), X*(u) exist a.e. in B® and are summable 
there. 

(b) L(oS) X(u)||du. 

Briefly: .S is of class Kz if and only if it admits of a representation where the 
Lebesgue area is given by the usual integral formula. 


This theorem is merely a rewording of the second half of the theorem in 
3.14. 


3.16. THEoreM. If (T, B) is a quasi-linear representation of the oriented 
polyhedron then 


= I(T, B, ||X\l). 


Briefly: The Lebesgue area of an oriented polyhedron is equal to its area in 
the elementary sense. 
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This theorem is merely a very special case of 3.14, since every quasi-linear 
triple is of class Kz. 

3.17. Similar theorems hold for non-oriented surfaces. Since the proofs are 
entirely analogous to those in 3.14, 3.15, 3.16, we only state the results in the 
following theorems. 


3.18. THEoreEM. Let S be of class K;. Then for every representation (T, B) 
of class K, of S we have 


L(S) 1(T, B, || X||). 
The sign of equality holds if and only if (T, B) is of class Kz. 


3.19. THEOREM. A continuous surface S is of dass Kz if and only if it ad- 
mits of a representation 
T: x(u), uEB 


such that the following conditions hold. 

(a) The Jacobians X*(u), X*(u), X*(u) exist a.e. in B® and are summable 
there. 

(b) L(S)= fal] X(u)]|du. 

Briefly: S is of class Kz if and only if it admits of a representation where the 
Lebesgue area of S is given by the usual integral formula. 


3.20. THEOREM. Jf (T, B) is a quasi-linear representation of a (non-ori- 
ented) polyhedron then 


= 1(T, B, ||X!l). 


Briefly: The Lebesgue area of a polyhedron is equal to its area in the ele- 
mentary sense. 


3.21. In conclusion, we want to compare our surfaces of class Kz with the 
surfaces used by McShane and Morrey in their researches(*). For brevity, we 
shall restrict our remarks to non-oriented continuous surfaces, and we shall 
follow the presentation of Morrey. 

3.22. According to Morrey, a continuous surface S is of class L if it ad- 
mits of a representation 


(72) To: xo(u), u Ee Ro, 


where Ro is the square given by 


Ry: OSu S1,° 


such that the following conditions are satisfied (**). 


(%) See McShane [1, 2] and Morrey [1]. 
(*) For convenience, we have split the two conditions (i), (ii) of Morrey [1, p. 701], into 
three conditions (a), (b), (c). 
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(a) x$(u), i=1, 2, 3, is absolutely continuous in the sense of Tonelli. 
(b) The Jacobians 


x0) x0) x0) 
are summable in Ro. 


(c) For every rectangle R: a'su'sb', a*<u? Sb, completely interior to 
Ro, we have 


ff | Xo(u) — Xi(u) | du—>0, i = 1, 2, 3, 
R 


where X}(u), X2(u), X3(u) are the Jacobians corresponding to the given triple 

To, while X}(u), X2(u), X2(u) are the Jacobians corresponding to the triple 
Tr: xn(u), Ri, 

where 


1 h ph 
= —f f “ dv, = 1, 2, 3, 
4h? J 


and R, is the rectangle 
Aswsi-h. 


If these conditions are satisfied, then the representation (72) and the triple T» 
will be also said to be of class L. 

3.23. Suppose the representation (72) is of class L. Let us define, for every 
positive integer m, a rectangle 


1 1 1 1 
(73) R™: —suws1-—, —svwsi-—- 


n n n n 
Clearly then 
(74) od R™), (To, R»)] 0, 


and 


For fixed m, the rectangle R™ will be completely interior to the rectangle R, 
if h is sufficiently small. By a well known property of integral means, we have 
xi(u)—n.0%5(u), 4=1, 2, 3, uniformly in R™ for fixed m. Combining this re- 
mark with condition (c) in 3.22, we find that for every » we have an h,>0 
such that 


z= 
Fq 
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(76) of [(Ts,, R™), (To, R™)| < 


1 
(77) f || Xo(u) — Xa,(u)||du < 


Since for fixed m and small # the functions x}(u) are continuous in R™ to- 
gether with their partial derivatives of the first order, we have by a familiar 
reasoning a quasi-linear triple (7, R™) such that 


(78) od[(T™, R™), R™)] < 
n 


1 
(79) || — < 


where X‘(u) is the vector whose components are the Jacobians correspond- 
ing to (T™, R™). Combining (74)—(79), we now obtain the relations 


d[(T™, R™), (To, Ro)] — 0, 


Since the triples (T™, R™) are quasi-linear, the last two relations imply that 
the triple (To, Ro) is of class Ke (cf. 1.19). 

3.24. In other words: Every triple (To, Ro) which is of class L in the sense 
of Morrey is of class Kz in our sense. In fact, in establishing this result we did 
not use condition (a) in 3.22 at all, as a glance through 3.23 shows. Hence, 
every triple (To, Ro) which satisfies conditions (b) and (c) in 3.22, is of class Ke 
in our sense. 

3.25. Morrey proved that if conditions (a), (b), (c) im 3.22 are satisfied, then 
the Lebesgue area of the surface S determined by the triple (To, Ro) is given by 
the usual integral formula. Condition (a), requiring that the coordinate func- 
tions x}(u) be absolutely continuous in the Tonelli sense, played an essential 
part in his proof, and consideration of the case of surfaces given in non- 
parametric form seemed to suggest that condition (a) could not be dispensed 
with. However the present author found:some years later that condition (a) 
could be replaced by the weaker condition requiring only bounded variation in 
the sense of Tonelli on the part of x}(u)(2"). At present we see that even this 
weaker condition is unnecessary. Indeed, by 3.24, conditions (b) and (c) in 
3.22 are sufficient to insure that (To, Ro) is of class Ke. Hence, by 3.14, the 
Lebesgue area of the surface represented by (To, Ro) is given by the usual 
integral formula as soon as (To, Ro) satisfies only conditions (b) and (c) in 
3.22. 


(27) See Radé [1]. 
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MANIFOLDS WITHOUT CONJUGATE POINTS 


BY 
MARSTON MORSE AND GUSTAV A. HEDLUND 


1. Introduction. If a closed two-dimensional Riemannian manifold M is 
homeomorphic to a sphere or to the projective plane and A is any point of M, 
there exists a geodesic passing through A with a point on it conjugate to A 
(cf., e.g., Myers [1, p. 48, Corollary 2])(*). There exists a closed two-dimen- 
sional Riemannian manifold of any other given topological type such that no 
geodesic on the manifold has on it two mutually conjugate points. The sim- 
plest examples of these are manifolds of vanishing Gaussian curvature in the 
case of the torus and the Klein bottle, and manifolds of constant negative 
curvature in the remaining cases. In all these particular examples the differ- 
ential equations defining the geodesics can be integrated and the properties 
in the large of the geodesics can be determined. In the case of the flat torus 
or flat Klein bottle the geodesics are either periodic or recurrent but not 
periodic. In the case of closed manifolds of constant negative curvature the 
behavior of the geodesics is much more complex, but among other types there 
exist transitive geodesics. 

In this paper our starting point will be the assumption that we have a 
closed two-dimensional Riemannian manifold M such that no geodesic on M 
has on it two mutually conjugate points. Our aim is to determine what prop- 
erties of M or of the geodesics on M must follow from this hypothesis. The 
possibility that M be homeomorphic to the sphere or to the projective plane 
is thereby eliminated and it is necessary to divide the possible closed mani- 
folds into two classes. The first class is made up of manifolds homeomorphic 
to the torus or to the Klein bottle; the second class is made up of the remain- 
ing possible manifolds. 

In Part I we study manifolds of the first class. Here the universal covering 
surface of M is a plane @ provided with a metric which satisfies certain group 
properties. It is shown that the hypothesis that there are no two mutually 
conjugate points on any geodesic implies that the geodesics in @ behave in 
numerous respects like straight lines. Each unending geodesic g is the topolog- 
ical image of a straight line. There exists a constant R determined by M such 
that any unending geodesic lies between two parallel straight lines at a dis- 
tance apart not exceeding R. Two geodesics can intersect in at most one point. 
A parallelism property holds in that, if g is any unending geodesic and P is 
any point not on g, there exists exactly one geodesic passing through P and 
not intersecting g. 


Presented to the Society, September 5, 1941; received by the editors February 11, 1941. 
(?) References will be found in the bibliography at the end of the paper. 
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There is the possibility that the hypothesis concerning the nonexistence 
of conjugate points implies that the Gaussian curvature vanishes identically. 
The authors have not been able to verify or disprove this conjecture. 

However, it will be shown that an additional hypothesis concerning the non- 
existence of focal points is sufficient to insure the identical vanishing of the Gaus- 
sian curvature. 

This additional hypothesis as well as that concerning the nonexistence of 
conjugate points is implied by the hypothesis that, if g is any geodesic in 0 
and P is any point not on g, there is just one geodesic passing through P and 
orthogonal to g. 

In Part II we consider manifolds of the second class, as well as certain 
manifolds which are not closed. Here the universal covering surface is the in- 
terior of the unit circle. The hypothesis that no geodesic have on it two 
mutually conjugate points is fulfilled by a large class of manifolds and, in 
particular, by those with everywhere negative curvature. 

The question with which we shall be principally concerned is that of the 
existence of transitive geodesics. The existence of such geodesics on closed 
orientable manifolds of genus greater than one has been proved under various 
hypotheses. The first proof which did not assume that the Gaussian curvature 
of the manifold was everywhere negative was given by Morse (cf. Morse [2]), 
who showed the existence of transitive geodesics under the hypothesis of unt- 
form instability. Subsequently, Hedlund (cf. Hedlund [2]) proved that such 
geodesics exist on an extended class of manifolds, provided a different condi- 
tion, which we term ray instability, is fulfilled. Both uniform instability and 
ray instability imply that no geodesic has on it two mutually conjugate 
points. 

In the present paper we show that for a large class of two-dimensional mani- 
folds the hypothesis that no geodesic has on it two mutually conjugate points is 
sufficient to imply the existence of transitive geodesics. 

The attainment of the new results of both parts of the paper is made pos- 
sible by use of the well known recurrence theorem of Poincaré which states 
that in a dynamical system with a bounded invariant integral almost all the 
motions are stable in the sense of Poisson. 


Part I. MANIFOLDS OF EUCLIDEAN TYPE 


2. A class of simply-connected Riemannian manifolds of euclidean type. 
We consider the quadratic form 


(2.1) ds* = y)(dx? + dy?) 
where F(x, y) is of class C* and 
(2.2) 0<aSF(x, y) S34, 


in the (x, y)-plane @. This two-dimensional Riemannian manifold will be de- 
noted by M(F) and termed a manifold of euclidean type. 
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The length of a rectifiable curve y on M(F) will be its length as determined 
by the metric (2.1) and will be denoted by L(y). The geodesics corresponding 
to (2.1) are of class C? in terms of the arc length as parameter and in terms of 
suitably chosen parameters giving the initial conditions. 

The manifold M(F) is complete in the sense of Hopf and Rinow (cf. Hopf 
and Rinow [1]) and corresponding to a given pair of points P and Q of ® 
there exists a geodesic segment joining P and Q which affords an absolute 
minimum of length relative to all rectifiable-curves joining P and Q. Follow- 
ing Morse (cf. Morse [1]) we term such a geodesic segment a geodesic segment 
of class A. We term the length of a class A geodesic segment joining P and Q 
the distance between P and Q and denote it by D(P, Q). It is easily shown that 
the metric D(P, Q) satisfies the usual conditions (cf. Hausdorff [1, p. 94]) 
which are imposed on a metric. 

A geodesic segment of class A is necessarily a simple curve. For, if the point 
P were a multiple point of the segment, we would have a geodesic segment of 
class A with identical end points and such a segment obviously could not be 
of class A. 

A geodesic ray r is a geodesic with an initial point P which in terms of its 
arc length s measured from P is the continuous image of the half-line, 
0<s< oo. A geodesic ray is of class A, if every finite segment of it is a class A 
geodesic segment. It is evident that a geodesic ray of class A can have no 
multiple points and is the topological image of a half-line. As to the existence 
of class A geodesic rays, it is known (cf. Rinow [1]) that, if P is any point 
of @, there exists a class A geodesic ray with initial point P. 

An unending geodesic is a geodesic which in terms of its arc length s is the 
continuous image of the whole s-axis, — © <s<. An unending geodesic g 
is said to be of class A if each finite segment of g is of class A. A class A 
unending geodesic can have no multiple points and is the topological image 
of a straight line. Under the conditions thus far imposed on M(F) we cannot 
infer the existence of unending geodesics of class A on M(F). As a matter of 
fact, it is not difficult to construct manifolds M(F) on which there are no un- 
ending geodesics of class A. 

If we denote the euclidean distance (i.e., the distance when F(x, y) =1) 
between P and Q by E(P, Q), the following lemma can be stated. 


LEMMA 2.1. If P and Q are arbitrary points of ©, 
aE(P,Q) S D(P,Q) bE(P, Q). 


For let y be a class A geodesic segment joining P and Q. With the aid of 
(2.2) we find that 


D(P,Q) = f F(% + y)*dt = of (%? + y*)'/*dt = aE(P,Q), 


FAS: 
4 
“4 
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and the first inequality of the lemma is proved. If we let \ be the E-line 
(euclidean line) segment joining P and Q, we have 


D(P,Q) = f ass ds Sb f (2 + = bE(P, O), 


and the proof of the lemma is complete. 

Let r be a geodesic ray, s the arc length on r measured from the initial 
point, P(s) the point of r determined by s, and 0 the origin. The geodesic ray r 
will be said to recede to infinity if lim,.,. E(0, P(s)).=+ ©. An unending geo- 
desic g will be said to recede to infinity if each of the geodesic rays into which g 
is divided by any point recedes to infinity. 

As a rather evident consequence of Lemma 2.1, we can state the following 
theorem. 


THEOREM 2.1. Every class A geodesic ray and every class A unending geo- 
desic on M(F) recedes to infinity. 


We shall subsequently be concerned with the question of the extent to 
which geodesic segments, geodesic rays, or unending geodesics of class A be- 
have like euclidean line segments, half-lines or whole lines, respectively. To 
that end we introduce the following well known definitions. 

If U is a set of points in 0 and P is a point of @, we define the distance of 
the point P from the set U, or D(P, U), by 


D(P, U) = gib. D(P, u). 


If U and V are point sets in © we define (cf. Hausdorff [1, p. 146]) the type- 
distance between these sets, or D(U, V), by 


D(U, V) = max (inp. D(u, V); lu.b. D(o, v)). 
2EV 


If either of the bounds on the right does not exist, D(U, V)=+ 0. 

Two sets U and V will be said to be of the same type, or each will be said 
to be of the type of the other, if D(U, V) is finite. 

If there were a uniform upper bound R of the type-distance between a 
class A geodesic segment and the E-line (euclidean line) segment with the 
same end points, we could infer the existence of a large class of unending geo- 
desics of class A. As has been stated, the hypotheses made up to this point do 
not imply the existence of any class A unending geodesics, so that additional 
restrictions must be imposed to secure the existence of the constant R 

3. Doubly-periodic Riemannian manifolds. Let 7; and 7: be translations 
of @ into © such that the fixed lines of 7; and 7: are not identical. Let G 
be the doubly-periodic group with T; and T:? as generators. 

The condition that F(x, y) be invariant under the translations of G will be 
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denoted by (1). A two-dimensional Riemannian manifold M(F) which satisfies 
(I) will be termed a doubly-periodic Riemannian manifold and denoted by 
M(F, I). 

The following theorem has been proved by Hedlund. (Cf. Hedlund [1, 
p. 731]. The groups of translations considered in Hedlund [1] were made up 
only of translations parallel to the axes, but the arguments used in the proofs 
of the theorems require no essential modifications in order to apply to the 
group G of the present paper. The corresponding theorem of Hedlund [1] is 
stated in terms of E-distance, but Lemma 2.1 permits restatement in terms 
of the type-distance defined here.) 


THEOREM 3.1. Corresponding to a given M(F, 1) there exists a finite con- 
stant R such that the type-distance between any class A geodesic segment on 
M(F, 1) and the E-line segment with the same end points cannot exceed R. 


As a consequence of this theorem, the following can be deduced (cf. Hed- 
lund [1, p. 732]). 


THEOREM 3.2. Each unending geodesic of class A on an M(F, 1) ts of the 
type of some E-line. Conversely, corresponding to an arbitrary E-line L, there is 
at least one unending class A geodesic of the type of L. 


We will term a closed half-line of © a euclidean ray or E-ray. 


THEOREM 3.3. Each geodesic ray r of class A on an M(F, 1) is of the type 
of a unique E-ray | with the same initial point and the type-distance between | 
and r does not exceed the constant R of Theorem 3.1. Conversely, corresponding 
to any E-ray | there exists a class A geodesic ray r on M(F, 1) of the same type 
and with the same initial point as l. The type distance between | and r does not 
exceed the constant R. 


Let r be a class A geodesic ray with initial point Po and let s be the arc 
length on r measured from Po. Let P,, be the point on r such that the value of s 
determining P, is n. According to Theorem 2.1, r recedes to infinity and con- 
sequently as ” becomes infinite the E-distance PoP, must become infinite. 
If the sequence 0<m<m,< ---+ is properly chosen, the sequence of E-rays 
l;, le, - + + , where J; has the initial point P» and passes through P,,, will have 
a unique limiting E-ray / with initial point Po. According to Theorem 3.1, 
the type-distance between the segment PoP,, of r and the E-line segment 
PoP, does not exceed R. It follows that the type-distance between / and r 
does not exceed R. Thus the existence of at least one E-ray / ane to 
r and with the stated properties has been proved. 

To show that / is unique, suppose a second E-ray I’ exists with initial point 
Py and such that r is also of the type of 1’. Since / and /’ are both of the type 
of 7, it would follow that / and /’ are of the same type and this is evidently 
not the case. 


: 
% 
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Conversely, given an E-ray I, let Po, P,, - ++ be an ordered sequence of 
points on / such that P» is the initial point of / and the E-distance PoP, be- 
comes infinite with m. If g, is a class A geodesic segment joining Po and P,, 
it follows from Theorem 3.1 that g, cannot recede a distance exceeding R from 
the E-line segment PoP,. If g, is oriented so that P» is its initial point, let e, 
denote the element of g, at Po. That is, ¢, is a triple of numbers (xo, yo, dn), 
where (xo, yo) are the coordinates of Py and where ¢,, with 0<¢, S27, is the 
angular coordinate at Py determined by the direction of g, at Po. The se- 
quence ¢i, $2, contains a subsequence converging to some value ¢@ and 
we say that the corresponding subsequence of ¢, é2, - - - converges to the ele- 
ment e(xo, yo, @). The geodesic ray r with initial element e must be of class A, 
for it is the limit of class A geodesic segments g,. Since no point of g, can be 
at a distance exceeding R from the E-line segment PoP,, it follows that no 
point of r can be at a distance from / exceeding R. 

On the other hand, if Q is any point of J, Q is a point of PoP, for mn greater 
than some properly chosen integer N. It follows from Theorem 3.1 that for 
n>WN,g, has on it a point Q, such that D(Q, Q,) SR. Since g, is of class A, 
the length of the segment PoQ, of g, is less than a constant independent of n. 
In fact 


D(Po, Qn) S D(Po, Q) + DQ, Qn) S D(Po, Q) + R. 


It follows that the sequence Q;, Qz,-+- must contain a subsequence which 


converges to a point Q’ of r. But then D(Q, Q’) SR, and no point of / can be 
at a distance exceeding R from r. Thus r and / are of the same type with type- 
distance not exceeding R and the proof of Theorem 3.3 is complete. 


THEOREM 3.4. Let gi and ge be class A unending geodesics on an M(F, 1) 
such that g, and ge are not identical and intersect in a point P. Corresponding 
to e>0, there exists a 5>0 such that, if gi and g? are those point sets of g: and go, 
respectively, which are at distance at least « from P, the distance between any 
point of gi and any point of gi cannot be less than 5. 


The proof of this theorem is essentially the same as that of Theorem 6 of 
Morse [1]. If Theorem 3.4 were not true, there would exist an e>0, a sequence 
6:>62>---, with lim;.,. 6;=0, and a sequence of .point pairs (Mi, Ni), 
(M2, Ne), - ++, on gi, N; on ge, with both M; and N; at distance at least 
from P, and such that lim;.,.. D(M;, N;)=0. By proper choice of subse- 
quences we can assume that P does not separate on g; any two points M; 
and M;, nor any two points N; and N; on ge. Let Q be a point on gi, distinct 
from P and such that on g;, P separates Q and any point M;. Then the length 
of the broken geodesic 2; consisting of the segment QP of g; and the segment 
PN; of gz does not exceed the length of the geodesic segment QM; of gi by 
more than 6;. But the broken geodesic 2; has a corner at P and the points Q 
and N; can be joined by a geodesic segment the length of which is less than 
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the length of g; by a fixed amount which is independent of i. Since 
lim;.4. 5;=0, we infer that for 7 sufficiently large the segment QM, of g; 
cannot be the shortest geodesic segment joining Q and M;, contrary to the 
hypothesis that g; is of class A. 

The proof of the theorem is complete. 

A set of points U of the plane 9 will be said to be periodic with period 
(m, n), if U is invariant under the translation T7'77, m?+n?+0, of G. 

The period (m, n), m>0, is a primitive period if m and nm are relatively 
prime. The period (0, ”) is a primitive period if n=1. Corresponding to any 
period (m, n), there exists a unique primitive period (u, v) such that m=ky, 
n=ky, k integral. We term (yu, v) the primitive period corresponding to (m, n). 
It is easily shown that if an E-line has the period (m, m), it has all the periods 
and only the periods (iu, iv), i= +1, +2,---+, where (u, v) is the primitive 
period corresponding to (m, n). 


THEOREM 3.5. If g is an unending class A periodic geodesic on an M(F, 1) 
and g is of the type of the periodic E-line L with primitive period (y, v), then g has 
all the periods and only the periods-(ju, jv), j= +1, +2,---. : 


For suppose that g has the period (m, m). Then g is invariant under the 
transformation T{'77. We show that 7]'77=T transforms L into itself. 

Since L and g are of the same type, their type-distance is less than a fixed 
constant C. The metric D(P, Q) is invariant under T and all its powers, so 
that the type-distance between 7*(L) and T*(g), k any positive integer, is 
less than C. But T*(g) =g, and if T(L) were not L, the type-distance between 
T*(L) and L would increase without limit as k becomes infinite. It would 
follow that for k sufficiently large, the type-distance between 7*(g) =g and 
T*(L) would exceed C. But this type-distance is less than C and we infer that 
T(L) =L. Since L has only periods of the form (ju, jv), 7 integral, it follows 
that m=ip, n=iv, i a nonvanishing integer. 

It remains to show that g actually has (yu, v) among its periods. If we let 
T{T;=T, it follows that T‘=T. Suppose that g is not invariant under T. Then 
T(g) =g’ is periodic and not identical with g. Moreover 


T(g’) = T(T(g)) = T(T(g)) = T(e) = &’. 


Thus g and g’ are both invariant under 7. Hence g and g’, both of which are 
of class A, can have no points in common. The unending geodesic g divides 
the plane 9, excluding g, into two open sets ©; and @, in one of which:g’ lies. 
We cun assume that g’ lies in @2. The geodesic g’ divides the plane 9 into two 
open sets @/ and @/, of which one, and we assume it to be @/, contains g, 
and hence @;. Then 7(@;) =@/ and 7(@,;) contains @,; and additional points. 
But 72(0,)=7(@/) contains ©, and additional points. In general, T*(@,) 
contains @; and additional points, if k>0. Since T‘(g)=g, it follows that 
T‘(@,;) =O; and we have a contradiction, if i is positive. Similar arguments 
apply if 7 is negative. 


b 
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The proof of the theorem is complete. 

4. A class of closed orientable manifolds of genus one. Let M(F, I) be 
a doubly-periodic Riemannian manifold. Then F(x, y) is invariant under a 
group G of translations. We note that the assumption that F satisfies (2.2) 
is now implied by the assumption F>0. For F is continuous and assumes all 
its values in a parallelogram. It follows that F has a positive lower bound and 
a positive upper bound. 

Since F is invariant under the group G, the metric (2.1) is invariant under 
the transformations of G. If points of the (x, y)-plane which are congruent 
under a transformation of G are considered identical, there is defined a closed 
orientable two-dimensional Riemannian manifold M(F, G) of genus one. A 
geodesic on M(F, G) is represented in © by an infinite set of congruent geo- 
desics of M(F). 

If (x, y) is a point of 8 and 0<¢@<2rz, the triple of numbers (x, y, ¢) de- 
termines a direction ¢ at the point (x, y) of © if we assume that ¢ is measured 
in the positive sense from a direction parallel to the positive x-axis. We term 
the point P(x, y) the point bearing the element (x, y, @). Let E denote the set 
of elements (x, y, ¢), (x, y) in 0, O0S@<2z. We topologize the space E by 
considering it as the product of the plane 9 and the unit circle. 

A transformation of G transforms a point of E into a congruent point or 
element and we denote by {2 the space obtained by identifying congruent 


points (elements) of €. The space @ is the space of elements on M(F, G) and 
is a three-dimensional torus. A point in Q is represented in © by an infinite 
set of congruent elements. 

The directed geodesics on M(F, G) define a continuous flow T, in the space 
, where s is the arc length along the geodesics (cf., e.g., Hedlund [3]). If we 
define measure in Q2 by means of the integral 


ff 


the transformation T, is measure-preserving for each real s. It is evident that 
_ 

A motion in Q is any set T,p, with — © <s<+~o, and pa point of 2.A 
motion in Q is the set of elements on a directed geodesic on M(F, G) and is 
represented in © by an infinite set of congruent directed unending geodesics 
of M(F). 

A motion in Q defined by the set 7, is said to be stable in the sense of Pois- 
son, if there exists an infinite sequence of values - - + <s.1<so<si<se<--+-, 
with lim;.., | =-+o, such that lim);;.,. 7.,(p) =p. Let M be a motion 
which is stable in the sense of Poisson and let g be a directed unending 
geodesic of @ representing M. If s denotes the directed arc length on g 
measured from some fixed point Po, there must exist an infinite sequence 

with | ss| =-+ ©, and a sequence of points 


‘ 
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-++,Q-1, Qo, Qi, - - - , each congruent to Po, such that if P; denotes the point 
of g determined by limjnj.4< D(Pa, Qn) =0. 

Since mQ2<+, it follows from the well known recurrence theorem of 
Poincaré (cf. Poincaré [1], Carathéodory [1], E. Hopf [1]) that almost all 
points of 2 are on motions which are stable in the sense of Poisson. We will 
make extensive use of this theorem. 

5. Properties of the geodesics on doubly-periodic manifolds which satisfy 
the non-conjugacy hypothesis. We make the following definition. 


(Il) NON-CONJUGACY HYPOTHESIS. There is no pair of mutually conjugate 
points on any geodesic on M(F). 


THEOREM 5.1. A necessary and sufficient condition that M(F) fulfill the non- 
conjugacy hypothesis is that there be only one geodesic segment joining two given 
points of M(F). 


If there are no two mutually conjugate points on any geodesic g on M(F), 
the geodesic rays issuing from a point P of ©, form a field in © in the sense 
that, if Q is any point of © other than P, there is one and only one 
geodesic ray with initial point P and passing through Q. It follows that there 
is just one geodesic segment joining two points of M(F). 

Conversely, if a géodesic g on M(F) has on it two mutually conjugate 
points, a segment o of g containing these mutually conjugate points as in- 
terior points is not of class A and the end points of o can be joined by a class A 
geodesic segment which differs from o. Thus, if the geodesic segment joining 
any two given points of M(F) is unique, the non-conjugacy hypothesis is ful- 
filled. 


THEOREM 5.2. A necessary and sufficient condition that M(F) fulfill the non- 
conjugacy hypothesis is that all geodesics on M(F) be of class A. 


The necessity follows at once from Theorem 5.1. 

The sufficiency follows as in the proof of Theorem 5.1. 

We will denote a manifold M(F, 1) which fulfills the non-conjugacy hy- 
pothesis by M(F, I, II). 

It follows from Theorems 3.2 and 5.2 that each unending geodesic on an 
M(F, I, I1) is of the type of an E-line. It is evident that two unending geo- 
desics on M(F, I, II) which are of the types of non-parallel Z-lines must cross 
and thus they intersect in just one point. The question arises as to whether 
two unending geodesics on M(F, I, II) which are of the types of parallel 
E-lines, or, what is equivalent, of the same type, can cross. As we shall see, 
the answer is in the negative. 


Lemma 5.1. Two unending geodesics on an M(F, 1, 11) which are of the type 
of the same periodic E-line cannot intersect. 


a 
He 
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For suppose that g: and gs are intersecting unending geodesics on 
M(F, I, II) and each is of the type of the periodic E-line L. Let (u, v) be the 
primitive period of L. It follows from Theorem 5.2 that both g: and ge are 
of class A. We consider the various possibilities. 

Case I. g: and gz are both periodic. It follows from Theorem 3.5 that both g; 
and ge have the period (yu, v). Since g; and gs intersect in a point P, it would 
follow that they intersect in the point T7{72(P)#P. Since g; aad gz are both 
of class A, they cannot intersect in two points and we infer that the hypothe- 
sis of Case I is impossible. 

Case II. One of the pair gi, ge is periodic, but not both are periodic. It is 
known (cf. Hedlund [1, Theorem XIII]) that a class A unending geodesic g 
which is of the type of a periodic E-line L is either periodic or is asymptotic 
in both its senses to periodic class A geodesics which are of the type of L. 
It is also known (cf. Hedlund [1, Theorem XV]) that a geodesic g of class A 
which is asymptotic to a periodic geodesic 6 of class A cannot cross any class 
A periodic geodesic of the type of b. These two statements are incompatible 
with the hypothesis of Case II and we infer that Case II is not possible. 

Case III. Neither gi nor go is periodic. The point .P in which g; and ge inter- 
sect divides g; (gz) into two geodesic rays 7; and 5; (72 and 52), all four geodesic 
rays thus determined having the point P as initial point and no two of the 
four intersecting in any point other than P. Since g; and ge are of the same 
type, the four geodesic rays can be divided into two pairs such that members 
of the same pair are of the same type. We assume that the notation has been 
so chosen that 7; and 72 are of the same type. 

The rays r; and 72 divide the points of the plane 0 which are not on these 
rays into two open connected sets ¢ and X which are separated by the set 
consisting of the points of r; and 12. (This is easily seen by projecting the plane 
stereographically onto the unit sphere. Then the two rays 7; and f2, together 
with the north pole of the sphere, form a Jordan curve on the sphere.) It 
follows from Theorem 3.3 that a half-strip T (i.e., the set of points between 
two parallel lines and on one side of a line perpendicular to these two) can 
be so drawn that 7, and fz lie in T. But then one of the sets o or \ (and we as- 
sume that it is a) lies entirely in T, and hence is of the type of 7: (and rz). 

Let g be a geodesic which passes through P and enters the set ¢. Then P 
divides g into two rays of which one, which we denote by 1, lies entirely in a. 
It follows from Theorem XIII of Hedlund [1], that either g is periodic and of 
the type of L or r is asymptotic to a periodic (class A) geodesic b which is of 
the type of L. The first possibility is ruled out by applying Case II to the pair 
g and g;. If the second possibility holds, it follows from Theorem 3.4 that } 
has on it points in o. But 5 must leave o and hence cross either 7; or rz. Again 
we have Case II by use of g: and 3 if r; and bd cross, or by use of gz and d if rz 
and 6 cross. 

The proof of the theorem is complete. 
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THEOREM 5.3. Any unending geodesic g on an M(F, I, II) which is of the 
type of a periodic E-line is periodic. 


For let g be an unending geodesic on M(F, I, II) and of the type of the 
periodic E-line L. Then g is of class A, and if g is not periodic, we have seen 
(Hedlund [1, Theorem XIII]) that g is asymptotic in both its senses to peri- 
odic class A geodesics b and c of the type of L. But a geodesic of class A can- 
not be asymptotic in both its senses to the same periodic geodesic (cf. Hed- 
lund [1, Theorem XVII]) so that b and ¢ are distinct. Since b and ¢ are of 
class A and periodic, they can have no points in common. There can be no 
class A periodic geodesic lying between b and c, for such a geodesic would 
cross g, which is impossible. But then there must exist two different class A 
geodesics which lie between 6 and c and which must intersect (cf. Hedlund 
[1, Theorem XVI]). In view of Lemma 5.1 this cannot be the case. We infer 
that g must be periodic and the proof of the theorem is complete. 


THEOREM 5.4. An unending geodesic on an M(F, I, II) which passes 
through two congruent points is periodic. 


For let P and Q be a pair of congruent points of © and let g be an unending 
geodesic passing through P and Q. Let / be the E-ray with initial point P and 
passing through Q. Then / is part of a periodic E-line L with primitive period 
(u, v). According to Theorem 3.3 there exists a class A geodesic ray r of the 
type of / and with initial point P. Since all geodesics on M(F, I, II) are of 
class A, the unending geodesic g*, of which r is a part, is of the type of an 
E-line and must be of the type of L. From Theorem 5.3 we infer that g* is 
periodic and from Theorem 3.5 that g* has the period (yu, v). But then g* must 
pass through Q and thus is identical with g. It follows that g is periodic. 


THEOREM 5.5. Two unending geodesics on an M(F, 1, II) which are of the 
same type cannot intersect. 


For suppose gi and ge are unending geodesics on M(F, I, II) which are of 
the same type and intersect in the point P. It follows from Theorem 5.1 that 
gi and ge can intersect in no other point than P. As in the proof of Lemma 5.1, 
the point P divides g; (ge) into two geodesic rays 7; and s; (72 and Se), all four 
geodesic rays thus determined having the point P as initial point and no two 
intersecting in any point other than P. We can assume the notation has been 
so chosen that 7: and 12 (s; and se) are of the same type and neither 7 nor r2 
is of the type s; or Se. 

The rays 7; and r2 divide the points of @ which are not on these rays into 
two open connected sets of which one, which we denote by ag, is of the type 
of 7; (or rz). Similarly the rays s; and s2 divide the plane 9 into two connected 
open sets of which one, which we,denote by X, is of the type of s; (or sz). The 
set o can contain no points of s; (or se), for if this were the case, ¢ would con- 
tain all points of s; (or s2) except P, and could not be of the type of 7; (or 12). 


if 
4 
ia 


1942] MANIFOLDS WITHOUT CONJUGATE POINTS 373 


Similarly, \ contains no points of r; or 2. It follows that either d lies entirely 
in o or \ contains no point of o. If the first were true, \ would be of the type 
of o, and thus of the type of 7: (or re). Since this is not the case, we infer that A 
contains no point of o. Similarly ¢ contains no point of X. 

Any geodesic segment g* which joins a point T in o and a point U ind 
must cross one of the rays 5s; or sz, and one of the rays 7: or 2. Since g* can cross 
gi, which is made up of 7; and s;, in at most one point and, similarly, ge in at 
most one point, g* must cross both g: and ge. If g is the unending geodesic of 
which g* is a segment, since g is of class A, g cannot leave the set +A except 
for a finite segment of g* and consequently g must be of the type of g; (or ge). 

Now consider the set Gof oriented geodesics each of which has a finite 
segment with the initial point in \ and the terminal point in ¢. All oriented 
geodesics on the closed manifold M(F, G) which are represented by geodesics 
in the set G form a set G of geodesics on M(F, G). The set of elements on the 
geodesics of G is evidently an open set a in Q and since a is an open set it is 
measurable and of positive measure. According to the Poincaré recurrence 
theorem the set G must contain a motion (geodesic) Z which is stable in the 
sense of Poisson. Let g be an unending geodesic in the set G' and represent- 
ing g. If s denotes the directed arc length on g measured from some point Po, 
there must exist an infinite sequence --- <si1<so<si<se<-+-+ with 
lim) nj +0 and a sequence of points ---, Q-1, Qo, Qi,---, each 
congruent to Po, and such that, if P; denotes the point of g determined 
by si, limjnj.40D(P:, Q,)=0. By application of Theorem 3.4 to each 
of the pairs g, gi and g, ge, we infer that infinitely many of the points 

-++, Q.1, Qo, Qi,-*-+ are in each of the sets o and X. In particular, sup- 
pose that Q, is in \ and Q, is in o. Then according to Theorem 5.4 the geodesic 
gp determined by the congruent points Q, and Q, is periodic. The periodic 
geodesic gp is of the type of g: (or ge), and it follows that g: and ge are of the 
type of the same periodic E-line L. But according to Lemma 5.1, it is impos- 
sible for gi and gz to intersect, as we have assumed. 

The proof of Theorem 5.5 is complete. 


THEOREM 5.6. If g is an unending geodesic on an M(F, I, II) and P is a 
point not on g, there exists one and only one unending geodesic on M(F, I, I1) 
which passes through P and does not intersect g. 


It follows from Theorem 5.2 that g is of class A and thus according to 
Theorem 3.2, g is of the type of an E-line L. If 1 denotes an E-ray with initial 
point P and of the type of one of the rays into which L is divided by a point Q, 
it follows from Theorem 3.3 that there exists a geodesic ray r with initial 
point P and of the type of /. If g* is the unending geodesic of which r is a sub- 
set, g* is of class A, of the type of an E-line, and hence of the type of L. Since 
P is not on g, g* is not identical with g, and since both g and g* are of the type 
of L, they are of the same type. We infer from Theorem 5.5 that g and g* can- 
not intersect. 
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If there were two unending geodesics passing through P and each of the 
type of g, we would have two intersecting geodesics of the same type, contra- 
dictory to Theorem 5.5. 

The proof of the theorem is complete. 

The preceding theorem can be stated as follows. 


THEOREM 5.7. The geodesics on an M(F, I, 11) can be grouped into 8% fami- 
lies, the members of any one family forming a field in ©, and any two members 
from different families intersecting in just one point. 


For let L be an E-line. There exists an unending geodesic g of the type 
of L. If P is any other point of @ not on g, it follows from Theorem 5.6 that 
there is just one unending geodesic gp passing through P and not intersect- 
ing g. The geodesic gr is of the type of g and hence of the type of L. Thus the 
set G, of unending geodesics of the type of L cover the plane 9. But according 
to Theorem 5.5, no two members of the set G: can intersect and thus the set 
G, forms a field in @. No two of the E-lines passing through the origin are of 
the same type, and the existence of & families is evident. The last statement 
of the theorem follows from the fact that unending geodesics which are not 
of the same type must intersect, and since all geodesics are of class A there 
can be at most one point of intersection. 

6. Non-conjugacy and closed orientable surfaces of genus one. Let M be 
a two-dimensional Riemannian manifold of class C* of the topological type 
of a torus. That is, M is a two-dimensional topological manifold which is 
homeomorphic to a torus; with each point p of M there is associated a neigh- 
borhood N, which is mapped by a homeomorphism into the interior of the 
unit circle, x?-+y?<1, such that the transf T defined by overlapping 
neighborhoods is of class C* with nonva 
signed to each neighborhood N, by assigning 
ds*=f,(x, y)(dx?+-dy?) to the unit circle, fp(x, 
tive, and such that the transformation T defined by over 
hoods transforms one of the corresponding quadratic forms into the other. 

The manifold M is a Riemann surface (cf. Koebe [1]) and its universal 
covering surface can be mapped conformally into the plane @, thereby defin- 
ing a metric of the form (2.1) which satisfies (2.2) and (I). If we denote this 
latter manifold by M(F, I), M is obtained from M(F, 1) by identification of 
congruent points. Thus M is the manifold M(F, G). 

If there are no two mutually conjugate points on any geodesic on M, 
the corresponding Riemannian manifold defined in © is an M(F, I, II). It 
follows that the theorems of §5 are applicable to the surface M. We state the 
principal results in the following theorem. 


THEOREM 6.1. Let M be an orientable two-dimensional Riemannian mani- 
fold of genus one and of class C*, such that no geodesic on M has on it two mu- 


tually conjugate pornts. Any unending geodesic on M is either a simple closed 
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curve or the topological image of a line. The unending geodesics on M can be 
grouped into ®& families such that the members of any one family cover M, no 
two members of the same family intersect and any two members of different fami- 
lies do intersect. 


The statements of this theorem follow readily from Theorems 5.4 and 5.7. 

7. Non-conjugacy and closed non-orientable surfaces of genus two. Let 
M be a two-dimensional Riemannian manifold of the topological type of the 
Klein bottle (cf. Seifert-Threlfall [1, chap. 6]), or, as we shall term it, a closed 
non-orientable manifold of genus 2. (A Klein bottle is a closed non-orientable 
two-dimensional manifold with Euler characteristic 0.) The universal cover- 
ing manifold of M can be mapped conformally onto © (cf. Koebe [1]) and 
we obtain a quadratic form (2.1) with F(x, y) of class C* and invariant under 
a group G which, in this case, contains inversely conformal transformations 
of @ into itself, as well as translations. The manifold M is obtained by identi- 
fication of points which are congruent under G. The subset of transformations 
of G which are translations form a subgroup G* which is generated by two 
linearly independent translations. The manifold M can be considered as ob- 
tained by identifying points congruent under G*, thus obtaining a closed ori- 
entable manifold M* of genus one, and then identifying the points of M* in 
pairs under an inversely conformal transformation. The statements of the 
following theorem are then obtained with the aid of Theorems 5.4 and 6.1. 


THEOREM 7.1. Let M be a non-orientable two-dimensional Riemannian 
manifold of genus two, of class C*, and such that no geodesic on M has on it two 
mutually conjugate points. The unending geodesics on M can be grouped into® 
families, of which So are made up of periodic geodesics, such that at each point 
of M there are in general two directions (in special cases one direction) which 
determine members of the same family. 


8. The non-focality hypothesis. Let g be an unending geodesic on a 
doubly-periodic manifold M(F, I). Corresponding to an arbitrary geodesic 
g: orthogonal to g at a point of g the first focal point Q of g on gi, taking g: in 
either sense, is well defined, or fails to exist (cf. Bolza [1, §39]). Each such 
point Q will be termed a focal point of g. 


(III) THE NON-FOCALITY HYPOTHESIS. The Riemannian manifold M(F, I, 11) 
will be said to satisfy the non-focality hypothesis if there exists a periodic L-line 
with the following property. Corresponding to each unending geodesic g of the type 
of L there are no focal points of g on at least one side of g. 


We denote a manifold M(F, I, II) which satisfies the non-focality hy- 
pothesis by M(F, I, II, III). 


LemMA 8.1.’ Let M(F, I, II, III) satisfy the non-focality hypothesis with re- 
spect to the periodic E-line L. Then tf gis any unending geodesic on M(F, I, II, 111) 
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of the type of L and P is any point of ©, there exists a unique geodesic passing 
through P and orthogonal to g. 


If P is on g the statement of the lemma is obvious. 

If P is not on g, the distance D(P, Q), Q any point on g, has a minimum 
and assumes this minimum for some point T of g. The geodesic g* passing 
through P and T is orthogonal to g. Thus the existence of at least one geodesic 
g* satisfying the desired condition is proved. 

Since the non-conjugacy hypothesis is fulfilled, g is of class A, g is simple, 
and thus g divides the points of © not on g into two open sets @; and @2 which 
are separated by g. The non-focality hypothesis implies that in at least one 
of the sets @1, @2, and we can assume it to be @;, there is no point P with two 
geodesics passing through P and orthogonal to g. 

Suppose g: and g2 are both orthogonal to g at P; and P2, respectively, and 
intersect in a point Q which is necessarily in 02. Since L is periodic and g is 
of the type of L, it follows from Theorem 5.3 that g is periodic. Accordingly 
there exists a geodesic gi* which is congruent to g; and intersects g orthogonally 
at a point P* such that P, lies on the open segment P,P¥ of g. The subset 
of gi (gi*) in ©; is a ray which we denote by 7 (ri*). Let the subset of 0; 
bounded by P;P¥#, 1; and r#* be denoted by a. The geodesic ge enters a at Ps, 
ge can have no other point in common with g other than Ps, and ge cannot 
intersect 7; or ri*, for this would imply the existence of different geodesics 
orthogonal to g and meeting in @;. But then one of the rays into which P, 
divides ge is of the type of 7; (or r#*). It follows that ge is of the type of gi and 
these geodesics cannot intersect in Q as was assumed. 

The proof of the lemma is complete. 


THEOREM 8.1. The Gaussian curvature of an M(F, I, II, 111) vanishes iden- 
tically. 


Let L be the periodic E-line with respect to which the non-focality hy-' 
pothesis is fulfilled. All the geodesics on an M(F, I, II, III) which are of the 
type of L are periodic (Theorem 5.3) and no two intersect (Theorem 5.5). 
If we denote this family by 7, we have seen (cf. Theorem 5.7 and proof) that 
the geodesics of 7 form a field in 9. 

Let g be any geodesic in the family 7. According to Lemma 8.1, the geo- 
desics orthogonal to g also form a field 7*(g) in ©. Since two class A geodesics 
which are of different types intersect, it follows that the geodesics in 7*(g) 
are of the same type and include all the geodesics of this type. 

Let g: and gz be two geodesics in the family 7. If P; is any point of g: and 
P is any point of gx, D(P:, Pz) is defined and varies continuously with P, 
and P:2. Since g: and ge are periodic with the same period, D(P:1, P2) assumes 
all its values, if P; is restricted to a properly chosen finite segment w of g;. 
It follows that D(P;, P2) assumes its minimum for some pair Q;, Qe, Qi in w, 
Q2 on ge, and the geodesic segment p joining Q; and Q is orthogonal to both 
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gi and ge. The unending geodesic g* of which p is a segment belongs to both 
the families 7*(g:) and 7*(g2) and hence these families are identical. Thus the 
family 7*(g) is uniquely determined by L, and we denote this family by 7*. 

Each of the families ¥ and ¥* forms a field in @ and each member of F 
intersects each member of * orthogonally in a single point. It is well known 
that this implies that the Gaussian curvature K(x, y) vanishes identically. 
If this were not the case, there would exist a point (#, 9) such that K(#, 7) 0. 
The function K(x, y) is continuous and consequently there would exist a 
circle vy with center (#, such that either K(x, y) >0 or K(x, y) <0 in v. But 
by proper choice of two members of the field % and two members of the field 
F* we obtain a geodesic quadrilateral g with angles all right angles and lying 
in v. The Gauss-Bonnet formula implies 


[if = 0 


and we have a contradiction. Thus K(x, y) =0 and the proof of Theorem 6.1 
is complete. 

If M is a closed two-dimensional Riemannian manifold of class C*, corre- 
sponding to any point P on any geodesic g on M there exists a set of focal 
points determined by P and g. We term the totality of focal points correspond- 
ing to all the points of g the focal points corresponding to g. If there are no 
focal points corresponding to any geodesic on M, there are no two mutually 
conjugate points on any geodesic on M. If, in addition, M is of the topological 
type of a torus or a non-orientable surface of genus two, the universal covering 
surface of M can be mapped onto the plane 9 and is an M(F, I, II, III). If 
we term a Riemannian manifold for which the Gaussian curvature vanishes 
identically flat, Theorem 8.1 implies the sufficiency in the following theorem. 
The necessity is obvious. 


THEOREM 8.2. A two-dimensional Riemannian manifold M of class C* 
which is either orientable of genus one or non-orientable of genus two is flat, if 
and only if there are no focal points corresponding to any geodesic on M. 


Part II. MANIFOLDS OF HYPERBOLIC TYPE 


9. A class of simply-connected Riemannian manifolds of hyperbolic type. 
Let U be the unit circle u*+0?=1 and let WV be its interior. To VY we assign 
the metric 


4f*(u, v)(du* + 
(1 — — 9%)? 


(9.1) ds* 


where f(u, v) is of class C* in V and there exist positive constants a and b such 
that 


\ 
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(9.2) as f(u,v) 5, <1. 


We denote this two-dimensional Riemaiinian manifold by M(f) and term it a 
Riemannian manifold of hyperbolic type. 

The metric (9.1) assigns a length to any rectifiable curve y on M(f) and 
we denote this length by L(y). The geodesics corresponding to (9.1) are of 
class C? in terms of arc length as parameter and in terms of initial conditions. 
There is a unique geodesic passing through a point of Y¥ in a given direction. 

In the special case when f(u, v)=1, (9.1) reduces to the well known 
Poincaré metric which defines a hyperbolic geometry in VY. In this case the 
geodesics are arcs of circles orthogonal to U and will be termed hyperbolic lines 
or H-lines. The hyperbolic length or H-length of a curve in V is the length of 
the curve under the assumption f=1. Given two points P and Q of ¥, there 
is a unique H-line segment joining these points and the H-length of this seg- 
ment is the H-distance H(P, Q) between P and Q. 

Again we term a geodesic segment g joining P and Q of class A if g affords 
an absolute minimum of length relative to all rectifiable curves on M(f) join- 
ing P and Q. The manifold M(f) is complete in the sense of Hopf and Rinow, 
and corresponding to a given pair of points P and Q of V there exists a class A 
geodesic segment joining P and Q. We term the length of a class A geodesic 
segment joining P and Q the distance between P and Q and denote it by 
D(P, Q). This metric has the usual properties. 

A geodesic ray or an unending geodesic is of class A, if every finite segment 
of the ray or unending geodesic, respectively, is of class A. Geodesic segments 
geodesic rays, or unending geodesics of class A are evidently simple curves. 


Lemma 9.1. If P and Q are arbitrary points of M(f), 
aH(P,Q) D(P,Q) bH(P, Q). 
For let y be a class A geodesic segment joining P and Q. We then have 
+ p2)1/2 Wu? + 2)1/2 


1— — 2? 1— — 
= aH(y) 2 aH(P, Q). 
If we let h denote the H-line segment joining P and Q, we have 


DP, 0) = = f 


2(u? + 1/2 
< of tt = Q). 


1— — 


The proof of the lemma is complete. 
Let X and Y be point sets of V. If P is any point of Y we define the dis- 
tance from the pbint P to the set X, or D(P, X), by 
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D(P, X) = gb. D(P, 2). 


We define the type-distance between the sets X and Y, or D(X, Y), by 


D(X, Y) = max D(x, Y); lub. Dy, x). 
yEY 


Two sets will be said to be of the same type if their type-distance is finite. 


THEOREM 9.1. There exists a finite constant R, determined by f(u, v) such 
that the type-distance between any class A geodesic segment of M(f) and the 
H-line segment with the same end points never exceeds R. 


This theorem is essentially proved in Morse [1]. The proof follows from 
Lemma 9.1 of the present paper and Lemmas 4, 5, 6, 7, 8 of Morse [1]. 
We can state the following theorems (cf. Morse [2, p. 54]). 


THEOREM 9.2. Every class A unending geodesic on an M(f) is of the type 
of some H-line. Conversely, corresponding to an arbitrary H-line h, there exists 
at least one unending class A geodesic on M(f) of the type of h. The type-distance 
between an unending class A geodesic and an H-line of the same type cannot ex- 
ceed the constant R of Theorem 9.1. 


THEOREM 9.3. On an M(f) a class A geodesic ray having P as initial point 
is of the type of a unique H-ray having P as initial point. Conversely, correspond- 
ing to an H-ray with initial point P, there exists a class A geodesic ray on M(f) 
with initial point P and of the type of the H-ray. The type-distance between two 
geodesic rays of class A of the same type and with the same initial point, or be- 
tween a geodesic ray of class A and an H-ray of the same type and with the same 
initial point cannot exceed R. 


An H-line determines and is determined by its two points at infinity on U. 
It follows from Theorem 9.2 that an unending geodesic g of class A on an M(f) 
has among its limit points (in the euclidean sense) two and only two points 
of U. We term these the points at infinity of g. 


10. A class of two-dimensional Riemannian manifolds of hyperbolic type. 
A one-to-one analytic transformation of V into itself which leaves the metric 


4(du? + dv*) 
(10.1) ds? = 


invariant is conformal and hence is either a linear fractional transformation 
of the form (cf. Ford [1, chap. 1]) 


az+é 


w= ai — cé = 1, 
da 


or else is the product of such a transformation and an inversion in a circle 
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orthogonal to U. Let G be a properly discontinuous group of these transforma- 
tions. That is, G fulfills the condition that the set of points congruent under G 
to any point P of V does not have P as limit point. Groups such as G are said 
to be of the first or second kind according as all or not all points of U are limit 
points of fixed points of transformations of the group. 

If f(u, v) of (9.1) is invariant under the transformations of G, the metric 
(9.1) is also invariant under these same transformations, and if congruent 
points are identified there is defined a manifold M(f, G) with properties de- 
pending on the properties of f and G. A geodesic on M(f, G) is represented in V 
by a finite or denumerable set of congruent geodesics of M(f). 

Let E denote the set of elements (u, v, d), where u?+v?<1 and 0<¢<2rz. 
The point (u, v, ¢) of E determines a point P(u, v) of V and a direction ¢ at P, 
where we assume that ¢ is measured from a direction parallel to the positive 
u-axis. The point P(u, v) is the point bearing e. To topologize the set E we 
consider E as the topological product of V and a circle with central angle ¢. 

A transformation of G transforms a point of EZ into a congruent point or 
element and we denote by @ the space obtained by identifying congruent 
points of E. The space 0 is the space of elements on M(f, G). A point of Q is 
represented in V by a finite or infinite set of congruent elements. 

We define measure in 2 by means of the integral 


It is well known that this measure is invariant under the flow T, defined in 2 
by the directed geodesics on M(f, G) with s the arc length on the geodesics. 

Let p be a point of 2. The set 7,p, — © <s<+, will be termed the 
motion determined by p. A motion is the set of elements of 2 on a directed 
geodesic on M(f, G). The motion determined by p is stable in the sense of 
Poisson if there exists an infinite sequence - ++ <s.1<59<51<S2< +++ with 
lim nj +400 | =-+ such that lim),).4. =D. 


DEFINITION. The manifold M(f, G) will be said to be Poisson stable provided 
almost all points of Q are on motions which are stable in the sense of Poisson. 
(Compare E. Hopf [2, p. 271].) 


The class of manifolds M(f, G) which are Poisson stable includes all those 
for which Q is of finite measure, and hence those manifolds M(f, G) which 
are of finite area. In particular, if G is a Fuchsian group of the first kind with 
a finite set of generators, M(f, G) is Poisson stable. 

If f is invariant under the group G and M(f, G) is Poisson stable, we say 
that M(f) is Poisson stable and denote it by M(f, 1). 

11. The non-conjugacy hypothesis. We make the following definition. 


(II) THE NON-CONJUGACY HYPOTHESIS. There is no pair of mutually con- 
jugate points on any geodesic on M(f). 
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The proofs of the following two theorems are similar to those of Theo- 
rems 5.1 and 5.2. 


THEOREM 11.1. A necessary and sufficient condition that M(f) fulfill the non- 
conjugacy hypothesis is that there be only one geodesic segment joining two given 
points of M(f). 


THEOREM 11.2. A necessary and sufficient condition that M(f) fulfill the non- 
conjugacy hypothesis is that all geodesics on M(f) be of class A. 


If all the geodesics on M(f) are of class A, it follows from Theorem 9.2 
that each unending geodesic is of the type of an H-line, but we cannot con- 
clude that there is only one geodesic of the type of a given H-line. Under the 
same condition, each geodesic ray on M(f) is of class A and it follows from 
Theorem 9.3 that a geodesic ray issuing from a point P of WV is of the type 
of an H-ray issuing from P. It is conceivable however that there might be an 
infinite number of geodesic rays issuing from P and of the type of the same 
H-ray. 

We denote a manifold M(f, I) which satisfies the non-conjugacy hypothe- 
sis by M(f, I, II). 

12. Properties of the geodesics on an M(f, I, II). We first prove the fol- 
lowing lemma. 


LEMMA 12.1. Let P be a point of V and let A, on U, be a fixed point of a 


hyperbolic transformation of G. If all the geodesics on M(f) are of class A, there 
is but one geodesic ray from P to A. 


For suppose that there are two geodesic rays 7: and 72 from P to A. It 
follows from a theorem of Morse (cf. Morse [1, Theorem 10]) that each of the 
geodesic rays issuing from P and with A as point at infinity is either periodic 
or asymptotic to a periodic geodesic and all such periodic geodesics are of the 
same type. No two of the geodesic rays from P to A can be asymptotic to 
the same periodic geodesic (cf. Morse [1, Theorem 6]). Let rs be a geodesic 
ray issuing from P into the open set II of Y bounded by 1: and fz. Since all 
geodesics are of class A, r; cannot cross 7; or fz in any other point than P 
and 7; must have A as point at infinity. It follows that r; is either part of a 
periodic geodesic g or is asymptotic to a periodic geodesic g. Since rs cannot 
be asymptotic to either 7: or rz (cf. Morse [1, Theorem 6]) g must have on 
it points in the domain II. But g must emerge from II and hence must cross 
either 7; or 72. Suppose that g and 1 cross. If gi is the unending geodesic of 
which 17; is part and if g; is periodic, then g and g; are class A periodic geo- 
desics of the same type which cross and this is impossible (cf. Morse [1, 
Theorem 9]). If g: is not periodic it is asymptotic, when traced out in the 
sense approaching A, to a class A periodic geodesic b which is of the type of g. 
But now we have a class A geodesic gi which is asymptotic to a class A peri- 


382 MARSTON MORSE AND G. A: HEDLUND [March 


odic geodesic b and crosses a class A periodic geodesic g which is of the type 
of b. This is likewise impossible (cf. Morse [1, Lemma 11]). . 
Similar arguments hold if g crosses r2. The proof of the lemma is complete. 


THEOREM 12.1. Two geodesic. rays on an M(f, 1, II) with the same initial 
point in V cannot be of the same type. 


For suppose the theorem is not true. There would then be a point P of V 
with two directed geodesic rays 7; and f2 with initial point P and of the same 
type. Since r; and 72 are of the same type, they have the same point at in- 
finity A. Let gi and ge be the directed geodesics in V of which 7; and fs, re- 
spectively, are rays. Let B, and By be the points at infinity, different from A, 
of the geodesics g: and gs, respectively. We do not assume that B, and By are 
necessarily distinct. 

Since all geodesics are of class A, the rays 7: and rz together with their com- 
mon point at infinity A form a Jordan curve which bounds a region x’ of V. 
Similarly, the rays PB, and PB, of g; and ge, respectively, and the arc BiB; 
of U which does not contain A bound a region x of V. Let Q be any point of x 
and Q’ any point of x’. The unique geodesic segment QQ’ must cross both gi 
and ge. It follows that the directed unending geodesic g(Q, Q’) of which the 
directed geodesic segment QQ’ is part must have A as one of its points at 
infinity and its other point at infinity is in the arc B,B,. Let J denote the 
totality of directed-geodesics g(Q, Q’), Q in x, Q’ in x’. 

In the space 2 corresponding to the manifold obtained by identifying con- 
gruent points of M(f, I, II) under the group G, the set J determines an open 
set J*. But an open set is a measurable set of positive measure and it follows 
from the hypothesis that M(f, I, II) is Poisson stable that the set J* contains 
a motion m which is stable in the sense of Poisson. Let g be a directed geodesic 
in the set J such that g represents m. Then A is one of the points at infinity 
of g and the other is some point B of the arc B,Bz. Let Q be a point of x on g, 
let r denote the directed geodesic ray QA which is part of g and let e be the 
initial element of 7. It follows from the Poisson stability of m that there is a 
sequence of elements @1, é2,--- on 7 such that if N; is the point bearing e¢;, 
then lim;.,. Ni=A (in the euclidean sense) and there exist elements 
ei, respectively congruent to é1, é2, - - - , such that lim,.,. e, =e. 

Let 7, be the transformation of G such that 7,,(e,) =e, . Since the set J* 
is open, there exists an integer K such that e, determines a point in J* if 
n>K. Since all the directed geodesic rays with initial element determining 
a point in the set J* can be represented in V by rays with A as point at in- 
finity, we infer that T,(A) =A, »>K. We evidently have lim,.,. 7,(Q) =B 
(in the euclidean sense). 

Since T,(A)=A, n>K, T, for n>K is either: (1) a hyperbolic trans- 
formation with A as one of its fixed points; (2) a parabolic transformation 
with A as fixed point; (3) an inversion in a circle orthogonal to U and inter- 
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secting U in A; or (4) an inverse conformal transformation with A as one of 
its fixed points, the square of which is a hyperbolic transformation. But for n 
large, 7,(Q) is near B and it is evident that (2) and (3) are excluded for n 
sufficiently large. Thus there exists a hyperbolic transformation T of G with 
A as one of its fixed points. According to Lemma 12.1 this is impossible if the 
rays f; and f2 exist. 

The proof of Theorem 12.1 is complete. 

13. Existence of transitive geodesics. A directed unending geodesic (di- 
rected geodesic ray) on M(f, G) is termed transitive if the elements on the 
geodesic (geodesic ray) form a set which is everywhere dense in the space 2 
of elements on M(f, G). 

With a manifold M(f, I, Il) there is associated a group G and a manifold 
M(f, G) obtained from M(f, I, II) by identification of congruent points. A 
directed unending geodesic (directed geodesic ray) on M(f, I, II) is termed 
transitive if the corresponding geodesic (geodesic ray) on M(f, G) is transitive. 
A necessary and sufficient condition that the directed geodesic g (geodesic 
ray r) on M(f, I, II) be transitive is that the totality of elements on g (r) and 
all its congruent copies form a set which is everywhere dense in the set E. 


Lemma 13.1. If there exists a point P of V such that for I, an arbitrary in- 
terval of U, the totality of elements on all the geodesic rays of M(f, 1, 11) from P 
to points of I and on all copies of these rays forms a set which is dense in E, there 
exists a transitive geodesic ray from P to some point of I. 


The space E contains a fundamental sequence Vi, V2,--+ of neighbor- 
hoods such that any neighborhood of any point of E contains a neighborhood 
of this sequence. It follows from the hypothesis of the lemma that there must 
exist a closed interval J; of J such that any geodesic ray 7; from P to J; either 
has on it, or one of the copies of 71 has on it, an element in V;. There exists a 
closed subinterval J; of J, which has analogous properties with respect to Ve. 
Continuing thus, we obtain a sequence of closed intervals 1, -- - 
and these must have a point A in common. The geodesic ray from P to A is 
evidently transitive. 


LEMMA 13.2. The group G corresponding toan M(f, I, I1) ts of the first kind. 


The group G is either of the first or second kind. If G is of the second kind 
it is known (cf. Ford [1, p. 73]) that the fundamental region of G abuts on 
the unit circle U in at least one interval J. But any geodesic on M(f, G) which 
is represented in VY by a geodesic with a point at infinity in the interior of I 

‘is not stable in the sense of Poisson. Since the set of elements on all such di- 
rected geodesics forms an open set in 2 we conclude that M(f, I, II) is not 
Poisson stable, contrary to hypothesis. 


THEOREM 13.1. There exist transitive directed geodesic rays onany M(f,I, II). 


\ 
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The proof of this theorem is similar to that of Theorem 3.1 of Hedlund [2]. 
We include a proof here for completeness. 

It follows from Lemma 13.1 that it is sufficient to show that, if P is a point 
of VW and J is an arbitrary interval of U, then the set e(P, J) consisting of the 
elements on all the geodesic rays from P to I and on all their copies is every- 
where dense in E. 

Let e(x, y, ) be an arbitrary point of E. The element e determines a di- 
rected geodesic g, namely, that directed geodesic which passes through S(x, y) 
the point bearing e and has the direction ¢ at S. Let A be the initial point at 
infinity of g, B the terminal point at infinity of g, and h the directed H-line 
AB. It follows from Theorem 9.2 that there is a point S’ on h# such that 
D(S, S’) is not greater than the constant R. 

According to known results (cf. Koebe [1, (II), p. 349]) concerning the 
existence of transitive hyperbolic rays, it follows from the fact that G is of 
the first kind (Lemma 13.2) that there exists a directed hyperbolic ray PC, 
C an interior point of J, such that the directed hyperbolic ray PC is transitive. 
That is, the elements on PC together with the elements on all copies of PC 
form a set which is everywhere dense in E. It follows that there exists a se- 
quence T;,i=1, 2, of transformations of G such that (in the euclidean 
sense) limy,.4. =A and lim,.,. 7,(C) =B. Let P, =T,(P) and consider 
the sequence of directed geodesic segments P,,S. With increasing the direc- 
tion of P,S at S must approach that of g at S. For otherwise a subsequence 
of the set of geodesic segments P,S, »=1, 2, - - + , could be chosen such that 
this subsequence has as limiting geodesic ray a geodesic ray r with finite end 
point S, with point at infinity A, and such that r is not identical with the 
part AS of g. According to Theorem 12.1 this cannot be the case. Thus, if e, 
is the element of P,S at S, we infer that lim,.+.. ¢,=e. 

To complete the’ proof of the theorem it remains to show that for n 
sufficiently large, there is an element e,, congruent to é,, in the set 
e(P, I). The points T1(S’) have the property that (in the euclidean sense) 
lim,.420 '(S’) =C. The point 71(S) is at a distance not exceeding R from 
Tz*(S’) and hence (in the euclidean sense) lim,.+,.. 771(S) =C. There exists 
an N such that for n>N, all the points T1(S) lie in the domain bounded by J 
and the geodesic rays from P to the end points of J. But then T71(P,S), 
n>WN, is a segment of one of the geodesic rays from P to J, and if we let 
e,, =Tz(en), the element e, is congruent to e, and in the set e(P, J). 

The proof of the theorem is complete. 

A directed geodesic g on a two-dimensional Riemannian manifold M is 
transitive, if the elements on g form a set which is everywhere dense among 
the totality of elements on M. 


COROLLARY 13.1. There exist transitive geodesics on any closed orientable 
two-dimensional Riemannian manifold M of class C* and of genus greater than 
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one provided no geodesic on M has on it two mutually conjugate points. There 
exist transitive geodesics on any closed non-orientable two-dimensional Rieman- 
nian manifold M of class C* and of genus greater than two provided no geodesic 
on M has on it two mutually conjugate points. 


In either case, the universal covering surface of M can be mapped con- 
formally onto the interior V of the unit circle, thus determining a manifold 
M(f, I, 11) and a group G. The manifold M is obtained by identification of 


points which are congruent under G and the stated corollary follows from 
Theorem 13.1. 
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COMPLETELY CONVEX FUNCTIONS AND 
LIDSTONE SERIES 


BY 
D. V. WIDDER 


Introduction. R. P. Boas suggested to the author the possibility of using 
Lidstone series to discuss the analytic character of functions whose even de- 
rivatives are positive on an interval. The author has described in an earlier 
note(') how this suggestion led him to prove that a function for which 


(1) (- 1)*f)(x) 2 0 (n 0, 1, 2, ) 


on an interval is necessarily entire. In that note it was stated that we would 
show later the relation of this result to the problem of the representation of 
functions by Lidstone series. It is the aim of the present paper to study this 
relation. 

A Lidstone series is a generalization of Taylor’s series. It approximates to 
a given function in the neighborhood of two points instead of one. Such series 
have been studied by G. J. Lidstone(?), H. Poritsky(*), J. M. Whittaker(‘), 
I. J. Schoenberg(®) and others. More precisely the series has the form 


(2) f(x) = f(1)Ao(x) + f(O)Ao(1 — x) + f"(1)Ar(x) + — + 


where A,(x) is a polynomial of degree 2”-+-1 defined by the relations 
Ao(x) = x, 
(x) = 
A,(0) = A,(1) = 0 (n = 1,2,+--). 


Thus it is clear that the sum of an even number of terms of the series (2) is 
a polynomial which coincides with f(x) at x =0 and at x=1. Moreover, each 
even derivative of the polynomial which does not vanish identically coincides 
with the corresponding derivative of f(x) at those points. 


Presented to the Society, January 1, 1941, under the title Necessary and sufficient conditions 
Sor the representation of Lidstone series; received by the editors February 21, 1941. 

(‘) D. V. Widder, Functions whose even derivatives have a prescribed sign, Proceedings of the 
National Academy of Sciences, vol. 26 (1940), pp. 657-659. 

(?) G. J. Lidstone, Notes on the extension of Aitken’s theorem (for polynomial interpolation) 
to the Everett types, Proceedings of the Edinburgh Mathematical Society, (2), vol. 2 (1929), 
pp. 16-19. 

(*) H. Poritsky, On certain polynomial and other approximations to analytic functions, these 
Transactions, vol. 34 (1932), pp. 274-331. 

(*) J. M. Whittaker, On Lidstone’s series and two-point expansions of analytic functions. 
Proceedings of the London Mathematical Society, vol. 36 (1934), pp. 451-469. 

(5) I. J. Schoenberg, On certain two-point expansions of integral functions of exponential type, 
Bulletin of the American Mathematical Society, vol. 42 (1936), pp. 284-288. 
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Boas has suggested, following the analogy with the completely monotonic 
functions of S. Bernstein, that we call functions satisfying (1) completely con- 
vex. We adopt this terminology and show that any function which is com- 
pletely convex in an interval of length greater than 7 has an expansion (2) 
with every term positive. Since the sum of a Lidstone series must be entire 
we have here a new proof of the result mentioned above. 

This sufficient condition for expansion in Lidstone series is not necessary, 
as simple examples show. In earlier papers, necessary conditions and sufficient 
conditions have been obtained, but none that are both necessary and. suffi- 
cient. In the present paper such conditions are obtained by introducing the 
class of minimal completely convex functions, a slight variation of the class 
described above. It is proved, in fact, that a real function can be expanded in 
an absolutely convergent Lidstone series if and only if it is the difference of 
two minimal completely convex functions. 

1. The Green’s function of a certain differential system. Define a function 
G(x, t) as follows 


G(x, t) = (x — 1)t 1), 
= (¢— 1) (0S 1), 


If ¢(x) is any function continuous in the interval 0<x <1, then it is easily 
verified that the unique solution of the differential system, 


= (x), 


1.1 
= f(1) = 0, 


is 
1 
(1.2) f(x) = f G(x, 
0 


Consider next the successive iterates of G(x, ¢), defined by the equations 
Gi(x, t) G(x, 


1 
Galt) = f dy 


From the property of G(x, t) described above it is now clear that the function, 


1 
fla) = Gale, 
0 
is the unique solution of the differential system 


= o(2), 
= = 0 


| 
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In fact G,(x, ¢) is the familiar Green’s function of the system. Observe that 
(—1)*G,(x, ¢) is non-negative in the unit square OS x51, OS#31. 
Finally we see that the unique solution of the system 


(1.3) f@(x) = o(x), = an, = bee (k = 0,1,---,”— 1), 
is 


n—1 
f(x) = ao(1 — x) + box + on — 
0 


f "Gala, )tdt + Ra(2), 
0 


R,(x) = f "Gal, t)p(é)dt. 


If in this equation we replace a2, be. and ¢(x) by their values in terms of f(x) 
as given by the differential system (1.3) we obtain an identity which holds 
for all functions f(x) possessing a sufficient number of derivatives. In fact this 
identity can be obtained without any appeal to the theory of differential equa- 
tions by integrating the last integral by parts. We state the result as a theo- 
rem. 


THEOREM 1.1. If f(x) is a function of class C?" in the interval 0 Sx S31, then 


n—1 1 
f(x) = fO) (1 — x) + f(x + (1 — Hat 
kewl 0 


(1.4) 
+ f G(x, t)t dt + R,(x), 
0 
where 


R,(x) = 
0 


2. Certain Fourier expansions. Starting with the familiar Fourier series 


4 2. sin (2k + 
0841) (0<#< 1), 


we multiply the series by G:(x, ¢) and integrate with respect to ¢ from zero to 
unity. By (1.1) and (1.2) we have 


sin (2k + 1)xx 
(2k 


1 
f Gi(x, #) sin (2k + 1)xt dt = — 
0 


where 


390 D. V. WIDDER [March 
so that we obtain at once the Fourier expansion of [3G,(x, t)dt. Repeating the 
process times we obtain 


THEOREM 2.1. ForOSxSiandn=1,2,--- the following expansion holds: 


1 4 2 sin (2k + 1)rx 
(2.1) G,(x, (- 1) (2k + 1)2"+1 y 


A result of a similar nature is obtained from the familiar series 


(0<t#< 1). 
We record the result in 
THEOREM 2.2. ForOSxS1andn=1, 2, - - « the following expansion holds: 
1 2 (— 4) 
(2.2) f G,(x, dt = (— 1)" > sin krx. 
0 


kel 


3. Lidstone polynomials. The function (2.2) is clearly a polynomial of 
degree 2n+1 since its derivative of order 2n is the function x. We shall refer to 
it as the Lidstone polynomial of order m and, following the original notation 
of Lidstone, set 


Ao(x) = x, 
A, (x) = f Gut, t)t dt 


By subtracting equation (2.2) from equation (2.1) we have 


Gots 2. sin krx 


kel 


But if we replace x by (1—<x) in this series we obtain the series (2.2), whose 
sum is A,(x). That is, the equation 


fou #)(1 — = A,(1 — x) 


holds at least for 0S x31. But the result is true for all x since both sides of 
the equation are polynomials. Equations (1.4) and (2.2) now become 


(3.1) f(x) = Do + £2 (1)Ae(1 — x)] + f ‘Gals, (tdt, 


sin krx 1). 


2 
(3.2) = (— 


3 

f 
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4. Asymptotic behavior of A,(x) for large n. The first term of the Fourier 
expansion (3.2) serves as a close approximation to A,(x) if m is large. More 
explicitly we have 


THEOREM 4.1. There exists a constant M such that 
M 
(4.1) | (— 1)*A,(x) — —— sin rx| < (OS xS1;n=0,1,--- 
For, it is clear from equation (3.2) that for OSx31, 
2 2 2 2n+1 2n+1 


The result is now obvious since the Dirichlet series in brackets tends to unity 
when becomes infinite. 


THEOREM 4.2. There exists a constant M such that 
M 
0S (— 1)*A,(x) (OS 1;n=1,2,--- 
n 


This follows at once from (4.1). 


THEOREM 4.3. For any fixed xo between zero and unity there is a constant M 
such that 


M 
(— 1)"An(%o) 2 


For by (4.1) we see that 
An(Xo)3?* 


2 
(0 <%< 1). 
Sin 


lim (— 1)* 


THEOREM 4.4. There exists a constant M such that 


1 M 
dt — (OS «S1;n=1,2,---). 
0 


This is proved from equation (2.1) as Theorem 4.1 was proved from equa- 
tion (3.2). 

5. Lidstone series. We denote the class of real entire functions of expo- 
nential type less than 7 by P. In order to make our results independent of the 
theory of entire functions we may introduce the class by means of the follow- 
ing definition. 


DEFINITION 5.1. A real entire function f(x) belongs to the class P if there 
exists a positive number p< such that 
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(S. 1) = O(p") (n—> 
Concerning this class of functions we prove a preliminary result. 


Lemma 5.1. If f(x) belongs to P then there exists a positive number p< such 
that 


f(a) = O(p") 
uniformly inO0SxS1. 


For, by Taylor’s expansion 


f(a) foro) 


By (5.1) 
k 
k! 


where M is some constant. This proves the lemma. Note that if f(x) belongs 
to P then f(x+a) does also for every constant a. The interval (0, 1) of the 
lemma could be replaced by any finite interval. 


THEOREM 5.1. If f(x) belongs to P, then 
(5.2) f(x) = f(1)Ao(x) + f(O)Ao(1 — + + — 2) 
the series converging uniformly in 0Sx 31. 


Denote by s,(x) the sum of the first terms of the series (5.2). Then by 
Theorem 1.1, Theorem 4.4 and Lemma 5.2 there is a constant M such that 


(2) (— 9 | | at u(*) 


(n=0,1,---). 
Also 


Sangi(*) = Sen(x) + f?”(0)An(x). 
By Theorem 4.2 and Definition 5.1 we see that 
lim f°” (0)A,(x) = 0 


uniformly in 0Sx 31, so that the theorem is established. 
THEOREM 5.2. If the series 
(5.3) boAo(x) + aoAo(1 — x) + + — x) +--- 


converges for a single value of x in 0<x<\1, it converges uniformly throughout 
that interval to a function f(x). Then the series 


ig 
4 
no 
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(5.4) 


converges and 
(5.5) = + — x) + + — x) 
for 0SxS1 and k=0,1,2,---. 

For, if the series (5.3) converges for x =x9 then 


lim 5,A,(%) = 0, lim a,A,(1 — = 0. 
no 


Then by Theorem 4.3 
b, = O(n"), dn = 
This shows by (4.1) that the series 


(5.6) 
Aa(t — x) —(- 


converges absolutely. Subtracting from this the series (5.3) convergent for 
x =o we see that the resulting series 


_2 sin rx n 
(5.7) ~ + (— 1)" — 

must converge. That is, (5.4) must converge. When xo is replaced by the vari- 
able x in (5.6) and (5.7) it is clear that both series converge uniformly in 
0<x<1. The same must be true of their difference, the series (5.3). 

Finally, to prove (5.5) we must prove the series (5.5) uniformly conver- 
gent in 03x31. To see this we note that the series 


2 sin =] 


[Asc ~(-1)" 


(5.8) 


(5.9) 2 sin ae (- 


both converge uniformly in 0x <1 by Theorem 4.1 and by the convergence 
of (5.7). Hence the sum of the series (5.8) and (5.9), series (5.5), must also 
converge uniformly in 0Sx31. 
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6. Completely convex functions. Since the successive Lidstone polyno- 
mials alternate in sign on the interval 0Sx <1, it is natural to consider for 
expansion in Lidstone series functions whose even derivatives alternate in 
sign on that interval. We call such a function completely convex there. 


DEFINITION 6.1. A real function f(x) is completely convex on the interval 
asSx3b tf tt has derivatives of all orders there and if . 


(— 1)*f@(x) 20 
For example, the functions sin x and cos x are completely convex on the in- 


tervals (0, 7) and (—7/2, 1/2), respectively. 
We now prove certain properties of functions of this class. 


THEOREM 6.1. If f(x) is completely convex in 0Sx 31, then 
(0) = O(n**), 
= O(x?*) (k— 2), 


Consider the identity (3.1) for the present function f(x). Since every term 
of the series is non-negative we have 


0S f?(O)Ai(x) S f(x), 
0s f2”(1)A.(1 — x) S f(x) OS *51;k=0,1,---). 


In particular, choose x = 1/2 and apply Theorem 4.3. This gives the relations 
* (6.1) at once. 


(6.1) 


(6.2) 


THEOREM 6.2. If f(x) is completely convex in 0Sx 31, then there is a con- 
stant M such that 


0s < u(=), 
(6.3) 


2k 
0s (— < u(—-) 


For, if f(x) is completely convex in aSx3b, then the same is true of 
F(x) = f(a + bx — ax) 
in 0Sx 31. By Theorem 6.1 we have for OSa<dS1 
FAN(0) = f2(a)(b — a)** = O(**), 
= — = (k—> ©). 


Choosing first a=0, b=x<1 and then a=x>0, b=1 we obtain (6.3) from 
(6.4). One sees easily from (6.2) that M is independent of x in (6.3). 
We introduce next a familiar result of J. Hadamard(*) as 


(6.4) 


(*) See, for example, T. Carleman, Les Fonctions Quasi-Analytiques, Paris, 1912, p. 12. 
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Lemma 6.1. If f(x) is of class C? inasx 3b and if 
max | f(x) | = Mo, 
aszsd 


max | f"(x)| = Ms 
aszsd 


2M, Mi(b— 
f(x) | s —~+ (asx<bd). 
b-—a 2 


By use of this result we can now prove 


THEOREM 6.3. If f(x) is completely convex in asSxZb with b—a>1, then 
f(x) belongs to class P and equation (5.2) holds. 


From (6.4) we have for a suitable constant M 


2k 
u(*-) 


Choose a number c so near a that b—c>1. Then 


2k 
(2k) 
su (—*-) 


Setting r/(b—c) =p we have by Lemma 6.1 


| (x) | < 2M pret pants, 
c—a 


That is, 


uniformly in $x Sc). This shows that f(x) is entire and that f(x+<a) be- 
longs to P. It follows that f(x) belongs to P and the theorem is proved. 

7. Minimal convex functions. The sufficient condition of Theorem 6.3 for 
the representation of a function in Lidstone series is not necessary. For ex- 
ample, the function sinh x is not completely convex in any interval; yet it 
has the Lidstone expansion 


sinh x = sinh 1 >> A,(2). 
n=O 


We shall see that a convergent Lidstone series with every term non-negative 
in 0Sx31 defines a function which is completely convex there. But observe 
that sin 7x has the same property. Yet it has no Lidstone representation 
since every term of the Lidstone series for this function is zero. To obtain con- 
ditions that are both necessary and sufficient we introduce a further definition. 


395 
then 


396 . D. V. WIDDER ~“ [March 


DEFINITION 7.1. A function f(x) is a minimal completely convex function in 
the interval 0OSx 31 tf it is completely convex there and if f(x) —€ sin x is not 
completely convex there for any positive e. 


For example, the functions f(x) =0 and f(x) =sin x are minimal convex 
functions in 0Sx <1 but the function f(x) =sin 2x is not. 


THEOREM 7.1. If the series 


(7.1) (— 1)"bnAn(x) + (— 1)*a,A,(1 — 2), 


a, 2 0, b,20 (mn = 0, 1, 2,+++) 


converges to f(x), then f(x) is a minimal completely convex function in the interval 


Differentiating series (7.1) we obtain 


(= = (— + (— — 2). 


Since the right-hand side is non-negative f(x) is completely convex inO0Sx 31. 
By Theorem 4.2 


(— 1)*f@(x) s ud + = Mar?*R,, 


By Theorem 5.2, R; is defined and tends to zero with 1/k. For a given positive 
number € and a number xo between zero and one we can find an integer k so 
large that 


MR; — € sin rx < 0. 
That is, the function 
(— 1)*[f(x) — € sin rx] 


is negative at xo. Hence f(x) is a minimal completely convex function in 
For our next result we need to prove a lemma. 


Lemma 7.1. If f(x) and —f''(x) are non-negative in 0 Sx S1 and if f(xo) > ex 
for some number xo in that interval, then 


(7.2) f(x) > ¢ sin rx (0s 1). 


if 
Ad 
| 
n=0 
where 
an bn 
R k = + —— 
| 
ij 
A 
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The result is obvious geometrically, but we give an analytical proof. If 
0<xoS1 we have by the convexity of f(x) 


f(x) = fO) + [er — f(0) (0S x 
S(x) = — x) + (05 %), 
f(x) > exrx 2 esin rx (0S %). 


If xo=1 the proof is complete. Otherwise by applying what has just been 
proved to the function f(1—x) we see that (7.2) also holds in x»Sx31. Fi- 
nally, if x»=0 the above proof is applicable to the function f(1—<). 


THEOREM 7.2. If f(x) is a minimal completely convex function inO0Sx 31, 
then it can be expanded in a convergent Lidstone series. 


Define s,(x) as in §5. Then under the present hypothesis on f(x) it is clear 
from equation. (3.1) that 


s(t) S f(x). (OS 


and that s,(x) is a non-decreasing function of m for each x. Hence s,(x) tends 
to some function as m becomes infinite. We wish to prove that its limit is f(x). 
Suppose the contrary and assume that for some x» in 0OSx31 


— lim s,(%o) = A> 0. 
Then 


(7.3) x0) — San(%0) = (di => A 


Since f(x) is a minimal completely convex function, f(x) —« sin mx fails to be 
completely convex in 0 Sx 31 for every positive e. Choose «<A/(rM), where 
M is the constant of Theorem 4.4. Then there exists an integer k and a num- 
ber xo in (0, 1) such that 


(— 1)*f@*)(x9) — sin rx < 0. 
By virtue of Lemma 7.1 this implies that 
(— S (0s «3 1), 
so that by Theorem 4.4 


1 
f Gi(xo, Of? (dt S < A. 
0 
This contradicts inequality (7.3). The assumption that s,(x) does not ap- 


proach f(x) as m becomes infinite is untenable, so that our theorem is proved. 
.8. Necessary and sufficient conditions for representation. We conclude by 


| 
| 
| 
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proving a necessary and sufficient condition that f(x) can be represented by 
an absolutely convergent Lidstone series 


THEOREM 8.1. A necessary and sufficient condition that f(x) can be repre- 
sented by an absolutely convergent Lidstone series is that it should be the difference 
of two minimal completely convex functions on 0Sx 31. 


To prove the sufficiency of the condition let 
f(x) = g(x) — h(x), 


where g(x) and h(x) are both minimal completely convex functions on 
0<x 31. By Theorem 7.2 


(2) = + — 2), 


h(x) = (1)Ag(2) + (O)Ag(1 — 2). 


n=0 


Each series has only positive terms so that when we subtract them the result 
is an absolutely convergent Lidstone series whose sum is f(x). 
Conversely, assume that 


(8.1) f(x) = + GnAn(1 — 2), 
n=O 
the series converging absolutely. Set 


(— | bal (= Aaa) 


+ (— 1)"{ | an | — (— 1)*a,}A,(1 — 2). 


These series both converge since (8.1) converges absolutely. Every term of 
these two series is positive. Hence by Theorem 7.1 g(x) and h(x) are minimal 
completely convex. Since f(x) = g(x) —h(x), our result is completely proved. 
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ERGODIC THEOREMS FOR ABELIAN SEMI-GROUPS() 


BY 
MAHLON M. DAY 


This paper adapts the method of F. Riesz to the proof of certain general 
ergodic theorems for Abelian semi-groups of operators on a Banach space to 
itself. The main features of the method are that no measurability conditions 
are imposed on the semi-group under consideration and that consistent use 
of the second conjugate space and its compactness properties make it possible 
to replace the compactness conditions often imposed by a more natural re- 
striction on the transforms of points. Theorem 1 and the various supplemen- 
tary results include as special cases theorems of Lorch [10], Dunford [7], 
Yosida [15], F. Riesz [12], and Cohen [6]. It overlaps the work of Alaoglu 
and Birkhoff [3] at those points where they consider Abelian cases; for ex- 
ample, Corollary 8 is a great generalization of their Theorem 5. 

Section 1 contains some introductory material on conjugate spaces and 
adjoint operations. Section 2 introduces bounded Abelian semi-groups of oper- 
ators and near invariance of a system of set functions on such a semi-group; 
' this section also contains the principal theorem (Theorem 1) of the paper. 
The form of this theorem raises three questions ((A) to (C) at the beginning 
of §3). The answer to (A) shows, among other things, that every Abelian 
semi-group has a property much like “ergodicity” in the sense of Alaoglu and 
Birkhoff; Theorem 3 is the main result here. The answer to (B) again indi- 
cates the importance of reflexivity in theorems of this type; Corollary 8 is 
one example. Two special cases of (C) give a generalization of Dunford’s 
theorem (Theorem 5) and a theorem on bounded Abelian semi-groups of 
projections (Theorem 6) which has not, so far as I know, been considered 
before. 

1. Some properties of Banach spaces. If B is a Banach space(’), let B* 
be the set of all linear—that is, additive and continuous—real-valued func- 
tions on B. If, for B in B*, ||6|| =supjy))s1 |6(6)|, then B* is also a Banach 
space. As is usual, the weak neighborhood topology in B is defined as follows: 
For each by in B the weak neighborhoods of by are the sets of the form(*) 
{b | | 8;(b) —Bi(bo) | <efori=1,---, k} for every choice of e>0, k a positive 
integer, and (;,---, & in B*. With this topology B is a linear topological 

Presented to the Society in two parts, the first under the title A norm ergodic theorem on 
April 27, 1940; the second under the present title on September 5, 1941; received by the editors 
April 4, 1940, and, in revised form, March 21, 1941. 

(1) Part of the work on this paper was done at the Institute for Advanced Study while the 
author held the Corinna Borden Keen Research Fellowship of Brown University. 

(*) See Banach [4]. A Banach space is a complete norm vector space. 

(*) {b | ++ } is the set of all points b satisfying the condition after the vertical bar. 
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space (see Wehausen [12]) and hence is a regular Hausdorff space in which 
addition of elements and multiplication by real numbers are continuous oper- 
ations. 

Since B* is a Banach space, it has a weak topology defined just as in B; 
however, there is another topology in a conjugate space which cannot be 
defined in every space. This is the weak* topology in which the neighborhoods 
of a point Bo in B* are the sets of the form {8 | | 8(s) —Bo(d:)| <e for 
i=1,---, k} for all choices of €>0, & a positive integer, and bi,---, by 
in B. Each weak* neighborhood of Bo is a weak neighborhood of B» but the 
converse is not true unless B is reflexive. The importance of the weak* to- 
pology in this paper arises from 


Lemma 1. The unit sphere in B* is always compact(*) in the weak* neigh- 
borhood topology. 


This has been proved by Alaoglu [2], Kakutani [9], and Smulian [13]. 

If B is a Banach space, let B** be the space (B*)*. Then there is a natural 
imbedding of B in B** which associates to each } in B the point 6, in B** such 
that b,(8) =8(b) for every B in B*. B is reflexive if B fills up B** under this 
imbedding. For the rest of this paper B will be considered to be imbedded in 
this way in B** whenever it seems convenient. 

If T is a linear operator defined on B with values in B, let T*, the adjoint 
of T, be the operator on B* to B* such that 6(Tb) = T*8(b) for every B in B* 
and b in B. Then: 

(1) ||7*|| 

(2) (T1T2)*=T#T# so T¥* and T¥# commute if 7; and 7: do. 

(3) If 7**=(T*)*, then 7** agrees with T in B; that is, T**b, = bz», since 
T**b,(8) = b,(T*B) = T*B(b) =B(Tb) = for every B in B*. 

For brevity T will sometimes be used for T**. 

If Y is any set of elements y, My is the Banach space of all real-valued 
bounded functions ¢ on Y with(*) ||||“,=supyer |¢(y)|. If B is any Banach 
space, My(B) is the Banach space of all bounded functions f on Y with values 
in B where ||f||v,<a) =si'pyer ||f(y)|| 2. If T is any element of My’, it is possible 
to define U on My(B) to B** by letting U(f) be that point 6b of B** such that 
b(8) = T(8f) for every B in B*, where Bf is the element of My defined by 
Bf(y) =B(f(y)). For each T in My* there is defined a unique, bounded, addi- 
tive(*) set function V by the relation ¥V(Z) = T(¢z), where ¢z is the charac- 


(*) E is compact (bicompact in the sense of Alexandroff and Hopf, Topologie, 1) if 
every covering of E by open sets contains a finite subcovering; that is, if ECD 0m where the 
Og are open, there exist a, +++ , a, such that ECD isn 3 this is equivalent to the following 
condition on closed sets: If the closed sets C,C E are such that every finite set of the C, havea 
point in common, then TleCa is not empty. 

(*) The subscript on the norm symbol indicates the space in question; it will be omitted 
when there is no danger of confusion. 

(*) © is bounded if ¥(Z) SK if EC Y, ¥ is additive if ¥(£,+E,) = ¥(E,)+W(E,) whenever 
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teristic function of E. Conversely, for each bounded additive V, setting 
T(¢) = /od¥ defines an T in My*, where the integral is, say, that of Radon- 
Stieltjes(”) ; moreover | T\| = V¥(Y). Because of this relation between V and T 
it is possible to define /fdW for f in My(B) to be the element b of B** for 
which 6(8) = [Bfd¥ for every B in B*. All integrals used hereafter will be of 
this nature(*). 

A set X is directed if there is a relation > (“follows”) among some pairs 
of its points such that x>x’ and x’>x’’ implies x >x’’ and such that each 
pair, x’ and x’’, of points in X has a common successor, x in X ; that is, x >x’ 
and x>x’’. If for each x in X, sz is a point of the topological space S, then 
s=lim, s, if and only if for each neighborhood N of s there is an xy in X such 
that if x>xy. 


Lemma 2. If X is a directed set, if for each x in X b,is a point in B** (B any 
Banach space), and if || b,\| is ultimately bounded—that is, if there exist K >0 and 
xoGX such that || b.|| <.K if x >2xe—then there is a bo in B** such that bo is in the 
weak* closure of { be | x’ >x} for every x in X; that is, for every €>0, B:, +--+, Be 
in B* and x in X there is an x' in X such that x'>x and |bo(B;) —b.(B;)| <e 
fori=1,-+-,k. 


For each x in X let E,= { be | x’ >x} ; since X is directed, any finite num- 
ber of the Z, have a point in common, so the sets F, which are obtained by 
taking the weak* closure of EZ, are weak* closed sets with non-empty finite 
intersections. Since the sphere || 6,|| <.K is weak* compact, by the condition 
for this in terms of closed sets some bp exists in all these F,; the last clause in 
the lemma is merely a full statement of the fact that by is in the weak* closure 
of every Ez. 

2. The principal theorem. The terms next defined are the ones used in the 
statement of the theorem and not merely in its proof. 

A set Y is called an Abelian semi-group if there is defined for each pair 
of elements y, y’ in Yasum y+y’ in Y such that y+y’=y’+-, and such that 
y+ =(y+y’)+y"’; that is, addition is commutative and associative. 
If E is a subset of Y, then E+ is the set {y’ | y’+yCE}. It is clear that if 
{£} is any partition of Y into’‘any number of disjoint sets, then {E~y} is 
also such a partition. 

Let X be a directed set and Y an Abelian semi-group; for each x in X 
let V, be a bounded, additive set function over Y. For each y in Y and 


E, and E, are disjoint subsets of Y. If © is bounded V¥(¥) =sup >s<,|¥(Z,)| <2K, where 
the “sup” is taken over all partitions of Y into a finite number of disjoint subsets E;. 

(") The pertinent properties are these: (1) If ¢=Lisssudsy [od¥ =Lisvc¥(E). (2) If 
then See Fichtenholz and Kantorovich [7]. 

(*) Integrals whose values lie in B** instead of in B were introduced by N. Dunford, Uni- 
formity in linear spaces, these Transactions, vol. 44 (1938), pp. 305-356, and I. Gelfand, Ab- 
strakte Funktionen und lineare Operatoren, Recueil Mathématique, (n.s.), vol. 4 (1938), pp. 235- 
284. 
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x in X let V., be the bounded additive set function over Y defined by 
W,,(E) =V.(E~y) —V.(£) for every EC Y; the system of set functions {v.} 
is called nearly invariant over Y if lim, V¥.,( Y) =0 for each y in Y, if VW.( Y) 
is bounded, and if lim, ¥.( Y) =1. is called invariant if + y) for 
every EC Y and ¥(Y) =1. 

If Y is an Abelian semi-group and B is a Banach space and if for each y 
in Y, Tis an element of Tf, the space of linear operators on B to B, the semi- 
group { is called a bounded representation of Y if = for every 
y and y’ in Y, and if there is a K 20 such that || 7|| < K for every y. If {T¥} 
is any bounded representation of Y, let B’ and B’’ be the subsets of B defined 
by B’’={b | T)=b for every y in Y} and B’ is the smallest closed linear 
subset of B containing all the points b— 7%) for every b in B and yin Y; M is 
the smallest linear subset of B containing B’ and B’’. Clearly, bE M if and 
only if one (or all) M, since b= T%)+(b—T) and is in B’. 


THEOREM 1. Let Y be any Abelian semi-group, B a Banach space and 
{T+} a bounded representation of Y in X. Let X be a directed set and {¥,} 
a nearly invariant system of set functions over Y, and for each b in B and x 
in X let rob = ff*d¥, where f° in My(B) is defined by f*(y) =T%b for each y in Y; 
for each b in B let rb be one of the points which Lemma 1 associates with the 
points r2b. Then: 

(1) rb can be taken in B instead of merely in B** if and only if bis in M. 

(2) M is a closed linear subset of B and is the direct sum of B’' and B"’, 
that is, each b in M is the sum of a b’ in B’ and a b"’ in B"’, where b’ and b”’ 
are uniquely determined ; in fact b’’ =rb. 

(3) rb is uniquely determined if bE M and, in M, 7 is a linear operator with 
values in B’’. 

(4) If bE M, rrb=r7b and T'rb=1b=r7Tb for every y in Y. 

(5) rh=b if and only if bE B"’; rh=8, the zero element in B, if and only if 
bEB’. 

(6) If bEM, 

The main body of the proof will be divided into a number of simple steps. 


(a) Tr,.b=7,T%b for every x in X, yin Y and db in B. 
For each 6 in B*, 


= = f = f = 


since 
= T#B(T') = B(T*T'S) = B(T'T%) = 


for each ¢ in Y. 
(b) || 77.5 for each b in B and y in Y(°). 


(°) It should be noted that the condition that V¥.,(Y)-+0 for each y which is used in the 
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|| — = ||7.7% — = | r.T¥b(8) — 72b(8) | 
1 


= sup | f 


= sup f < 


which tends to zero for each y. The only difficulty is in justifying the last 
equality which can be done as follows: since Bf*€ My for each B in B* and 
b in B, it suffices to prove that /od¥., = /,dV.— fod¥, where ¢, is defined 
by $,(y’) =o(y+y’) and ¢ is any function in My. If ¢ is a simple function; 
that is, 6=)_is.ame, where the E; are disjoint subsets of Y and the a; are 
real numbers ;then /¢dV., =) 
= [od¥, since since the simple functions are dense 
in My the same is true for any ¢ in My. 

(c) T’rb=7b for any y in Y and bd in B. 

It suffices to show for any and in B* that | T'rb(B) —rb(8)| <e. But 


| T»rb(8) — rb(8)| < | T»rb(8) — Tr (6) | 
+ | Tr .b(8) — +| 72b(8) — 7b(8) | ; 


by (b) the middle term is less than ¢/3 if x >x»o. The first term is equal to 

| rb(T¥*8) —7.b(T*B)| ; by the definition of rb and Lemma 1, 7b is in the weak* 

closure of | x>xo} so there is an x >xo such that |1r.b(8) —rb(6)| 

and | r.b(T¥*B) —rb(T*8)| <e/3. For this x all three terms are less than €/3 
and (c) follows. 

(d) If dE B’, then 

If d=b—T for some b in B and y in Y then ||r,4|| =|| T¥7.b—7.b||-40 by 
(b). Since all the operations in question are additive and homogeneous, 
+0 if -T,) for any choice of y; in Y, b; in B, and a, 
real. If d€B’ then there is a d, of this last form such that ||d—d,|| <e; then 
||r2d|| <||r2(d —d.)|| +||7.d.|| <(K+1)e, where K is the upper bound of V¥,(Y), 
if x is large enough. 

(e) ||r.rb—7b||-+0 for each b in M’, where M’ is the set of those b in B 
such that rb can be chosen in B, not only in B**. 


definition of near invariance is stronger than the corresponding condition used by Alaoglu and 
Birkhoff [3]. Since this property is used only in this step of the proof of the theorem, it is easily 
seen that the property that must be required of the system {¥,} is that || /f*d¥.,||+0 for each 
band y. This shows that the hypotheses on {¥.} can be weakened if some restriction is placed 
on the semi-group {7¥}; for example, it is sufficient that ¥.,(EZ)—+0 for each EC Y provided 
that the semi-group {7¥} is'so restricted that each f* is integrable in the sense used in [3]. 
It seems to me that the extra restrictions are more properly placed on the system {W,} than 
on the semi-group {7} since the results are to a large extent independent of all but the exist- 
ence of {¥,} and since (see Theorem 3) a nearly invariant system always exists. 
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727b(8) = but by (c) fr*(y)=Trb=rb for each y 
which tends to 0 by the hypotheses on {¥,}. 

(f) b—1bEB’ for each b in M’ so ||r2—721b||-0 for each b in M’. 

If b, =b—7b is in B—B’, there exists a By in B* for which Bo(d) =0 if dE B’ 
while Bo(b1) =1. Then 72b(Bo) = [Bof*d¥., but Bof*(y) =Bo(T%) =Bo(b) for each 
y so T2b(Bo) Y)Bo(b) and lim, 72b(8o) =lim. V.( Y)Bo(b) =Bo(b). On the 
other hand, for each x in X and e>0 there is an x’ in X such that x’>x 
and | r2-b(Bo) —Bo(rb) | <e, so Bo(rb) =B8o(b) and Bo(d1)=0 contrary to the 
choice of Bo. 

The conclusions meritioned can now be drawn. (1) is trueif M’ = M.B’CM’ 
by (d); if B’’, Y)b so ||b—7.|| 0 and B’’C M’; hence M’D M. If 
bEM’, by (c) rhE B” and b—1rbEB’ by (f); hence b=b+(b—7b)EM if 
bE M’ and M’CM. (6) follows from (e), (f), and (1). For (3) note that (6) 
implies that rb is uniquely determined if b€ M; 7 is clearly additive on M 
and for each in M ||rd|| <sup. =supz || /f*d¥.| sup: VW.(Y) 
<||d]| sup, ||7|| sup. V¥.(Y), so 7 is linear on M. All of (2) is proved except 
that M is closed; let N= {b| rob =lim. 7. exists in the norm topology in B** }. 
Then N, as the set of points of convergence of {7}, is a closed linear mani- 
fold and M is the inverse image by 7» of B (considered as imbedded in B**). 
Hence M is closed in N and therefore in B. For (5) the remarks above showed 
that if DEB”; if rh=b, =T rb =1b=b by (c), so bE B”’. (d) shows 
that if b€B’; ifrb=0, by (f) since bE M in this case. For 
(4) rhE B”’ if bE M so rrb=7b and is idempotent; Trb = 7b by (c); if bE M, 
Tb =(T¥—b)+bEM too, since T%—bEB’CM; then r7%=lim, 
=lim, T’7,b=T*(lim, = = 7b. 

3. Related and supplementary theorems. One point stands out strongly 
in this set of conclusions: most of them do not directly involve X or {¥.} 
except in so far as the existence of the nearly invariant system {w.} was re- 
quired to prove existence here. M is already defined in terms of the bounded 
Abelian semi-group {7%} and (5) defines 7 in M in terms of {7%} alone, so 
that M and 7 are the same no matter what X and {v.} are used so long as 
the system {W,} is nearly invariant over Y. This raises three questions: 

(A) If Y is a given Abelian semi-group, is there a nearly invariant system 
{W.} for some X? 

(B) Under what conditions on Y and {7%} does M=B? 

(C) If some natural choice of X and {W.} is suggested by the nature of Y, 
is this system nearly invariant? 

(A) can be completely answered (yes, for any X); (B) partially; (C) de- 
pends on the case in question and obviously has no general answer. This sec- 
tion contains the discussion of (A) and (B). 


TuEorem 2. If a nearly invariant system {W,} of set functions over Y exists 
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then there is an invariant function WV ; that is, a V such that V(/E+y) =WV(E) for 
every EC Y and yE Y and =1. 


Proof. If {¥.} is the nearly invariant system, let T. be the element of 
My* defined by T.(¢)=Jf¢d¥. for every ¢€ My. Applying Lemma 1 with 
B* = My, b.=T,. gives an T in My such that T is in the weak* closure of 
every set {T, | x>xo} for every xo in X. Let V(E) =T(¢z) for each ECY, 
then WV is additive and bounded, of course, since V¥(Y) Slim sup. VW.(Y) 
and, since lim, ¥.( Y) =1, ¥( Y) =1. 

To show W invariant it suffices to show that for each e>0 | W(E~y) 
—V(E)| <e. Now 


| WE + y) W(E)| S| WE 9) »)|+|¥A(E~ 9) ¥AB)| 
+|¥AE) — ¥(E)| 
= | — — | 
— T(¢z) |. 


By the near invariance of {¥,}, there is an x» such that the middle term is 
less than €/3 whenever x >xo; then by the fact that T is in the weak* closure of 
{t.|x>xo} the other two terms can be made less than ¢/3 by proper choice 
of x >xo, so V(E~+y) = for all EC Y and yEY. 

Note that the full strength of near invariance is not used in this proof but 
only that V.,(Z)—>0 for every EC Y. Naturally if an invariant function ¥ 
exists, the system {W,} such that every ¥.=W for each x in X, is nearly in- 
variant over Y no matter what X is. 


Corotiary 1. If Y is a family of subsets y of a given set A, with addition 
in Y ordinary addition as subsets of A, then there exists an invariant function V 
over Y. 


This can be proved directly by proper application of the Hahn-Banach 
theorem. To derive it from Theorem 3, let X = Y, order Y by letting y>vy’ 
mean yy’, and let WY, for each y in Y be defined on the subsets E of Y by 
V,(Z) =1 if yEE, V,(£) =0 if not. To show that the system {w,} is nearly in- 
variant, for any yo in Y let yD yo; then ¥,(E+ yo) =1 if and only if y is in 
E~ yp, that is, if and only if y+yoisin E, but =yif yDyoso V,(E~yo) =1 
if and only if yEZ, i.e., if and only if ¥,(Z) =1. Therefore ¥,(Z) = V,(E ~ yo) 
for every E or VV,,,( Y) =0 if y>yo. 

This particular nearly invariant system will be used later. 


Coro.iary 2. To the conclusions of Theorem 1 can be added: 

(7) There exists an invariant function V defined over Y such that rb = ff'd¥ 
if bEM, while [fd €B** if bE M. Moreover [f*d¥ is in the weak* closure of 
| x>xo} for every X. 


Letting =W for any X gives a nearly invariant system; =7/b=ff*d¥ 
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shows that r’b€B if and only if b}€& M (by Theorem 1) and in Mr’b=rb. The 
definition of T, and hence of Y, in Theorem 2 shows that /f*dW lies in the 
given sets. 

The important result is 


THEOREM 3. If Y is an Abelian semi-group, there is an invariant set func- 
tion over Y such that V(Y) = V¥V(Y) =1 and V(E) 20 if ECY. 


The proof is essentially that of a result of Morse and Agnew [1, Lemma 
2.01]. Let To be defined on the multiples of dy by To(ady) =a; then by the 
Hahn-Banach theorem there is an T; in My* such that ||7,|| =1 and T,(a¢y) 
= Ty(agy). For each y in Y let T¥ be the function on My to My defined by 
T(y’) =¢(y+y’) for each @ in My and y’ in Y. I T»|| =1 for each y since 
supyer |$(y+y’)| Ssupyer |¢(y’)| for every y in and To is 
invariant under all T¥. Following [1] let 


= inf foup — 
wey inl 
where the “inf” is taken over all choices of the integer m and the points 
y1,°**,¥n in Y. As in [1] it can be shown that p(ad) =ap(¢) if a20, that 
<p(¢) +P’), and that p($)S||¢|| for every ¢ in My. Since 
To(ady) < p(ady), applying the Hahn-Banach theorem again gives an T in 
My* such that T(ady) =a and T(¢) for every ¢; the proof that 
T is invariant under the T” is as in [1]. 

Let if ECY. Then V(E~+y) =T¢e.,) = T(Tz) = 
=W(E), so is invariant; || = =1 so V¥(Y)=WV(Y)=1. V is non- 
negative, for if E exists with <0, then V¥(Y)2 | Y-E)| 
= 


bEM. 


If bE M, rb = ff*d¥ where is defined by Theorem 3; hence ||75]| =|| /f*d¥|| 
VYCY) 

Coro.iary 4. If bE M, then rb is in the closed convex hull K(b) of the set 
{T| yEY}. 

For each in B*, B(rb) = < V¥(Y) supyer Bf*(y) =supyey B(T). If 
bo is not in K(b) there is a By such that Bo(bo) >sup, Bo(T%)) (by a theorem of 
Mazur [9]) so 7b is in K(b). 

Alaoglu and Birkhoff call a point 5 in B ergodic relative to the bounded 
semi-group {7 ¥} if there is just one point of B’’ in K(b) and all K(T¥)(*). 


(1°) This is not their definition but one of the properties shown to be necessary and suffi- 
cient. 
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COROLLARY 5. b is ergodic if and only if bE M. 


If }©& M,rbEB” and to K(b) by Theorem 2 and Corollary 4; all T% are 
in M too and rT%)= 7b, so rb is all K(T%) also and } is ergodic if these sets 
contain no other points in B’’; this is asserted by Lemmas 1 and 2 of [2]. 
If 6 is ergodic and bp is the unique point in B’’- K(5), then @ is the unique 
point in B’’-K(b—do); let b: =b—bo. Since 6 is in the closed convex hull of 
the set {7%|yEY}, for each e>0 there is a point b:=).is,0;T%b; with 
||b2|| <e/K, where K =sup,er || 7»||. If rb’ = with as in Theorem 3, 
then =7b; and ||rb,|| =||rbe|| <e. Hence ||7d,|| =0 or 
so 

To complete the relation of these results to those of Alaoglu and Birkhoff 
requires some study of Problem (B). 


Lemma 3. If f& My(B) and WV is a bounded additive set function over Y, 
Sfd¥ is in Y if P, the smallest closed linear subspace of B containing all the 
points {f(y) | yEY}, is reflexive. 


Each 6 in B* defines a 1, in P* by 2s(p) =8(p) for each p in P; then 
Sfd¥(B) = [Bfd¥ = farafd¥. Since the 1s cover P* this defines a unique p in P** 
such that p(x) = /afd¥ if tC P*. Since P is reflexive there is a p in P such that 
=fnfd¥ if rE P*. Hence B(p) = = so ffd¥=pECP 
CB. 


Corotxary 6. If the set {Tb | yCY} lies in some reflexive subspace of B, 
then bEM. 


Coro.uary 7. If B is reflexive, M=B. 


Coro.iary 8. If B is reflexive and {T} is any bounded Abelian semi- 
group of operators on B to B, then each b in B is ergodic; that is, for each b in B 
K(b) contains just one fixed point rb of all the T”. 


It is to be noticed that this is a great strengthening of Theorem 5 of [2] 
since, as is known, every uniformly convex space is reflexive, and since 
|| 7'»|| <1 can be replaced by ||7»|| <K. On the other hand, that result can be 
proved with far less machinery. 

Corollaries 3 and 7 together imply that if B is reflexive the set B’’ of com- 
mon fixed points of any bounded Abelian semi-group {7} of operators on B to 
B is the range of a projection operator r defined on all of B and ||z|| <sup || 7]. 

A trivial result is this: 

If {7} is any bounded Abelian semi-group of operators on B to B and if 
there is a yo such that ||7|| <1, then B’ =B; in fact lim, || T»|| =0 if y is di- 
rected by letting y>vy’ if there is a y’’ such that y=y’’+y’. 

For each e>0, there is an such that ||(7')*||<e/K, where K is the bound 
of the norms of all then || for every y or <e if y>myo. 
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In some cases a certain X and a nearly invariant system {w,} over Y arise 
naturally. Under certain conditions on X the reflexivity condition of Corollary 
7 can be weakened (at least formally). A directed set X has a countable cofinal 
subset if there is a countable subset X’ of X such that each x in X is followed 
by some x’ in X’, 


Tueorem 4. If {7} is a bounded representation of the Abelian semi-group 
Y, if X is a directed set with a countable cofinal subset, and if the system {v,} 
is nearly invariant over Y, then bE M if and only if there is a countable cofinal 
subset {xn} of X and a by in B such that lim, Tz, 6(8) =B(bo) for every B in B*. 
In this case by =7b. 


For such an X this sequential compactness condition assures that 7 is 
in B; that is, that b is in M. Since norm convergence implies weak convergence 
this condition is satisfied if bE M. 


Coro.iary 9. If B is a Banach space with sequentially weakly compact(") 
unit sphere, if {T¥} is a bounded Abelian semi-group of operators on B to B, 
if X has a countable cofinal subset and if {V.} is a nearly invariant system such 
that [f'd¥,.€B for each b in B, then M=B. 


Since every reflexive space has a sequentially weakly compact unit sphere, 
this result is related to Corollary 7; since it is not known whether or not se- | 
quential weak compactness implies reflexivity, it is not known whether the 
hypotheses on X and {W,} are needed. 

4. Special semi-groups and systems of set functions. A theorem of Dun- 
ford [6] uses E,, euclidean n-space with coordinates 1, - - - , Ya, for Y and the 
class of n-dimensional cubes x = {y | aj<yj<aj+r,j=1,---,n}, wherer>0 
and the a; are arbitrary real numbers, for X, defining ¥,(Z) =m(Ex)/m/(x), 
where m is Lebesgue measure, for every Lebesgue measurable set EC Y. (He 
has then to assume measurability for each f* in order to integrate.) 7,b, then, 
is the arithmetic mean of f* over the cube x; that is, r.b=1-*/,f° dm, where r is 
the length of edge of the cube x. X is ordered by the size of the cubes, that is, 
x>x’ if the edges of x are longer than those of x’. 

A more general result follows from a simple property of convex bodies with 
interior points in Z,. In what follows let S.(y) be the closed sphere about y of 
radius a: as in any linear space if E, E’CE, let E+E’= {e+e’ | ein E and e’ 
in E’} and for any real a and ECE, let aE= {ae | ein E}. 


Lemma 4. If E is a convex subset of E,, and if E contains a sphere S,=S,(0), 
and if Sa=S,(0), then Sat EC [(r+a)/r]E(*). 


(1) A set BoCB is sequentially weakly compact if for each sequence {bn }C Bo there is a 
subsequence {m;} and a by in Bo such that lim; B(b, ;) =B(bo) for every 6 in B*. 
(##) This proof is due to the referee who notes that it holds in any normed vector space. 
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yES, if and only if y=(a/r)y’ for some y’ in S,. For each y in S, and y’’ 
in 
a r+a a r r+a 
y+ | + y’|= Yo 
r r+a r+a r 
where yoCE since y’, y’CE, a/(r+a)+r/(r+a)=1, and a/(r+a)>0’ 
r/(r+a) >0. Hence E+ S.C [(r+a)/r]E. 

For each bounded convex set E with interior points contained in EZ, let 
r(Z) be the least upper bound of the radii of the spheres contained in Z.Then 
there will be at least one sphere of radius r(Z) contained in E, the closure of E, 
since any bounded closed set in EZ, is compact. 


Lemma 5. If X is the set of all bounded convex sets with interior points in E, 
and if X is directed by the relation x >x' if and only if r(x)2r(x’), then for each y 
in En, lim, m[x(x+y)]/m(x) =1. 


Since x+y =x(x+y)+[(x+y)—x], it suffices to show that m[(x+y) 
—x]/m(x)—0. If a is the distance from y to 0, then x+yCx+5S,; by Lemma 
4, x +S, is contained in a dilation of in the ratio (r(x) +a)/r(x) about the 
center of any sphere of radius r(x) contained in x. The ratio of the measures of 
the dilated set and x is precisely [(r(x)+«a)/r(x)]" so m[(x+y) —x]/m(x) 
< m[(x+S,) —x]/m(x) S[(r(x)+a)/r(x)]"—1 which tends to 0 as r(x) ©. 


Lemma 6. There is a non-negative additive set function pu defined on all sub 


sets of E, of finite outer measure, such that u(aA +y)= | | u(A) and such tha! 
u(A)=m(A) if A is Lebesgue measurable and of finite measure. 


This follows from the work of Morse and Agnew [1]; they gave the con- 
struction for the case n=1. 


THEOREM 5. Let A be any convex set with interior points in E, and let 
Y={ay| yin A and a21}; then Y is an Abelian semi-group under vector addi- 
tion in E,,; for any Banach space B let { T} be a bounded representation of Y. 
Let X be the set of all convex sets of finite nonzero measure contained in Y and 
for each x in X define V, by V,(E) =y(Ex)/u(x). Then the system {wv} is nearly 
invariant and the conclusions of Theorem 1 hold. 


Near invariance of {w,} is all that needs be verified. VV,(Y)=WV.(Y) 
= p(x) /u(x) =1; 
= VAE y) — ¥.(E) = + — u(Ex)} 
= + y)(x + y)] — ~ (x + y) 
+ + y)(x — (x + y))] — u(Ex)} 
= + y) — w(Ex) — + y)((x + y) 
+ + — (x + y))]} 
= + + — + (x + y))]}.- 
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If Y=) \.s.E; with the E; disjoint, then the sets E;~+y are disjoint and 
have sum Y. Hence 


+ + y)(x — (x + y))]} 
< +») - 2) | 


+> (Ei + y)(x » 


isk 
S [u(x] {ul(x + y) — x] + — (x + 


By Lemma 3, this is small for r(x) large, independent of the decomposi- 
tion of Y into the sets E;, so VW.,(Y)—0 and this system {W,} is nearly in- 
variant. 

The set X’ of cubes used by Dunford if ordered by edge length has the 
same ordering as if ordered by the radius of the largest sphere inside; so X’ 
is a cofinal subset of this family X of convex sets of finite, nonzero measure; 
so lim, 7,’b exists for every b in M since lim, 7,5 exists for such 0; moreover if 
the functions f* are all measurable, the r,, reduce to Dunford’s transforma- 
tions and Theorem 5 offers a simple proof, without differentiation theorems, 
of Dunford’s result. 

Note that this X has a countable cofinal subset, in fact any sequence 
{x,} CX such that r(x,)— © will do. Hence if the assumption is made that 
each 7% is a measurable function, each r.b€B and Corollary 9 can be applied 
with proper choice of B. 

For a second application (not considered anywhere in the literature so far 
as I know) take Y to be the stack A whose elements are the finite subsets of 
some given set D of elements d where addition is, as in Corollary 1, ordinary 
point set addition. If B isa Banach space and {7* | 5€A} is a bounded repre- 
sentation of A in the space of linear operators on B to B, T*'T*’=T*+*=T* so 
every T* must be a projection; moreover T* =] | «és7* for each 5€A. A is also 
a directed set if 5>6’ means 5 D3’; for each 5€A let V; be defined over the 
subsets of A by W;(Z) =1 if 5€E, =0 if Then, as in Corollary 1, 
the system {W,} is nearly invariant over A. 


THEOREM 6. If B is a Banach space and the T¢ are commuting projections 
on B to B such that ||T*|| for all 5, where | sesT¢, then lim, T*d exists 
(in the norm topology) if and only if b= M (where M is defined as in Theorem 1) 
and for such b, lim; || 7% —7b|| =0. 


By Theorem 1, ||r7s5—70||+0 with rb in B if and only if b©M. But 
sb = [f*d¥,= Tb, and if the T*b converge at all their limit must be in B. 
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It is to be noted that this theorem has a much stronger conclusion than 
can be obtained in general; this is true because the bounded representations 
of a stack are so greatly restricted. 


Coro.iary 10. If B is reflexive and if T* are commuting projections with 
|| || uniformly bounded, then lim, T*b =7b for every b in B, where r is a projec- 
tion defined on all of B which has all the properties ascribed to r in Theorem 1. 


One more consequence of Theorem 1 is this: If the collection {7} of 
operators on B to B is a bounded representation of the semi-group Y, then 
the collection {7¥*} is such a representation in the set of operators on B* 
to B*. In general, defining B‘*® by induction from Bi) =(BU*-»*®)*, and 
Ti = (T»-0*)*, the same is true of the collection {T“"*)}. Hence Theo- 
rem 1 defines in B‘"*) a set M‘™™ consisting of the direct sum of B’’‘"*), the 
set of fixed points of the 7"\"*), and B’‘"*), the smallest closed linear set in 
B‘™ containing all — for all choices of yin Y and in 
Since for every n, and the agree with the in 
nt2)*) B(n*) = B’("*) and similar relations hold for and 
(c) of the proof of Theorem 1 shows that for any } in B and any possible choice 
of rb, rb is in B”@*), 

An example of the results obtained from this point of view is 


THEOREM 7. Bis reflexive and if is a bounded Abelian semi- 
group of operators on B to B, then there exists a projection r defined over all B such 
that for every nearly invariant system of set functions {¥,} over Y, lim, ||r2b —rbl| 

=0 for each b in B and lim, ||r.+8—r*B|| =0 for each B in B*. r and r* have in 
their respective spaces the properties specified by Theorem 1. 


All that need be verified is that 74*, the projection in B* that exists by di- 
rect application of Theorem 1 to that space, is equal to r*, the adjoint of r. 
Since ||7,*8 for each 6 in B*, r48(b) =8(r2b) for 
each in B but so r*B8(b) =B(rb) for each b in B and 
Bin B*, or 

I see no way of proving anything quite of this nature if MB. 

It may be noted that neither the methods nor the results of this paper 
carry over to noncommutative semi-groups; in fact, an example [2, §13, Ex- 
ample 1] shows that for non-abelian semi-groups the set M and the set of 
ergodic points of B need not be the same. 
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ON MEASURE IN ABSTRACT SETS 


BY 
DOROTHY MAHARAM 


INTRODUCTION 


In their paper(') Sur les décompositions dénombrables Banach and Tarski 
obtained a result which can be restated as follows: 

A necessary and sufficient condition that two Lebesgue measurable, eu- 
clidean sets a and a’, shall have equal measure is that there exist null sets 
n<a and n’ <a’, such that a—n and a’—n’ are the respective unions of se- 
quences of disjoint measurable sets, of which corresponding sets are con- 
gruent. 

If we then identify sets differing on only a null set, there exists a class of 
transformations on the measurable sets such that two sets are of equal meas- 
ure if and only if they correspond under some transformation of that class. 
Then just as the elementary notion of the volume of an n-dimensional interval 
is generalized to that of any measure function on a Borel field, so the equally 
elementary notion of equality of volume, defined for these figures by the rela- 
tion congruence, can be generalized to the notion of equality of measure de- 
fined for some field of sets by a suitable class of transformations. This is done 
as follows: 

In Part I, we consider a complemented, distributive o-lattice M with a 
zero element, and a class ® of g-isomorphisms on the principal ideals of M. 
The lattice M is to be taken to correspond to a family of measurable sets 
modulo the null sets, and ® as a semi-group of measure-preserving trans- 
formations. Then ® generates an equivalence relation a~b between elements 
of M which is countably additive and hereditary in the sense that a~b, 
a’ <a imply that there exists a b’<b such that a’~b’. It is then shown for 
the bounded elements of M, that is, those which are not equivalent to any 
proper subelement, that the relation a~4 is also preserved by subtraction and 
by taking limits of monotonic sequences. It may be remarked that these latter 
results yield an independent proof(*) of the theorem of Banach and Tarski. 
A construction is also given leading to a definition of a complete measure. In 
Part II, the measure of an element of M is defined as the totality of its equiva- 


Presented to the Society February 22, 1941; received by the editors November 19, 1940, 
and in revised form, March 15, 1941. 

(1) Fundamenta Mathematicae, vol. 6 (1924), pp. 244-277. The:theorem quoted is on 
page 277. This result has been extended to the case of the Haar measure on a locally compact 
group by Professor John von Neumann in a series of lectures at the Institute for Advanced 
Study. 

(*) See Example 15.3 for a proof in a generalized form. 
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lent elements, that is, of images under ®; and a partial ordering and an opera- 
tion of addition are defined in the set of measures. A necessary and sufficient 
condition is then given that the set of measure values be order and addition 
isomorphic to a set of positive numbers. Such an isomorphism is necessarily 
unique, up to a multiplicative constant. These results will be analyzed in de- 
tail in another paper. In Part III, a sufficient condition is given that, for a 
family of sets upon which a numerical measure is defined, two sets of equal 
measure shall correspond under some measure-preserving transformation, and 
so that the given measure shall be derivable by the procedure of Part II. It 
turns out that this is the case for a measure on a separable Borel field, pro- 
vided there are no minimum sets of positive measure. However, a trivial gen- 
eralization of the theory of Part II can be seen to be applicable to any 
measure function. 


Part I 


1. Ideals and isomorphisms in the lattice M. Let M={a,b,c,-+-} bea 
complemented distributive o-lattice with a zero element; i.e., satisfying the 
system (a): 


i. M has a partial ordering a <b (b contains a) such that a<b excludes a=b. 

ii. Every sequence (an,)C M has a supremum and an infimum >a, and [Ja,, 
respectively. If (an) 4s monotone increasing (decreasing), we denote > (| 
by lim a,. We also write a+b and ab for the supremum and infimum of (a, b). 

iii. M has a zero element 0. Any elements a, b such that ab=6 are called dis- 
joint. 

iv. If a<b, then there exists a unique element, which will be written b—a, 
such that (b—a)a=0, and a+(b—a)=b. 

v. For any sequence (a,) and any a, 


1.1. DEFINITION. A class M’CM is called a o-ideal if a’ <<aGM’ implies 
that M’, and if (a,)CM’ implies that The ideal M’ is called 
principal if there exists an element a such that a'EM' if and only if a’ Sa. 
The principal ideal corresponding to an element a will be written I(a). 


1.2. DEFINITION. A univocal correspondence > defined on a a-ideal M'CM 
onto a a-ideal M'’CM is called a a-isomorphism if for every sequence (a,) CM, 
=> (an), and =[]¢(an). The correspondence inverse to is 


also a a-isomorphism which will be written o-. 


1.21. For any o-isomorphism ¢, ¢(a) =6; a’ <a=(a’) <¢(a), and 
o(a—a’) =$(a) —9(a’). 

1.22. Let m be a o-ring of subsets of a set 8; m, a o-ideal in m; and M, the 
residue class ring m/n. Then any univocal point correspondence between the 
subsets a and b in m which leaves the rings m and n invariant leads to a 
g-isomorphism of the principal ideals in M corresponding to a and b. 
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1.23. DEFINITION. Let (¢,) be a sequence of c-isomorphisms between the 
principal ideals I(a,) and I(b,). If the sequences (a,) and (b,) are each dis- 
joint, then ($n) is said to have a sum ).,; namely, the isomorphism $(a’) defined 
for a’ by o(a’) 


2. The class © of c-isomorphisms. Equivalence. Boundedness. Let ® be a 
class of ¢-somorphisms each defined between principal ideals of M, and satis- 
fying (8): 

i. The inverse of any isomorphism in ® is in ®. 

ii. If o, b’ are in ®, and are defined on I(a), I(a’), respectively, then the 
resultants pp' and defined on ap'(a’) and a’$(a), are in ®. 

iii. If (b.)C®, and if exists, then 

iv. At least one isomorphism of ® is defined on any principal ideal of M. 


2.1. DEFINITION. Two elements of M are called B-equivalent if they corre- 
spond under some isomorphism of ©. This relation will be written a~b. 


2.2. The relation -equivalence has the following properties: 

i. It is an equivalence relation, and so partitions M into a set of exhaustive 
and mutually exclusive classes M,. The unique class containing an element a 
may be denoted by M(a). Obviously, M(a) = M(a’) if and only if there is an 
isomorphism ¢ of ® such that a’ =¢(a). 

ii. If (a,), (b,) are sequences of disjoint elements of M such that a,~),, 
then bn; i.e., B-equivalence is countably additive. 

iii. It is hereditary in the sense that if a~b, and a’ <a, then there exists a 
b’<b such that a’~b’. 


2.3. DEFINITION. An element a of M is unbounded (with respect to ®) if 
there exists an element a’<a such that a~a’, and a—a’'#8. Otherwise a is 
bounded. 


2.31. i. If a is bounded and a’<a, then a’ is bounded. ii. If a~a+, and 
b—ab+9, then a is unbounded. iii. If a~a’, then a and a’ are bounded or un- 
bounded together. 


2.32. DEFINITION. A class M, of equivalent elements of M is bounded or un- 
bounded according as its elements are either all bounded or all unbounded. 


2.33. THEOREM. A necessary and sufficient condition that an element a be un- 
bounded is that a contain a sequence of disjoint equivalent elements a, +0. 


Proof. Suppose such a sequence exists. Then by 2.2, ii, )-an~)_d2; and 
since dodan-1¥8, da. is unbounded. Conversely, if a is unbounded, there 
exists an element a’ <a and an isomorphism ¢ of ® such that a’ and a—a’ are 
different from 6 and ¢(a) =a—a’. Then an infinite sequence of elements satis- 
fying the required conditions can be defined inductively by the formula a; =a, 
and for an=@(dn-1). 


416 DOROTHY MAHARAM [March 


3. Equivalence of complements of bounded equivalent elements. The re- 
sults of this section can be summarized as follows: 

If a~b, and if either (i) there exists a a-isomorphism of ® under which ab 
is invariant, or (ii) the elements a and b are bounded, then for any c>(a+6), 
c—a~c—b. 

The assertions leading to this statement are the following: 

3.1. A necessary and sufficient condition that for any element c2 (a+)), 
c—a~c—b, is that a—ab~b—ab. The necessity is obvious, and the sufficiency 
follows from the fact that c—(a+b)~c— (a+) (identity), and a—ab~b—ab 
(by hypothesis). Since the terms on either side are disjoint, their respective 
sums are equivalent and c—-a~c—b. 


3.2. THEOREM. If a~b, and a and b are bounded, then a—ab~b—ab. 


The general argument of the proof is as follows: First it is shown that there 
exist sequences (a,) and (b,) of elements of M contained in a—ab and b—ab, 
respectively, such that @"(a,) <ab, and @"+1(a,) =b,. From this it is verified 
that both families are disjoint. Finally it is shown that }\¢,=a—ab and 
=b —ab, which proves the theorem. 

Let us first restate this in the more convenient form: 

If a+x~b+x, where a+x, b+x are bounded, and ax =bx =6, then a~b. 

Proof. We have given that there exists an isomorphism @ of ® such that 
o(a+x) =b+x. Weshall write this as 


(1) atx~b+ x (9). 
Then 

(2) ap-1(b) ~ bo (a). 

By taking differences on both sides we get 

(3) ag-(x) + x ~ bp (x) + x. 
If we can show that 

(4) ~ bp (2), 


then by summing corresponding sides of (2) and (4), we get the required re- 
sult. Now let 


(5, i) dy = ag-'(x) = a — 

(5, ii) bo = bp(x) = b — bg(a), 

(5, iii) xo = S x. 

Since ¢ is defined on xSa+5, we can define inductively for n>0 


It can be shown by induction that the elements a, Xo, x:1,°-+*, are dis 
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joint. For since aoSa, and xoSx, do and Xo are disjoint. Suppose that 
Qo, Xo, * are disjoint. But for O0<k sn, and =do. 
Hence for 0<k S12, the elements ¢—'(x;), and so also the elements x;,, are dis- 
joint by the hypothesis of the induction, which is now complete. We define 


(7) bn = bb(xn-1), 


Since @—'(b,) Sxn-1, it follows that the elements b, are disjoint. Further, since 


SO(x) Sb+x, 

(8) = + = Xn + dn, 

that is, 

(9) Xn—-1 ~ Xn + by ($) for nm = 1, 2,3,---, 


and we also have 


(10) ao ~ Xo (9). 


Since the terms on the right (the left) side of (9) and (10) are disjoint, their 
respective sums are equivalent and 


(11) («+z 


But from (3) and (5) 
(12) a + x~ bo + x (9), 


and for n21, b, Sb(x) =bo, whence the respective differences of correspond- 
ing sides of (11) and (12) are equivalent; that is, 


Since a+ x is bounded, so is and hence 


(14) bo — b, = 8. 


1 
For all n, d—' is defined on x,, and 
(15) Xn-1- 
From this it follows that ¢~* is defined on x, and satisfies 
(16) S SG S 0, 
and hence that 


(17) SG OMY ao for any k <n, 


\ 
‘ 
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But from (8) we have 

(18) = — O(n), 

so we can define for n21 

(19) An = = — S ao. 
It follows from (19) and (16) that for k>0 

(20) OnOngk S 1) S Anh = 8, 


and hence that the elements a,, m=1, 2, 3,- +--+, are disjoint to each other. 
From this and from the fact that by definition a,~6, (@"*'), we have 


(21) 

Since the element x is disjoint to both sides of (21), this yields 
(22) + + 2, 

which with (12) gives 


But by hypothesis a+ is bounded, and so 


(24) 


We now have, by combining (21), and (24), 
(25) ag™m bo, 


which completes the proof of (4) and so of the required theorem. 
4. Consequences of Theorem 3.2. We prove first the following statement. 


4.1. THEOREM. If a, b are bounded and if a’ Sa and b’ Sb, then a~b and 
a’~b’ implies that a—a'~b —b’ ; i.e., for bounded elements, &-equivalence is sub- 
tractive. 

Proof. Let a~b and a’~b’ then a’~b’~@~1(b’) Sa. Then by (3.2) 
(). Therefore a—a’~b—b’. 

4.11. THEOREM. If (a,) and (b,) are monotonic sequences of bounded ele- 
ments of M and if a,~b, for all n, then lim a,~lim b,; 1.¢., the respective limits 
of monotonic sequences of bounded equivalent elements are equivalent. 


Proof. Let us call these limits a and 6, respectively. Suppose (a,) and there- 
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fore also are non-decreasing. Then a =a;+(a2—a1) +(as3—a2)+ ---, and 
b=b,+ (b2—b1) + (bs — be) + - - - . Then since a, and b, are bounded and a,~4, 
for all n, by 4.1 we may sum corresponding sides and so get a~b. If the se- 
quences are non-increasing, then from 4.1 d,—G,-1~b,—},-1. Therefore 
a,—a~b,—b. Since further a;~d;, by again applying 4.1 we get a~b. 


4.12. THEOREM. The sum of any finite collection of bounded elements is 
bounded. 


Proof. We shall prove 4.12 for the case of two bounded, disjoint elements 
a; and dz, since the general case is readily reducible to this. Suppose then that 
under these conditions a:+a2 is unbounded. Then there exists an element 
contained in a=a;+a2 such that a—a’+86, and a~a’. Then ai;+a2 
~ai where af =¢(a:) and =¢(a2). From 3.2 we have 


(1) a, — ~ — 


(2) — dead ~ af — areas. 


But since aj a2 and = we have 


(3) (a, — + ~ aj ae, 


and similarly 
(4) (a2 — aga’) + ~ af a. 


Now since the left-hand members of (3) and (4) are disjoint, we may substi- 
tute in (4) for afa/ and we get 


(5) — aga’) + (a; — + ~ 
But a,a/ is bounded and so 
(6) (a2 — aea’) + (a; — aya’) =~ a— a’ = 8, 


contrary to hypothesis. Therefore a is bounded. 

It may be noted that the class M of all bounded elements of M is‘a finitely 
additive ideal (and a restricted o-ideal) in M, and that the set of all limits of 
(sequences of) bounded elements is a g-ideal in M. 

5. Lattices M derived from rings of sets. Let m be a a-ring of subsets of 
a fixed set s; , a a-ideal in m; and II a class of univocal point transformations 
II,, defined between pairs of sets in m and leaving m and n invariant. Let M 
be the residue class ring m/n, and suppose the isomorphisms on M derived 
from the transformations of II (see 1.22) satisfy (8). Suppose further that con- 
ditions (7) hold: 

5.1. i. If xis any subset of s and if there exists a set mEn such that xCn, then 
xGn. 

ii. If xCs, then there exists a set x*©m such that (a) xCx* and (b) if 
xCaCm, then x*—x*aCn. 
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Let us denote the residue class of a set xGm by m(x) or by x’. Then 

5.11. If x#* and x# satisfy ii, then x* =x#*. 

5.12. If xCx’, then x*Cx’*. 

5.13. For any xCs, there exists a set x» of m, namely, x* — (x*—x)*, such’ 
that i. x+Cx; ii. if xe’ Cx, then xs’ Cx», and iii. if x» and ys satisfy i and ii, 
then x =x. 

5.14. A set xCs is in m if and only if x* =x», in which case x* =x =x. 

5.15. If xxCs, then for any x,*, xn, m()_x,*) =).m/(x,*); m[(>-xn)« | 
m[([]xn)*] Sm m ] =m] xen). 

Since the proofs of these relations are all alike, we shall prove only the first, 
From the fact that ()>x,)*2)>>x,>x for all , m(x,*) <m[(>-x,)*], and so 
|. Similarly, x,* 2x, for all m, and so There- 
fore m(>_x,*) >m[(>_x,)*], and the relation is proved. 


5.16. LEMMA. A necessary and sufficient condition that x€m is that for any 
ySs, (xy)*(y—xy)* En. 


Proof. Suppose x@m. Then for any x*, x*— x is not in m and so not in n. 
Then from i of (vy), (x*—x)* is not in . Now let y=x*. Then (xy)*(x—xy)* 
=(x*—x)*Gn. If xm, then for any yCs, (xy)* Sx, and so m[(xy)*] <m(x). 
Also y —xy <s—x<(s—x)*—(s—x)*(xy)*, which with ii of (y) completes 
the proof. 
5.17. If w is any transformation of II defined on a set aG@m, then for any 


xCa, we define 1(x) as the image of x under 7. Then since 7 leaves m and n in- 
variant, r(a) and m(a)D 4(x*)D so m[x(x*) | >m[x*(x) ]. But since 
(x), it follows that x—'[*(x) ]Dx. Therefore ]>x*, whence 
m[m(x*) | =m[2*(x) |. By a similar argument with reference to x, we also have 
m|m(x«) | |. That is, m(x*)~m[x(x)*], and m(x)x~m [1(x)« 


Part II 


6. Measuring systems in abstract sets. A set s is said to have a measuring 
system (m, n, ®) if m is a o-ring of subsets of s; ”, a o-ideal in m (notice that 
under these conditions M=m/n satisfies (a) of §1); and ®, a class of o-iso- 
morphisms defined on M and satisfying (8) (§2). If (y) of §5 also holds, the 
system (m, n, ®) is complete. Any set has a trivial measuring system, namely, 
(the totality of its subsets, the void set, the identity transformations on every 
subset). In euclidean space, the Lebesgue measurable sets, the null sets, and 
the transformations derived from direct sums of rigid motions form such a 
system. 

Now let us consider a set s with a given system (m, n, ®). An isomorphism 
of ® is said to be measure-preserving, and the elements a, b, c,---, of M to 
be measurable and of measure M(a), M(b), M(c),---, (2.2, i), respectively. 
Henceforth these measures will be written a or m(a), bor m(b), cor m(c),---. 
In particular, the element 1 is said to have null measure m(m) =0. The ele- 


A 
[March 
q 
a 


1942] MEASURE IN ABSTRACT SETS 421 


ments a and 0 are of equal measure if and only if they correspond under some 
measure-preserving transformation, i.e., if and only if a~d. If the system 
(m, n, ®) is complete, a set aG@m is said to be measurable and of measure 
m(m/(a)), where m(a) is the residue class of a. For any xCs, the elements x* 
and x« (§5) are called a hull and a kernel of x, respectively. Then m(x*) and 
m(xs), which will now be written r* and ft», will be called the outer measure 
and the inner measure of x. 

7. Partial ordering of the measure-values. Addition. Let =(a, - - 
be the totality of measures, and let It be the subset of bounded measures 
(2.32). Henceforth a< o shall mean a is bounded. 


7.1. DEFINITION. If a< ©, we define a<b to mean that there exist corre- 
sponding elements a and bin M such thata <b. It follows that a< bis a (proper) 
partial ordering of M. The null element 0 of M* is the zero of the ordering. 


7.11. Any monotonic increasing (decreasing) sequence (a,) has a supre- 
mum (an infimum) written lim a,. For suppose a, increasing, and let a, be a 
sequence of corresponding elements from M. For each n, there exists an 


ay) <dn41 such that a,/ ~a,. Then m[>>(a,.4:—a,/ )] can be verified to be the 
desired supremum. 


7.2, DEFINITION. Jf (a,)CM*, and if there exists a sequence (a,) of disjoint 
corresponding elements in M, then (an) is said to have a sum >\an, namely, 
m(>_a,). A binary sum will be written a+b. 


It follows from the considerations of Part I that: 

7.21. Whenever it exists, the sum is unique, and the operation of addition 
is commutative and associative, and =lim 

7.22. If a;=a for all 7, then we write ra as na. If either side of the fol- 
lowing exists, so does the other; and na+ma=(n+m)a; n(a+b)=na+nb; 
n(ma) = m(na) =nma. 

7.23. For any aG& M*, a+0 exists and is equal to a; if a< © then a+b=a 
if and-only if b=0. 

7.24. Binary addition has a unique inverse for bounded elements; i.e., 
a+r=b< o has a unique solution for fixed a and 6, denoted by b—a. 

7.25. A necessary and sufficient condition that a<b is that for some c, 
a+c=b holds. If a<b< @ then there exists a maximum integer m such that 
nasb. 

7.26. If >>m(a,) exists, then }>m(a,)=m(>_a,), and equality holds if and 
only if the elements a,, are disjoint, in which case > m(a,) does exist. 

8. Algebraic properties of Dt*. 

8.1. We now see that any measuring system (m, n, ®) gives rise to a set 
M* of measure-values with a commutative and associative operation of 
addition defined for certain denumerable sets of elements of Q*, in terms of 
which a partial ordering of the bounded elements can be derived. Then 
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i. There exists an element 0 such that ax0 implies that a>0 and a+0=a. 

ii. If a< ©, and a<b, then m(a) <m(b). 

iii. >>m(a,)2m()_a,) and equality holds if and only if the elements a, are 
disjoint. 

If, further, the measure defined is complete, then to any xCs there corre- 
sponds an outer and an inner measure r* and fy, respectively, and 

iv. If x*< «0,andx<y, then r*sy*. 

v. If (xn) is a sequence of sets such that >.x,* exists, then m(>_x,)*S)>.r,* 
if 

vi. The set x is measurable if and only if the equivalent conditions a and b 
(the Carathéodory condition) hold: 

a. x* =x, in which case x* =x4=x, and 

b. for any ySs, m(xy)*+m(y —xy)*=y* [=m/((xy)*-(y—xy)*)]. 

9. Ordered sets of measure-values. In the remainder of Part JI it is as- 
sumed that the system (m, n, ®) satisfies condition (6). 

(6) For any a, b of M either there exists a b'’Sb such that a~b’ or there exists 
an a' <a such that a’~b. 

9.1. A necessary and sufficient condition that (6) hold is that for any two ele- 
ments a and b of I* either there exists an a’ such that a+a’'=bora b’ such that 
b+6’=a. 

We shall show that (5) is a sufficient as well as a trivially necessary condi- 
tion that M be order and addition isomorphic to a set of positive numbers. 

9.2. For any bounded measures a and b, a¢b implies that a2 5; i.e., M is 
linearly ordered, and either b—a or a—b exists. 

9.21. From 9.2, one and only one of the following occurs: a. J? contains 
the single element 0; b. there exists an element a of 22 such that a0, and 
if a’<a, then a’=0;c. for any a>0 there exists an a’ such that 0<a’<a. 
In the last case, we may assume that 2a’Sa, for we can take the lesser of a’ 
and a—a’, 

9.22. If an, aare bounded, and a, San41(@, 2Qn41), then a<lim a, (a>lim a,) 
implies that there exists a k such that asa, (a2a,). 

9.3. i. For any a, b in M, there is a unique ‘~teger m such that b=na+c, 
¢<a. ii. If a and 6 are bounded, then for every .nteger m such that ma and nb 
exist, na.and mb stand in the same relative order as do a and b. 

9.4. There exists an element s of M* such that a< © implies that asé. 
If 8 ©, the sum of any two bounded elements always exists; if 8< ©, a+b 
exists if and only if the equivalent conditions a<é—b and 6<8—a hold. In 
this latter case, the element s is unique; and for any a of M,ass. 

9.5. If M satisfies b of 9.21, that is, if there is a least element a, >0, then 
it follows from 9.3 and 9.4 that the elements of I? are of the form ma, and 
that according as 8 is unbounded or bounded and equal to ka, will assume 
all positive integral values or all those not greater that k. 


9.6. Lemma. If MN satisfies c of 9.21, i.e., M has no minimal non-null ele- 
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ments, and, if each element of IM is contained in one or the other, but not both of 
two non-void subclasses It’ and M’’ and if every element of Wt’’ is greater than 
every element of I’, then either there is a least element of M'’ and no greatest 
in MT’, or there is a greatest element in Mt’ and no least in M’’. 


’ Proof. Since neither Mt’ nor Mt’’ is void there exist elements aj in M’ and 
ai’ in M’’ with a/ <af{’. From c, there is a third element between the two, 
so both cannot be the extreme elements of their respective classes. If either 
one is, the lemma is proved; if not, since there is some ¢:>0 such that 
there is a maximum integer such that af +¢:<M’, and a 
maximum integer m{ 2m such that af Let af =af and let 
ad’ be either af +(m{+1)c or af’, according as n{ >m or n{ =m. Then 
af EM’, EM’, af Sad Sal’, and 2(as’ — ag )S(ai’ Let ce be 
the minimum of aj’ and Then and hence 
4e.<ai{’ —a;. Either if af is the maximum of its class, or if af’ is the mini- 
mum of its class, the assertion holds. If not, we define aj and aj’ just as in the 
preceding case. By proceeding in this way, we arrive at a pair of sequences (a, ) 
and (a,’) of elements of It’ and M’’, respectively, such that a, Sa,4:Sa/,, 
sa,!’ and 2"-1(a,/’ —a,) Sai’ —a{. The sequences are monotonic and con- 
tained in M, so their respective limits a’ and a’’ exist and are bounded. 
Also, since for any 6’EM’ and for any integer m, b’<a,’, it follows from 
7.11 that b’Sa’’=lim a,’. In particular this relation holds for all elements of 
(a, ), and so a’=lim a,/ Sa’’. Further since for all n, it fol- 
lows that a’’—a’sa,/’ and hence that a’’—a’=8@, i.e., 
a’=a’’=q. From the fact that a is the limit of a sequence from Qt’ and of 
one from Q’’ it follows that a is the greatest or the least element of its class 
according as it isin Qt’ or in Pt’’, and that the class to which a does not belong 
has no extreme element. 

10. Isomorphisms of Jt onto sets of positive numbers. 


10.1. THEorEM. Under condition (5) the set It of bounded measure-values is 
isomorphic to a subset T' of the set of non-negative numbers; i.e., there exists a 
one-to-one mapping f(a) of Dt onto T such that whenever >a, exists and is bounded 
then D_f(an) converges to fa), and whenever Yan exists and is unbounded, 
then D_f(a,) diverges to infinity. The mapping f is completely determined up to 
a multiplicative constant; that is, if f’ is any other mapping of M onto T with the 
above property, then there exists a constant & such that for alla< @, f(a) =éf’(a). 
According as conditions a, b, or c, of 9.21 hold, the set T will consist of a. the 
number zero, b. the set nf(a:), where n=1, 2, 3,--+ or 1,2,-++,hk, orc. the 
interval OSESf(8), or OSES ~, according as the element 8 of 9.4 is bounded 
or unbounded. 


The theorem follows immediately for cases a and b. In case c, we shall use 
the following lemma: 
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LEMMA. To every ordered pair (a, 6) of bounded elements different from 0, 
there corresponds a unique positive finite number u(a, 6) such that 

i. if exists, then b) =>>u(an, b), 

ii. w(a, a) =1. 


Proof. For any a0, the set D?’CM of elements a’ such that 2a’Sa, and 
the set Mt’’CM of elements a’’ such that 2a’’>a, satisfy the hypotheses of 
9.6. From this it follows that there exists an element a! such that 2a!=a, and 
such that for every integer ” an a” exists such that 2"a"=a. Then 


(1) a* = 


Pp Pp 
(2) Dav = if m; > m fori = 1,2,---, p. 
1 


Further if a’ >0, there exists an m such that a’ >a”. For by 9.4 there exists 
a k such that a=ka’+a’’, where a’’<a’, and we may take n=k+1. More 
generally, 


(3) if a’ > a’’, there exists an for which a’ < a”’ + a". 


For every pair of elements a and 6 there exists an integer u,(a, 6) such that 
a=u,b"+c,, where c,<6*. From the previous, it follows that the yp, satisfy 


(4) 2un S 2 (un 1); 
(5) if c > a, there exists a k such that for all p > 0, weyp(c, 6) > weyp(a, 5); 


P 
(6) > a, a) = a) for n; > k fori = 1,2,--- »?P; 
1 


i=1 


(7) + ka’, a) = a) + for any b. 


From (4) the sequence of numbers p,,(6, a) is monotonically increasing and 
bounded and therefore approaches a unique limit u(6, a). We have at once 
that 


(8) = 0; @) = 1/2"; 
(9) if ¢ < b, then u(c, a) < u(b, a); 
(10) u(c + ka’) = + k/2". 


Also for any finite p, a). For a)a* 
where ay,<a*. It can be seen that a)<p; then apply- 
ing (10), dividing by 2* and passing to the limit give the desired result. Now 
suppose that a* =) "a; exists. If a* < then since for every un(a*, a)a"Sa* 
it follows that there is a p, for which p,(a*, a)a"S>_2a;. Then p,(a*, a)/2* 
=pl[un(a*, 7-101, a) a), or w(a*, a)—w( a)<1/2*. If 


©, then for any n, na whence a) >p(na, 


| 
| 
a 
Hee 
& 
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Complete additivity of u(b, a) follows from these last two relations and 
the finite additivity; i.e., 


(11) u( as, a) = a). 


Relations i and ii of the lemma are now proved, and it remains to show for 


each ordered pair b, a that u(b, a) is unique. But any p’(b, a) satisfying i 
and ii can be seen to be such that 


(12) ku’(a", a) = k/2" = a), for all and n; 
and so 

(13) w’(6, a) = w’(lim a)a") = lim a)a") = lim = m(b, a). 
We can also verify by a limiting process that if none of a, 6, ¢ is 0, then 


(14) n(a, b) = w(a, c)u(c, 5). 


Then the isomorphism required in 10.1 can be given by f(a) =y(a, a1) for any 
ai>0. From (14), f(a)/f(b) =u(a, a1)/u(b, a1) =u(a, 6), which is independent 
of f and of a. But if g(a) is any mapping whatever satisfying the conditions 
of 10.1, then the ratio g(a)/g(b) satisfies the conditions of the lemma, and so 
is equal to b). Therefore g(a) =g(a:)u(a, a1), and g(a)/f(a) =g(a1), a con- 
stant. 


Let & be any positive finite number less than u(8, a), where a0, and ¢ 


satisfies 9.4. Then £ can be expressed uniquely in the form {+£/2* where ¢ 
is an integer, &=0 or 1 and an infinite set of the &, are zero. It follows from 
9.3 and relation (11) that all the sums £,a* exist and that u(>_&)a=£. There- 
fore the range of any isomorphism, which must be of the form f(b) =yu(b, a), 
is a closed finite or infinite interval with left end point zero. This completes 
the proof of 10.1. 

10.2. Let s’ and s’’ be any two unbounded elements of M, if such exist, 
which are the respective limits of monotonic increasing sequences (s,/ ) and 
(s2’) of bounded elements. Then there exist subsequences (s,/) and (s,/’) 
such that s,,55,/’ <s;,,,. It follows that 6’=6’’, that is, all unbounded limits 
of bounded elements of M are of equal measure, which we denote by+ o. 
If the system (m, n, ®) is such that 

(€) every element of M is the limit of a sequence of bounded elements, 
then the range of measure-values in is OSES 

11. Isomorphisms of 2% onto the infinite half-interval. Conclusion. We 
have shown that for any set s, any system (m, n, ®) satisfying (a) and (8) 
leads to a set I2* of measures, the bounded subset P? of which satisfies con- 
ditions which may be regarded as a generalization of the Lebesgue conditions 
on a numerical measure. If in addition (8) holds, the set Dt* of limits of 
bounded measures is isomorphic to either a set of successive non-negative 
integers or to a closed interval with left end points zero. If (€) holds, i.e., if 


| 
{ 
i 
{ 
{ 
| 
| 
| 
i 
! 
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M+ = M*, the measure determined by (m, n, ®) can be represented by a func- 
tion f(a) which is unique up to a multiplicative constant, assumes the values 
~, and is such that f(z) =0 if and only if a= 6; f(a) =f(b) if and only 
if a and b correspond under some measure-preserving transformation, and 
f(a) < @ if and only if a< «, It may be pointed out that no reference is made 
to any topological or metric properties of the set s. 

It is not necessarily true that every numerical measure can be derived by 
the procedure above, for this would require the existence of a measure-pre- 
serving transformation between any two sets of equal measure. However, it 
is shown in Part III that this is true for many important measures. The gen- 
eral case can be treated by introducing into M an equivalence relation, equal- 
ity of measure, which is countably disjointly additive, hereditary in the sense 
of 2.2, and for bounded elements is also subtractive and preserved by taking 
limits of monotonic sequences. It can easily be verified that the entire theory 
of Part II would hold in this case. Further if M has a countable basis, a family 
of isomorphisms can be defined which generate the given congruence, which 
reduces this case to the previous one. 


Part III 


12. Lattices satisfying (¢). Bases. Let M be a lattice satisfying (a) of §1 
and |a| be a functional defined on M and satisfying (£): 

ia. OS|a| S ~, for anya of M,and |a| =0 if and only ifa=0; 

ib. if |a| = 0, then there exists a sequence of elements a, such that |a| <0, 
and 

ii. =), | a,,| for any sequence of disjoint an; 

iii. for any a6 there is an a’ <a such thatOs |a| 

iv. forany aof M, there is a countable set of elements a, of M such that for 
any a' <a, and for any €>0, some subsequence (am) covers a’ and |) amn—a'| <e. 

The object of the next sections is to prove under conditions (f) that if 
|a| =|a’| then there exists a c-isomorphism ¢ of I(a) onto I(a’) (see 1.1) such 
that for any b<a, |¢(b)| =|5|, which in turn leads to the result that the |a| 
can be determined up to a constant multiple by a set of isomorphisms satisfy- 
ig (8). 

Henceforth a family of elements a, satisfying iv of (¢) will be called a basis 
of a, and any element of a basis a base element. 

12.1. From the fact that if each element of a basis can be expressed as 
the sum of elements of a family (a,’ ) then (a,’ ) is also a basis, it follows that 
a has a basis of the following form: ; 

Let (b,) be any basis of a. Then let a, be the nth element of the form 
by ->*"'d; which is different from 6; let a,,o be the first element of the form 
Gnbe4i, Where @, is derived from 5, such that 0<a,bi4;<a,; and let 
Gn,1=Gn—Gn,o. Then if a, is defined for every sequence v=(m, ,€); 
¢;= +1, as some product 4), --- «bd, where —b=a—b, then a,,o is given 
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by where m is the least value for which - - 
++ and It follows at once that every 5, is the sum of 
a finite set of the a,. Therefore (a,) is a basis. Let n(v) be the number of terms 
in the sequence vy, and I’, the totality of sequences v such that n(v)=k. We 
define y<yv, where y=(m, 4, +--+, &) andv=(n’, e,---, ef) if k>k’,and 
(n, a1,°°° &)=(n’, ed, ,&). 

12.2. Then 

i. Ya, =a, for any fixed n; 

ii. a,0,=0 if n(v) =n(y); 

iii. a,<a, if and only if »<7; 

iv. =), v<y, n(v) 

Now let (a,) be any basis satisfying 12.2. It follows that: 

12.3. If (a,,) is any finite set of distinct base elements, then. (a) []a,, is 
equal either to @ or to the (necessarily unique) element of least subscript »,, 
according as the sequence is or is not nested; (b) if v;<y then a, —>a,, is 
the sum of a finite set of disjoint base elements of subscripts v/ such that 
n(v{) =n(v,); (c) any countable sum of base elements can be expressed as the 
sum of disjoint base elements. (For Do», (a, where the 
terms of the right side are disjoint, and from (b) each consists of a finite sum 
of disjoint elements.) 

Further, if (a,) and (0,) are bases of a and 5b, respectively, which satisfy 
12.2: ‘ 

12.4. For any finite sequence (y;) of which we suppose », the least (a) 
either both [[a,,=][,,=6, or ]a,,=a,,and [b,,=0,,; (b)if v>v,,then either 
ay and b,=).b,,, or there exists a sequence (vj), such that a,—) 
=) a,,and b,— (c) For corresponding subsequences (a,,), (b,,) 
of (a,) and (b,) there exists a sequence (vj) of subscripts such that (a,), (0,;) 
are disjoint and > 


12.5. DEFINITION. Any (finite) union of base elements of any a of M is 
called a finite o-element of the basis (a,). The o-element >_a,, will be denoted by 
Stra(@). 

From the previous results it follows that the o-elements of any basis (a,) 
of an element a have the properties listed below: 

12.6. All finite products, all countable sums, and the relative complement of a 

' finite o-element with respect to any o-element are all either o-elements or equal 
to 0. All a-elements can be expressed as the sum of a sequence of disjoint base 
elements. 

12.7. Any element b <a is the product of a nested sequence of a-elements s,(a) 
such that lim | s,(a)| =| 

For from the definition of a basis, for any sequence of positive numbers 
€,—0,there exists a sequence of g-elements s,,(a) and such that | <€n. 
But from 12.6, the elements [[#_,s, are o-elements and satisfy the required 
conditions. 
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12.8. If (a,), and (a; ) are bases of a and a’, respectively, and if the corre- 
sponding a-elements s,(a) and are denoted by s_ and 
Sa, then, for any sets of corresponding o-elements s; and s{ either both members 
of any one of the pairs [[s; and [|*s{ (where k is any finite number), >-s: 
and , and the pair of symmetric differences s:— s{ —s{ ,are equal to @, 
or in each case there exists a pair of corresponding a-elements sq, and Sa{, or 
Sa, Nd Sai, OF Sa, and Sai, such that] [is;=sa,and or S:=Sa, and 
Dos! =Sal, OF $i—S2=Sq, and =Say. 

13. Infinite products. Regular bases. We prove first 


13.1. Lemma. If (a,,) is any infinite sequence of base elements with distinct 
subscripts, then ||a,,=0. 


Proof. We may assume that the sequence can be arranged so that »;<i-1, 
and so that a,,<a,,_,, for otherwise from (a) of 12.3 the conclusion that 
[[a,,=6 already holds. If under this restriction []a,,=a’ +06, there exists a vo 
such that |a,,a’| ~0. Then since for all i, a,,a,,~0, it follows for all but the 
finite set of the a,, for which n(v;)<n(vo), that a,,<a,,, and so further that 
a,,>a’. By iii of (¢), since a’ #8, there exists an a’’ <a’ such that 0<a’’ <a’. 
But every o-element s covering a’’ must also contain a’, and hence |s—a’’| 
>|s—a’| >0, which contradicts iv of ({). Therefore a’ =0. 


13.2. Lemma. If-(a,) is a basis of a satisfying 12.2, for any finite positive 


E< | a| there exists a a-element s such that | s| =£. More specifically, toany suché 
we can make correspond a unique a-element s~ such that | se| =, and if 
|a| St, <S¢,. Hence further each o-element corresponds to at most 
one number &. 


Proof. Since, for any n, >a, =a, where vCI,, if we order the a, of I’, ac- 
cording to the first differences into a sequence a,,, and if we let s,,x =) 070», 
then for each £>0 there corresponds a k=k(£, m) such that 


(1) | sau] SE S| 

and further 

From (1) and the fact that the elements a,,, are nested, we have 
(3) —| lim = lim | = 0. 


Therefore =£ and since if :<£ then for each m we also 


13.21. Lemma. Every element a such that |a| = ©, is the sum of a set of 
disjoint elements a, such that |a,| =1 for each n. 


Proof. Every such element a is the sum of a set of elements a, such that 
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\a, | <, and which we may suppose disjoint and different from 0. Let k; 
be a monotonic set of integers such that |a,,| Si<|az,,,|, and let us define 
a nested sequence of elements a¥ as follows: If the lower inequality holds, 
let af ; if i> lax! | , let where aj’ Sa’;,,,—a’k;, and =4 
—|a,/|. In either case, |a*| =i, and whence lim af =a. 
We can therefore define the required elements a, as a*, a,* —a*,_1. 


13.3. DEFINITION. Let v be any number of the form k+-m/2", where k is 
a positive integer, OSm<2", and m/2* is expanded dyadically into a sequence 
of n(v) terms. Then a basis (a,) of an element a0 is called regular when | a| <a 
if 0Sv <1 and |a,| =|a| /2%,and when|a| = OSv< @ and |a,| =1/2™. 


13.4. THEOREM. Every a~6 has a regular basis. 


Proof. Suppose |a| <, and let (a; ) be any basis satisfying 12.2. Then 
there exist c-elements for m=1,2,---,and m=1,2,---,2*, such that 
| =m|a| /2*, and such that m/2*>m’/2” implies that 55, > Then 
if v is the dyadic expansion of m/2", m <2", then we define a, aS Sn,m41—Sn,my 
and we make the convention that ao=0. If 5/n.m =>a,! , where »; are the 
dyadic expansions of the numbers m’/2*, m’ sm <2", then a) nm 
where | | . Therefore from 12.1, (a,) is a basis, which 
can easily be seen to be regular. If |a| = 0, let (a,) be a sequence satisfying 
13.21, and combine their bases for a basis for a. 

13.5. If |a| =|a’| #0, and if (a,), (a/) are regular bases of a and a’, 
respectively, and if as previously we denote the corresponding a-elements 
Sa(@) =) and by Sq and respectively, then for any set of 
corresponding pairs it follows from 12.8 and from the fact that |a, = |a/ that 
|sa| =|s/|; |si—se] =s¢|, where the differences are symmetric; 
|; and = |. 

14. The isomorphism ¢. We are now in a position to establish the theorem 
referred to in §12, namely, that 


14.1. THEoreEM. If |a| =|a’|, then there exists a o-isomorphism of I(a) 
(see 1.1) onto I(a’) such that for any bSa, |(b)| =|d}. 


Proof. The theorem is trivial if a=a’ = 0. Otherwise, let (a,), (a/), be regu- 
lar bases of a and a’ respectively. Then by 12.8 for any bSa there exists a 
nested sequence of o-elements s,>b such that lim |s,—5| =0. We define for 
any b<a. 


Obviously, ¢ assigns at least one image to every element of I(a) and at least 
one counterimage to every element of J(a’). Further from 13.5 for each k, 
| sel = |sé | , whence for any image $(b) 


(2) | | = lim | sf | = lim | =| |, 


= 
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and the functional |a| is invariant under Also, if by =] and bom] 
are any two elements of J(a), then for each k, =| 
where the differences are symmetric. Passing to the limit with respect to k, 


(3) b, = by if and only if = (bs), 


that is, the isomorphism (b) is univocal. 

Now suppose Then from 12.8, the elements 
Sk,s=Sk,1Sk,2 form a nested sequence of g-elements such that 
Again from 13.5 for each k, 80 


(4) = [I sis S sis = 
Applying this same argument with reference to ¢~', we see that 
(5) by S be if and only if $(b:) S 


Let (a,) be a sequence of elements of (a), and for each r let (sx,-) be a 
nested sequence of g-elements such that a,=] [xs:,- and such that | Si,p—Gr 
<1/2*+*, Then for each k, Ske is a g-element and 


(6) La < Ser 


| ser — 1/2*, 


From (5), for each r, 6(a,) $$(>_a,), and so further 
(9) o(a) o(D 


But for each k, 


(10) Dd sir — O(a) | S| ser — | = [| sie] — | | 
= (| —| 1/24, 


and passing to the limit with respect to k gives 


From 12.6 for each finite r the elements [ ]}s:,; form a nested sequence of 
g-elements such that SJ If for some < and if (r;) 
is an increasing sequence of indices such that —|[]oa,-| <1/24, 


r 
and so 
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0 0 0 0 0 0 

But since (12) yields 


(13) Il < 1/24, 


whence 
Tk 
(14) Io = I1( 
0 
From (5), for each r, o([],a,) $$(a,), and so 


(15) ¢(II < ¢(a,). 
On the other hand, 


(16) Soe) = = s = 


r=0 k=O k=O r=0 


which with (15) gives 
(17) II = o(I] 


if for some | a,| < o. If forall 7, |a,| = ©, let (a1, ;) be asequence of elements 
such that }>a:,;=a: and | a1,5| < for all j’s. Then from (11) and (17), 


and this holds for any sequence (a,). 

It is now verified by statements (2), (3), (11), and (18) that ¢ satisfies 
the conditions required in Theorem 14.1, the proof of which is now completed. 
We have as an immediate corollary to 14.1 that : . 

14.11. The class © of all c-isomorphisms ¢@ between pairs of principal 
ideals of M is non-void and satisfies (8) of §1. 

15. Application to Part II. Examples. 

15.1. If now m is a field of sets upon which a measure function |a| is de- 
fined, and if # is the ideal of sets for which |a| =(, then we define a functional 
|a| on the residue class ring M=m/n as the common value of |a| for all the 
sets aGa. If |a| is such that ({) holds, then by Theorem 15.1 we have a meas- 
uring system (m, n, ©) (§6). If as before we denote the measure in the sense 
of Part II of any a€ M by a, then a= if and only if |a| =|6|, a=0 if and 
only if a=6, that is, if and only if |a| =0; and a=) a, if and only if 
|a| =>>|c,|. Further from 13.2, a is bounded in the sense of Part II if, and 
from 15.21 only if, |a| < ©. From the fact that a<b if and only if |a| <0}, 


| 
| 
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it is clear that the system (m, n, ®) satisfies (5) (§9) and (€) (§10). Therefore 
the correspondence f(a) =f(a) = | al is an isomorphism of the type described 
in Theorem 10.1 of the set I? of measure values onto a closed interval. It 
follows from 10.1 that the ratios |a|/|b| are uniquely determined by the 
system (m,n, ®) as the numbers yu (a, 5) of the lemma to 10.1, and so that | al 
is determined up to a multiplicative constant. 

15.2. Examp.es. Let s be any locally compact metric spaces and let | a| 
be a positive functional on the open sets with compact closures such that 
| al =0 only on the empty set, and such that with any set of concentric spheres 
a; of radius ¢, lim |a,| =0. Then the measure generated in the usual fashion 
from |a| satisfies conditions (¢) and so on can be obtained as in Part II. 
The Haar measure on a locally compact group is also covered by Part II, 
since the decomposition theorem of Banach and Tarski can be extended(*) to 
this case; if the fundamental space is not a group, but metric and locally com- 
pact(*), we need make only a trivial examination of the case in which points 
have positive measure. 

15.3. The theorem of Banach and Tarski mentioned in the Introduction 
can be generalized under conditions of 15.1 in the following sense: Let (s,) 
be a regular basis of s (13.3). An isomorphism ¢ of ® is called a congruence if 
is defined between two base elements, say s, and s,, where obviously 
n(v) =n(v’), and satisfies the following condition: 

Let v, v’, be the dyadic expansions of m/2*, m’/2*, respectively. The 
elements s,<s, [s,<s,] are those such that m/2"Sy<m+1/2", [m’/2* <7’ 
<m’'+1/2*]. We define ¢(s,) for all such y as where = m’/2"+(y—m/2"). 
Obviously, ¢ is completely determined for any s’<s by the above relation. 
Then under conditions ({) and with this definition for congruence, a necessary 
and sufficient condition that two elements a and a’ be of equal measure is 
that there exist sequences (a,), (a,/) of disjoint elements such that a=) an, 
a’=) a, anda, anda, are congruent for each n. 

The sufficiency is obvious. The necessity will be proved for the case for 
which |a| =|a’| < © and both a and a’ are different from s, from which the 
general case follows at once. The required proof then reduces to that of the fol- 
lowing statements: a. If |a| =|a’| < ©, then each element a or a’ is the limit 
of a nested sequence of o-elements of finite measure, of which corresponding 
elements have equal measure. b. Each of two o-elements of equal measure is 
the sum of a family of disjoint base elements, corresponding elements having 
equal measure and so being congruent. For if a and b hold, and if we let the 
class of all sums of congruences, which class can be seen to satisfy (8), be ®, 
then we can apply Theorem 4.11 (which states that the respective limits of 


(*) See Footnote 1, 


(*) As in the “Note on Haar’s measure,” by S. Banach, in Saks’ Theory of the Integral, 
Appendix ITI. 
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monotonic sequences of bounded equivalent elements are equivalent) and so 
get the desired theorem. 

To prove a, we consider nested sequences of o-elements s, ><a, and s{ >a’, 
such that for some e>0, |s| >e2|s,—a| 22| and | sf —a’| <|s,—<a]. 
It follows that (| sz —|sé | ) | ). But for each the elements 
(s,) for which n(v) = p can be ordered into a sequence (s,,,). Then for each k 
and p, there is an integer i=ix,, for which | <|si| —|s¢| 
<|>-f-05;,2+5¢|, and the proof proceeds as in 13.2. Relation b is obvious 
in the case of two finite sums of base elements, for each can be expressed as 
the sum of elements s, such that n(v)=n*, where n* is the maximum value 
of n(v) occurring in the given summands. Otherwise we write both summands 
as infinite sums. But two infinite sums can, as a result of 13.21 and the regu- 
larity of the basis (s,), be expressed as sums of infinite disjoint sets of finite 
sums, of which corresponding finite sums have equal measure. Hence our as- 
sertion is proved. 

In the case of euclidean r-space (£1, - - - , £,) we may consider our class ® 
as sums of rigid motions and the regular basis as the family of cubes 
[m/2" <&,<(m+1)/2*],i=1,---,7. Our result then reduces to the theorem 
of Banach and Tarski from the fact that every open set is the union of a set 
of disjoint half-open cubes, and that every measurable set is G;, modulo the 
null sets. 

It can be deduced from the results of Part III that under the conditions 


of 15.1 that M=m/n and the totality © of measure-preserving transforma- 
tions on M are respectively isomorphic to the field M’ of measurable sets 
modulo the null sets in euclidean space, and to the totality ©’ of measure- 
preserving transformations on M’. 


Bryn Mawr COLLEGE, 
Bryn Mawr, Pa. 
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1. Introduction. Classical differential geometry is the metric theory of eu- 
clidean 3-space Rs. Its generalization, Riemannian geometry, is the metric 
theory of an n-dimensional Riemannian manifold(') V,. On the whole, the 
development of these geometries has proceeded in two main directions. Natu- 
rally these two directions are not mutually exclusive; occasionally they over- 
lap in the common development of some subject. 

One approach is the study of the metric transformations of the manifolds 
as a whole upon each other. This is the intrinsic theory of the space. In classi- 
cal geometry, this point of view yields rather meager results since the intrinsic 
theory of R; is almost synonymous with the discovery of the complete group 
of motions in R;. In Riemannian geometry, the intrinsic theory has consider- 
ably greater significance. The discovery of the process of covariant differ- 
entiation with respect to the first fundamental form of V, and of the Riemann 
curvature tensor of V, are important milestones in the development of this 
theory. This approach reaches its culmination in the fundamental theorem 
which states the conditions under which two Riemann spaces are isometric. 

The other approach is the study of curves, surfaces and other subspaces 
and configurations in the enveloping R; or V, and their behavior when the 

Presented to the Society October 28, 1939; received by the editors April 11, 1940, and, in 
reviséd form, March 27, 1941. 

(1) We denote an n-dimensional Riemann space, Einstein space, euclidean space and a 
space of constant curvature by Vn, En, R, and S, respectively. 
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enveloping manifold undergoes any metric transformation. In its most com- 
mon development today, this study is based upon the process of. covariant 
differentiation. As is well known, by repeated use of this type of differentia- 
tion, a system of Frenet equations of the subspace is obtained. These equa- 
tions involve a number-of metric geometric objects(*): the (n—1) curvatures 
and arc length for curves, the coefficients of the first and second fundamental 
forms for hypersurfaces, and so on. These geometric objects constitute the 
foundation upon which the detailed geometry of curves, surfaces and sub- 
spaces is built. 

Classical differential geometry concerns itself almost exclusively with this 
second approach and a very considerable portion of Riemannian geometry 
has also evolved in this direction. The development of conformal Riemannian 
geometry, however, presents a different picture. Here the main emphasis has 
been upon the intrinsic conformal theory of the manifolds; that is, the in- 
vestigation of the conformal transformations of Riemann spaces as a whole 
upon each other. This point of view is maintained in the early papers of 
Wey]l(*) and Schouten(*) on conformal Riemannian geometry which mark the 
modern beginning of that subject. The fundamental conformal curvature 
tensor is discovered in these papers and is used in order to obtain a complete 
characterization of conformally euclidean Riemann spaces. These results are 
a continuation of classical theorems such as the theorem of Liouville on the 
conformal transformations of R; on itself. 

The central problem of the intrinsic theory is the question of the conformal 
equivalence of Riemann spaces V,. In order to effect a solution of this prob- 
lem, T. Y. Thomas has considered the conformal tensor g;;/g'/" where g;; is 
the metric tensor of V, and g is the determinant | g,,|. This tensor remains 
invariant under conformal transformations of the metric tensor of V,. The 
Christoffel symbols(*) formed with respect to this tensor (called the conformal 
parameters) have a complicated law of transformation under coordinate 
transformations and one cannot define a simple covariant derivative of ten- 
sors by means of these parameters. However, by formal methods based upon 


(?) By a geometric object we mean an abstract object having a unique set of components, 
depending on the coordinates and their differentials to a specified order, in any coordinate 
neighborhood of the manifold. Hence the law of transformation of the components under co- 
ordinate changes must be transitive. 

(*) H. Weyl, Reine Infinitesimalgeometrie, Mathematische Zeitschrift, vol. 2 (1918), pp. 
384-411. 

(*) J. A. Schouten, Uber die konforme Abbildung n-dimensionaler Mannigfaltigkeiten mit 
quadratischer Massbestimmung auf eine Mannigfaltigkeit mit euklidischer Massbestimmung, 
Mathematische Zeitschrift, vol. 11 (1921), pp. 58-88. 

(5) These Christoffel symbols were first defined by J. M. Thomas in another way. Cf. 
J. M. Thomas, Conformal invariants, Proceedings of the National Academy of Sciences, vol. 12 
(1926), pp. 389-393. 
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the conformal parameters, it is possible to obtain a solution to the conformal 
equivalence problem for Riemann spaces(°). 

The investigations of conformal Riemannian geometry by Cartan(’) and 
Schouten(*) affords another method for the development of this subject. This 
method depends upon the introduction of (n+2) homogeneous coordinates 
(the generalization of tetracyclic and pentaspherical coordinates) into the 
local euclidean space R,, of the V,. Still another path for the study of in- 
trinsic conformal geometry is indicated by the recent results of Schouten and 
Haantjes(*) which suggest a projective treatment of conformal geometry. 

Thus there exists a variety of general methods for the development of the 
intrinsic conformal theory of Riemann spaces. While this formal intrinsic the- 
ory is complete, the conformal theory of configurations in a Riemann space 
has been largely neglected. This fact is all the more remarkable when one con- 
siders that such a theory would always have real significance whereas this is 
rarely the case for the corresponding metric theory of configurations in a gen- 
eral V,. To illustrate this point, we note that while a curve in a general V, 
has (n—1) curvatures which are metric invariants, these invariants are not 
very meaningful if the V., does not admit any metric transformations other 
than the identity (as is usually the case). This state of affairs is never en- 
countered in the conformal theory of configurations since every V, always 
admits an infinite number of conformal mappings on conformally equivalent 
Riemann spaces. : 

One of the earliest results belonging to the conformal theory of configura- 
tions in V,, is the theorem which states that the lines of curvature of a hyper- 
surface of V, remain invariant under conformal transformations of V,, first 
proved for a general V, by Schouten and Struik('*). They also proved a con- 
siderable number of similar results, some of which are not purely conformal 
theorems since they depend upon metric properties of the configuration and 
upon the particular conformal transformation to which the V, is subjected. 


(*) T. Y. ‘Thomas, The Differential Invariants of Generalized Spaces, 1934, chap. 4. 
O. Veblen, Formalism for conformal geometry, Proceedings of the National Academy of Sciences, 
vol. 21 (1935), pp. 168-173. 

(7) E. Cartan, Les espaces 4 connexion conforme, Annales de la Société Polonaise de Mathé- 
matique, vol. 2 (1923), pp. 171-221. 

(8) J. A. Schouten, On the place of conformal and projective geometry in the theory of linear 
displacements, Proceedings, K. Akademie van Wetenschappen; Amsterdam, vol. 27 (1924), pp. 
407-424, 

(*) J. A.Schouten and J. Haantjes, Bettrage zur allgemeinen(gekriimmten) konformen Differen- 
tialgeometrie. I, I1, Mathematische Annalen, vol. 112 (1936), pp. 594-629; vol. 113 (1936), 
pp. 568-583. 

(#0) J. A. Schouten and D. J. Struik, Un théoréme sur la transformation conforme dans la 
géométrie diff érentielle n dimensions, Comptes Rendus de I|’Académie des Sciences, vol. 176 
(1923), pp. 1597-1600. Also cf. J. A. Schouten and D. J. Struik, Einfuhrung in die neweren 
Methoden der Differentialgeometrie, vol. 2, 1938, pp. 199-215 for this topic as well as a general 
discussion of conformal Riemannian geometry. 
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The recent investigations of Sasaki('"), Modesitt('*), and the author(!*) are 
of this general character. The papers of Kasner("*), Lipke(*), Schouten("*), 
and the writer('”) on conformal geodesics (natural families of curves) also 
belong in this category. 

A number of investigators have used the formal methods which were de- 
vised to obtain a solution of the equivalence problem in the conformal in- 
trinsic theory, in order to develop a conformal theory of curves and other _ 
subspaces. Among these developments are the results(!*) of Sasaki(!*) and 
Yano(?°). The formal apparatus used in these papers is necessarily quite com- 
plicated because their methods follow those used in the intrinsic theory. The 
various derivatives which have been devised for the development of the in- 
trinsic theory have a strongly formal character and their structure is more 
complicated than that of ordinary covariant differentiation. 

But while this formal apparatus may be inevitable in the case of the in- 
trinsic theory, it is not essential for the development of the conformal theory 
of a subspace. For the subspace introduces additional structure into the 
Riemann space V, by means of which we find a relative conformal scalar(*") 
at points of the subspace. By means of this relative conformal scalar, it is 
possible to define a new simple type of differentiation (with respect to the 
subspace) which plays a role analogous to ordinary covariant differentiation 
in metric Riemannian geometry. This differentiation process enjoys all the 
usual properties of covariant differentiation as well as a number of others 


which give it its distinctive conformal character. 


(#1) S. Sasaki, Some theorems on conformal transformations of Riemannian. spaces, Proceed- 
ings of the Physico-Mathematical Society of Japan, (3), vol. 18 (1936), pp. 572-578. 

(#2) V. Modesitt, Some singular properties of conformal transformations between Riemann 
spaces, American Journal of Mathematics, vol. 60 (1938), pp. 325-336. 

(4) A. Fialkow, Conformal transformations and the subspaces of a Riemann space, Bulletin 
of the American Mathematical Society, abstract 43-9-328. 

(4) E. Kasner, Natural families of trajectories: conservative fields of force, these Transactions, 

vol. 10 (1909), pp. 201-219. 

(45) J. Lipke, Natural families of curves in a general curved space of n dimensions, these 
Transactions, vol. 13 (1912), pp. 77-95. 

(%) J. A. Schouten, Uber die Umkehrung eines Satzes von Lipschitz, Nieuw Archief voor 
Wiskunde, vol. 15 (1928), pp. 97-102. 

(17) A. Fialkow, Conformal geodesics, these Transactions, vol. 45 (1939), pp. 443-473. 

(#8) Possibly the work of Hlavaty also belongs in this category. These papers are not ac- 
cessible to the writer. Cf. V. Hlavaty, Zur Konformgeometrie 111, Proceedings, K. Akademie van 
Wetenschappen, Amsterdam, vol. 38 (1935), pp. 1006-1011. 

(#9) S. Sasaki, On the theory of curves in a curved conformal space, Science Reports of the 
Imperial University of Tokyo (1), vol. 27 (1939), pp. 392-409; On the theory of surfaces in a 
curved conformal space, ibid., vol. 28 (1940), pp. 261-285; Geometry of the conportaeh connexion, 
ibid., vol. 29 (1940), pp. 219-267. 

(0) K. Yano, Sur la théorie des espaces 4 connexion conforme, Journal of the Faculty of 
Science, Imperial University of Tokyo, vol. 4 (1939), pp. 40-57. 

(#*) This term is defined in §2. 
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By “conformal differentiation,” we arrive at a sequence of normal vector 
spaces and fundamental forms for the subspace which are unchanged by con- 
formal transformations of V,. These “conformal fundamental forms” con- 
stitute the foundation upon which a detailed conformal geometry of subspaces 
may be built. Formally, this entire theory is considerably simpler than the 
previous investigations of conformal Riemannian geometry, its technical as- 
pects being no more involved than those of the ordinary metric geometry of 
Riemann spaces. While we are concerned with the same general subject as 
that dealt with by Sasaki and Yano, there is no actual overlapping either of 
results or of methods. We note, however, as is shown in §15, that our results 
may be used to develop a conformal theory of curves based upon the con- 
formal tensor g;;/g'/" which is formally analogous to the investigations men- 
tioned above. 

In the present paper, we develop the foundations of the conformal theory 
of curves, reserving the treatment of other subspaces for later publication (??). 
We note that this separate treatment is not prompted by pedagogic reasons 
alone, but is a natural separation. For in our development of the conformal 
geometry of a subspace of V,, two mutually exclusive cases arise which must 
be treated separately: (1) curves and (2) subspaces whose dimensionality ex- 
ceeds one. 

It is well known that there is a metric (congruence) theory of curves in 
the plane but no conformal theory. That an analytic curve can have no con- 
formal properties follows from the theorem: Every analytic curve in the plane 
1s conformally equivalent to a straight line. It is the object of this paper to show 
that a conformal theory of curves does exist in any Riemann space whose 
dimensionality exceeds 2 and to develop this theory. Accordingly, we study 
those properties of a curve which remain unchanged when the enveloping 
Riemann space V, of dimensionality n >2 undergoes any conformal mapping, 
not necessarily on itself. 

The principal tool is a new kind of tensor differentiation which has 
conformal meaning—‘“the conformal derivative.” By systematic use of the 
conformal derivative we derive the conformal analogues of the ordinary 
(metric) Frenet equations. We find »—1 differential “conformal curvatures” 
Ji, Jo,+++, Jn; atid an integral “conformal arc length” S which are un- 
changed by any conformal transformation of the Riemann space. This means 
that if V,.V,, CoC by a conformal map, then the J’s are the same functions 
of S for C and C. 

The converse holds in spaces which are conformal to a euclidean space. 


(#) Some of the principal results in the curve theory are stated without proof in a previous 
note having the same title as the present paper which appeared in the Proceedings of the Na- 
tional Academy of Sciences, vol. 26 (1940), pp. 437-439. Corresponding results in the conformal 
theory of a subspace appear in two abstracts in the Bulletin of the American Mathematical 
Society, abstracts 46-11-487 and 47-3-156. 
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In this case, we have the fundamental conformal equivalence theorem: If V, 
and V,, are conformal to a euclidean space and the J's for both C and C are the 
same functions of S, then a conformal mapping exists for which V,V,, CoC. 
This is the conformal analogue of the metric congruence theorem which holds 
in a euclidean space and in a space of constant curvature. 

We also prove the existence theorem: In any V,, a curve exists for which 
the J’s are preassigned continuous functions of S. This curve is uniquely deter- 
mined by a set of initial conditions which is found explicitly. 

The conformal curvatures of a curve Cin V, have rather simple geometric 
properties if V, is conformal to an Einstein space or, more particularly, to a 
euclidean space. Thus if V, is conformally euclidean then J,=0 (1Sasn—2) 
if and only if C is conformally equivalent to a curve in a euclidean n-space 
whose (a+1)st metric curvature vanishes. Another example: If V, is conformal 
to a euclidean space then the n—1 conformal curvatures of a curve and their 
derivatives with respect to the conformal length constitute a complete set of con- 
formal differential invariants of the curve. 

If n=2, the results of this paper apply if the conformal transformations 
are restricted to mappings applied to spaces of constant curvature which are 
similar to and include the inversive transformations of the plane. 

While the results of this paper bear a close analogy to those which hold 
in the metric theory, in some cases the proofs are markedly different. Thus, 
the first of the “conformal Frenet equations” is not obtained, as in the classic 
case, by differentiating the unit tangent vector. For it will be seen later that 
the conformal derivative of the unit tangent always vanishes identically. As 
another important point of difference, we note that only »—2 of the conformal 
curvatures occur as coefficients in the conformal Frenet equations. The 
(n—1)st conformal curvature, while as essential as the other curvatures, is 
found in an entirely different way and does not have the same properties as 
the others. 

These essentially novel features which distinguish the conformal geometry 
of curves from the metric geometry are also present in an analogous form in 
the corresponding theory for any subspace. For example, a hypersurface has 
. three “conformal fundamental forms” instead of the anticipated two forms 
and four sets of integrability conditions instead of the classic Gauss-Codazzi 
equations. Furthermore, the conformal behavior of subspaces whose dimen- 
sionality is at least 4 is typical, while the cases of dimension number 3, 2, 
and 1 respectively are increasingly degenerate. There is no corresponding ana- 
logue in the metric theory. . 

As an important special case, this theory obviously includes the “natural 
geometry” of curves in euclidean m-space under the continuous group of con- 
formal mappings of the euclidean space upon itself. The transformations of 
this group ‘are the products of inversions with respect to a hypersphere, mo- 
tions and transformations of similitude (Liouville’s theorem). This means 
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that our results constitute the inversive theory of curves when applied to this 
continuous group of transformations of a euclidean space. In particular, the 
curves along which all the conformal curvatures are constants are the paths of the 
inversive group. 

A detailed inversive geometry of plane curves and of curves and surfaces 
in Rs has been developed by Thomsen, Blaschke and Takasu in their books 
on conformal differential geometry(?*). Their investigations constitute a the- 
ory of curves and surfaces in R, and R; which is complete in its essential 
parts and anticipates many of our results for this important but special case. 
However, their methods depend upon the systematic use of tetracyclic and 
pentaspherical coordinates and therefore differ completely from the methods 
which are employed here. The inversive theory of plane curves has also been 
developed by a number of other writers using still different methods. 

We note that the subject of this paper is also somewhat connected with 
the “natural geometry” of a curve associated with any group of transforma- 
tions of the plane into itself. This theory was originated by Pick(*) and has 
subsequently been developed by Kowalewski(**) and his students. 

2. Riemann spaces conformal to V,, conformal tensors. Let V, be a real 
Riemann space whose coordinate manifold is of class(#*) C" and whose 
real metric tensor, defined over the manifold, is positive definite(?”) and of 
class C"—! with m21. Briefly, we say V, is a Riemann space of class(?*) C™. 


(%) W. Blaschke and G. Thomsen, Vorlesungen iiber Differentialgeometrie, vol. 3, 1929; 
T. Takasu, Differentialgeometrien in den Kugelréumen, vol. 1, 1938. 

We are obliged to a referee for these references. Due to our unfamiliarity with tetracyclic 
and pentaspherical coordinates, it is difficult for us to determine precisely the extent to which 
duplication of results occurs. In general, these books would appear to contain most of our theo- 
rems for curves in R; and for curves and surfaces in R; under the inversive group. These books 
also contain other results on the detailed inversive geometry of R: and R; which lie beyond the 
scope of our present investigations. These references have been incorporated into the revision of 
the introduction and we have also included references to a number of papers which have ap- 
peared since this paper was first written. 

(*) G. Pick, Natérliche Geometrie ebener Transformationsgruppen, Sitzungsberichte der 
Academie der Wissenschaften, Vienna, vol. 115 (1906), p. 139. 

(%) G. Kowalewski, Vorlesungen tiber allgemeine natirliche Geometrie und Liesche Trans- 
formationsgruppen, 1931, chap. 3. 

(*) The definitions of the class of a coordinate marifold and of a Riemann space are based 
upon the discussion which appears in the paper by T. Y. Thomas, Recent trends in geometry, 
American Mathematical Society Semicentennial Publications, vol. 2 (1938), pp. 98-99, 104. In 
particular, if the coordinate manifold is of class C™, then the admissible coordinate systems are 
related to each other by transformations of class C™. 

(27) The greater part of the following discussion and of the results of the paper will hold even 
if the metric tensor is indefinite provided that it is not singular. The only real novelty arises 
when a vector is a null vector. We shall not consider the indefinite case. 

(28) We shall assume the reality, existence and continuity of whatever functions occur in 
the proofs. At the outset of the proof of an important theorem we shall simply indicate sufficient 
conditions for the satisfaction of this assumption in order to avoid frequent interruptions of the 
discussion for essentially non-geometric matters. 
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Suppose(?*) {x‘} are admissible real local coordinates in a coordinate neigh- 
borhood of any point of V,. In each coordinate neighborhood, we write the 
first fundamental form of V, as 


(2.1) ds? = g;;dx‘dx!. 


Since the results of this paper are local theorems which hold for a sufficiently 
small neighborhood of a point we shall restrict ourselves to a portion of V, 
which is a neighborhood U(P) of a point P coverable by a single coordinate 
system {x‘}. We shall refer to U(P) as the Riemann space V, and use similar 
language in connection with other Riemann spaces which appear in the paper. 

Let(**) V, be a real Riemann space of class C” whose first fundamental 
form may be written as 


(2.2) ds? = 


where { a} are allowable local coordinates. Then(*!) V, is conformal to V, by 
means of a transformation of class C™ (briefly: V,, is conformal to V,) if a one- 
to-one point transformation T exists between the points P of V, and the 
points P of V, which may be written (locally) as 


(2.3) , x*), = xi(gt, , 2") 
so that the real functions 
are of class C” and 
(2.4) ds = eds 


at corresponding points. It follows that a(x‘) is a real function of class C™—! 
and that the form (2.2) is positive definite. We refer to a(x‘) as the conformal 
mapping function of V, on Vx, or briefly, as the mapping function. Whenever 
we say that V, is conformal to V,, it is to be understood that the conformal 
transformation is of class C”. 

The transformation T may be written in the simple form 


(2.5) 
after a suitable change of coordinates. For if we transform the coordinate 


() Throughout this paper the indices h, 4, j, k have the range 1, 2,--- , ». It is to be under- 
stood that a tensor equation in which an index is not summed is valid for each value of the index 
within its range. A covariant or contravariant index which appears twice in an expression is to 
be summed over the appropriate range. 

(®) We denote a Riemann space conformal to V, by Vs. Thus E, and R, signify spaces 
which are conformally equivalent to an Einstein space and a euclidean space respectively. A 
geometric object in V, corresponding to the geometric object F in V, is denoted by F. 

(#) This clause may obviously be replaced by “V, is conformal to V, by means of a trans- 
formation of class C™.” 
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neighborhoods of V,, according to (2.3) considered as an admissible coordinate 
transformation, points in V, and V, with the same coordinates correspond 
and the conformal transformation becomes (2.5). Throughout this paper, un- 
less a contrary assumption is explicitly made, we shall always assume that 
coordinate systems have been chosen so that (2.5) holds. In these coordinate 
systems, 


where g* and 2*/ are the contravariant components of the metric tensors. Con- 
versely, if (2.5) is a point transformation of the points of V, and V, and (2.6) 
holds at corresponding points where the mapping function a(x‘) is a real 
function of class C”—!, it follows that V, is conformal to Va. 

The problem of the conformal equivalence of Riemann spaces leads quite 
naturally to the study of the conformal Riemann space V,. The conformal 
Riemann space V, of class C” is a space whose coordinate manifold is of 
class C™ and whose fundamental geometric object, defined over the manifold, 
is the set of all second order, symmetric, positive definite tensors of class C”—', 


(2.7) {e%g,;}, 


any two of which are equal except for a positive multiplicative scalar factor 
of class C"-!. The conformal tensor g;;/g’/" constructed from any tensor g;; be- 
longing to (2.7) is independent of the particular tensor which is chosen. For 
this reason, T. Y. Thomas(*?) has defined the conformal Riemann space V, by 
using this tensor instead of the set (2.7) as the fundamental geometric object 
of V,,. 

It is natural to associate the set of all conformally equivalent Riemann 
spaces 


(2.8) 


. of class C™ whose metric tensors (in some allowable coordinate system) be- 
long to (2.7) with the conformal Riemann space V,,. Indeed, as is easy to see, 
the geometric properties of V, (which are independent of the factor e**) are 
conformal properties of .the set of Riemann spaces (2.8). Throughout this 
paper, whenever we refer to the conformally equivalent Riemann spaces V,, 
Y,,, it will be understood that these spaces are amy two spaces of the set of 
conformally equivalent Riemann spaces (2.8). 

The above discussion shows that, formally, our conformal theory of curves 
is the theory, under the identity transformation, of a curve and an enveloping 
coordinate manifold on which is defined a second order, symmetric, positive 
definite tensor up to a positive scalar multiplicative factor. It is shown in §15, 
that our results may be used to develop a conformal theory of curves which 
is based directly on the conformal tensor g;;/g'/”. 


(#) T. Y. Thomas, loc. cit., p. 119. 
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Let Te: 3" be components of a tensor at a point P of V, whose values 
depend ain "geometric objects of V, and of its subspaces (#8). Let V, be any 
Riemann space conformal to V, and let Tey » be the components of the 
tensor at P whose values depend in the same way upon the corresponding 
geometric objects of V, and its corresponding subspaces. Then if (2.6) holds 
and 


(2.9) = (e 


we call a relative tensor of u. The law of transforma- 
tion of ms » between any two V, as well as between any two coordinate 
systems is consistent. If u=0, the tensor has the same components in V, 
and V,. In this case, we call Tp3 ‘j" a conformal tensor. If u=v—w, we say 
that Te:: te is a conformetric tensor. As will be seen below, these latter tensors 
have Aah metric and conformal properties. 

Under the assumption that a relative conformal scalar Q exists in V,, one 
may construct a conformetric tensor or a conformal tensor corresponding to 
every relative conformal tensor. More generally, under the same assumption, 
if Ty j” Obeys (2.9), one may construct a corresponding relative conformal 
tensor prin. satisfies an equation like (2.9) with u replaced by an arbi- 
trary u’. For suppose that the transformation law(*) of Q is 0=e’Q. Then 
Qv’-«. je isa relative conformal tensor which satisfies (2.9) with wu re- 
placed by 7) We note that every relative conformal tensor (including con- 
formetric tensors) is the product of a conformal tensor by a relative conformal 
scalar. 

As a consequence of our definitions it follows that if the components of 
a relative conformal tensor are zero in V,, they are zero in any V,. This fact 
permits us to write conformal tensor equations which retain their meaning 
under conformal transformations. The sum, difference, inner and outer prod- 
uct of conformetric tensors (conformal tensors) is also a conformetric tensor 
(conformal tensor). 

If \‘ is a conformetric contravariant vector, the condition (2.9) becomes 
hi=e--X‘. It follows that the direction of \‘ in V,, coincides with the direction 
of Xé in V,. Since 2;AX!=g;A/, the length of \‘ remains unchanged under 
any conformal mapping. Thus i‘ has a conformally invariant direction and 
(metric) length. Conversely, any vector for which this is true must be a con- 
formetric vector. If the length of a conformetric vector is unity, then the 
vector is called a unit conformetric vector. Any conformetric scalar is a con- 
formal scalar or invariant. It is easy to show that any conformetric. tensor 


() Examples of such geometric objects which will be used in this paper are: the metric 
tensor g;;, the Christoffel symbols of the second kind, the unit tangent and principal normal of 
a curve. 

(*) There is no loss of generality in this assumption, for if O=(e" )*-Q, the relative con- 
formal scalar | Q|¥/* ae the desired transformation law. 
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which is not a scalar (and only these tensors) may be represented in the usual 
way(*) by means of adjoint -beins of conformetric vectors. As follows from 
(2.6), giz and g are conformetric tensors. Hence the indices of any con- 
formetric tensor (but not of a conformal tensor) may be raised or lowered 
using gi;, g‘/ in the usual way and the result will be a conformetric tensor. 

In this paper, we consider the conformal geometry of a curve in V,. The 
curve introduces additional structure into V,, by means of which a relative 
conformal scalar is found at points of the curve. In view of the existence of 
this relative conformal scalar, one may find a conformal vector corresponding 
to any conformetric vector, and conversely. Thus it is chiefly a matter of con- 
venience whether we use conformetric vectors or conformal vectors. Our work 
is based upon unit conformetric vectors. The “conformal derivative” of such 
vectors is somewhat simpler than the “conformal derivative” of conformal 
vectors. However, we note that the analogous conformal theory of any sub- 
space whose dimensionality exceeds one is developed by the use of conformal 
tensors. 

3. The conformal derivative. We suppose that the class, defined in §2, of 
any two Riemann spaces V, and V, belonging to (2.8), is at least 2, that is, 
m= 2. Then it follows from (2.6) that (**) 


i i ih 
(3.1) = + + 510,35 — Bing on 
jk jk 


where 


{is} 


are the Christoffel symbols of the second kind for V, and V, respectively. Let 
= x‘(z) 


represent a real curve C in V,. Let dx‘/dz+0 at each point of this z-interval 
for at least one value of 7. We also suppose that the functions x‘(z) are of 
class C? where > is a fixed integer subject to the inequalities 


(3.2) 


Then it is easy to show that s=s(z) is an allowable change of parameter 
where s is an arc length parameter determined up to an additive constant 
and a choice of sign. Hence the equation of C may be written as(#’) 


() A. Duschek and W. Mayer, Lehrbuch der Differentialgeometrie, vol. 2 (1930), pp. 14-15. 

(*) The comma denotes covariant differentiation with respect to the x’s and the form (2.1) 
and the 8; are the Kronecker deltas. 

(#7) Note that x‘(z) and x‘(s) are different functions of their respective variables. This re- 
mark also applies to the functions #*(z) and #‘(5) which are defined below. 
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x! = x*(s), a<s<h, 


where x‘(s) are of class C?. Then the unit tangent v‘ and the principal normal 
are given by 


(3.3) 


(3.4) + { i \< dx* 

jk) ds ds 

The curve C in V, which corresponds to C under the conformal trans- 
formation (2.5) is 


= #4(z) 


where £#‘(z) and x‘(z) are the same functions of z and corresponding points 
have the same value of z. The conditions (3.2) also apply to C. As shown 
above in the case of C, the curve C may also be referred to an arc length 
parameter § and written as 


= #4(3), <3 < by. 


Naturally the points for which s = § do not correspond since metric arc length 
is not a conformal parameter. The unit tangent 9‘ and the principal normal g‘ 
of C are given by equations similar to (3.3) and (3.4). From these equations 
and (2.4), (2.6), (3.1), (3.3) and (3.4), we find that 


(3.5) pi = 
(3.6) = [pi — on(g® — vr) ]. 
The tensor g —v‘y* is the projection tensor(**) of the vector space orthogonal 


to v‘. If we write yu; and f; for the covariant components of the principal nor- 
mals, = gis’, = and it follows from (2.6) and (3.6) that 


(3.7) = — + 


where »; is the covariant tangent defined by »;=g;,7/. 

Let A*(t) be the components of a conformetric contravariant vector of 
class C' defined along C where # is any (not necessarily allowable) conformal 
parameter along C related to z (or s) by a parameter transformation of class 
C'. Then dx‘/dt exists and is continuous. Since \‘ is a conformetric vector, 


(3.8) = 


We write the absolute derivative with respect to ¢ and the form (2.1) of this 
vector as D\‘/Di so that 


(**) Duschek-Mayer, loc. cit., pp. 44-45. 


44 
6 

dx 
|| yi = 
ds 

fr 
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If we write the analogous equation for D\‘/Dt and simplify by the use of 
(3.1), (3.8) and (3.9), we obtain 


We substitute the values for ¢,, and ¢,,g‘i which are obtained from (3.6) and 

(3.7) in (3.10) and simplify the resulting equation by the use of (2.4), (2.6), 

(3.3) and (3.8). This gives 


dx‘ dx* ] 


It follows that dA‘/dtc given by 


(3.11) + 


is a conformetric vector, that is, 


The subscript C is used in the symbol 6/bdfc to indicate that the definition 
of this symbol depends upon the curve C as well as the process of differ- 
entiation. Since }/dtc¢ will always be evaluated with respect to the same curve 
C in V,, we shall usually write }/d¢ for b/dte without danger of ambiguity. 

In order to arrive at a meaning for the operator b/d when applied to any 
tensor, we assume that }/b/ satisfies the following requirements(**) : 


(a) 
if ¢ is any scalar; 
(8) 


where i‘ is any contravariant vector (not necessarily a conformetric vector) 
and Y= vip;—p'v;; 


(*) This discussion is analogous to a similar one for ordinary covariant differentiation by 
Mayer. Cf. Duschek-Mayer, loc. cit., vol. 2, pp. 31-33. 


| 
=—— = 
dic 
bo De 
bt Dt 
bat + ds 
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dS oT 


where S and T are any tensors 


where i and j are any two indices of the tensor 7, one contravariant and the 
other covariant. (That is, the contraction operation for tensors };.; and the 
b/d¢ operation are commutative.) 

On the basis of these properties, we shall find a unique expression for 
dT /dt. We first consider a covariant vector £;. Then, according to (a), 


ney = 2 


Because of (vy) and (6), this may be written as 
dt; 


It follows that \‘(d&;/d¢) is an invariant for all \‘ and hence d£;/bdt is a co- 
variant vector (if it exists). In this last equation, we substitute the value for 
bA‘/dt given by (6) and simplify. This gives 


or 


(3.12) 


It is clear that b/d¢ as applied to covariant vectors £; satisfies those conditions 
(a) to (6) which have meaning in this case. 

To extend this definition to a tensor of any kind Tie i , we form the in- 
variant 


i, 


where the )/ and &; are arbitrary vectors. If we apply the b/d¢ operator to 


[May 
ri ( — — + o¢,—) = 0. 
Dt dt 
Since \‘ is an arbitrary vector, it follows that 
bt; 4. ds 
— = — — — 
dt Dt dt 
= 
dE; Dé; dx* + 
| 
‘ 


1942] CONFORMAL THEORY OF CURVES 449 


(3.13) and proceed as in the derivation of (3.12), using (a) to (6) and (3.12), 
we find that 


Dt a=1 
h ds 


It follows that 7}'‘j*/dt is a tensor of the same kind as 7}:‘:/+ and that 
the definition of bT/ bt stated in (3.14) satisfies conditions (a) to “8). Equa- 
tions (3.11) and (3.12) are special cases of (3.14). 

The definition of )7/dt stated in (3.14) may be based upon symmetric 
coefficients of connection I’, just as ordinary covariant differentiation is 
based upon the Christoffel symbols {{,}. We define the I, by(*) 


i i é 
rn. = + + — 


and note that (3.14) is equivalent to 


d i 
t 
h dx* 
We now find the law of transformation of dt when is 
a relative conformal tensor of weight u; that is, when (2. 9). 
As follows from the definition of I and (2.6), (3.1), (3.6) and (3. 7), 


4 do i 
Tn Tn + (vx + — ). 


By means of this relation and the definition for oT PH. j*/ bt by means of 
the I, we find upon applying the b/d operator to (2.9) that 


d ‘ 


(4°) Since the Ts differ from the Christoffel symbols 


by a tensor, it is immediate that they must transform like coefficients of connection under co- 
ordinate transformations. For example, cf. L. P. Eisenhart, Non-Riemannian Geometry, Ameri- 
can Mathematical Society Colloquium Publications, vol. 8, 1927, p. 48. 


sty ta ds 
(3.14) 
- |. 
bt ii jy 


450 AARON FIALKOW’ [May 


If Q is a relative conformal scalar of weight —1 so that 0=e~¢Q, the last 
equations may be written in invariant form by noting that they are equiva- 
lent to the equations 


dt 


Hence SE jy” is a relative conformal tensor of weight u. In particular, if 
is a tensor so that u=v—w, it follows that dt 
is aie a conformetric tensor. This fact exhibits the conformal property of the 
operator and thus justifies the definition: The tensor bt — 
by (3.14) is called the conformal derivative (with respect to the curve C) of TP} 
with respect to t. 

The conformal derivative at a point is thus dependent not only on the 
metric of V, but also on the curve C (or rather, on the second order element 
of C). This dependence of differentiation on a curve as well as the space is 
analogous to the similar dependence of parallel displacement of vectors in a 
general Riemann space. In this respect the conformal derivative also re- 
sembles the derivative (with respect to a curve) which has been defined for 
any Finsler space by Synge(*!) and Taylor(*). Indeed, it is very likely that 
the results of this paper may be generalized to apply to any Finsler space. 

The geometry which is based upon the conformal derivative will appear 
in a separate paper. We note here a number of fundamental properties of the 
conformal derivative which are elementary consequences of the preceding re- 
marks and the definition: 


(A) - The conformal derivative with respect to a conformal parameter of a con- 
formetric tensor is a conformetic tensor. 

(B) The conformal derivative of any tensor is a tensor. 

(C) Conformal differentiation of the sum, difference, inner and outer product 
of tensors obeys the same rules as ordinary differentiation. 

(D) The conformal derivative of g:;, g‘/, 5; is zero; that is, 


(3.15) 


(E) The conformal derivative (with respect to a curve C) of the unit tangent : 
vector of C is zero, that is, 


(3.16) 


(1) J. L. Synge, A generalization of the Riemannian line element, these Transactions, vol. 27 
(1925), p. 64. 

(*) J. H. Taylor, A generalization of Levi-Civita’s parallelism and the Frenet formulas, these 
Transactions, vol. 27 (1925), pp. 255-257. 


dg? 8; 
— =—=— =0, 
dt dt dt 
—=0. 

dt 
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The conformal derivative (3.14) is with respect to ¢ which is a conformal 
parameter, that is, corresponding points of C and C have the same value of t. 
The equations of C and C are frequently given in terms of metric arc Jength 
parameters s and §. In this case, the conformal derivative of T}!:j with 
respect to s is given by (3.14) with t replaced by s. It follows that 

d 


3.17 ow 
( ) bs ooh 


Since 
(3.18) 


dt/ds i is a relative conformal scalar and it follows from (3.17) that if Tj!) 
is a conformetric tensor then oT: y/ bs is the product of a relative con- 
formal scalar by a conformetric tensor. The conformal derivative with respect 
to s has the properties (B), (C), (D), and (E) mentioned above. We note that 
the existence of a conformal parameter ¢ implies the existence of a relative 
conformal scalar. For according to (3.18), dt/ds is a relative conformal scalar. 
Conversely, let Q be a relative conformal scalar which we may assume trans- 
forms so that Q=e-°Q. Then the solution ¢ of the differential equation 
dt/ds = Q(s) is a conformal parameter. 

A simple geometric interpretation of dA‘/dt is possible in terms of the 
ideas of projection and ordinary (metric) differentiation. We denote by N,\‘ 
the projection of \‘ in the vector space normal to an arbitrary vector ¢‘. Then 
if y‘, ¥; are the unit contravariant and covariant vectors which span the vec- 
tor space determined by ¢‘ 


Nyt = — 
Let 
(3.19) wt = 
where y‘ is the unit tangent to the curve C. It follows that 
Ai = w! + 
where 
(3.20) wy; = 0 


and a is a scalar. Then 


according to (C). According to (3.11), (3.16), (3.20) and the last equation, 


= —-— T;....;. 
i ds bt 
ds 
bat 


i 
: 
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Dwi 


dt Dt 


By absolute differentiation of (3.20) with respect to ¢ and the form (2.1) and 
use of (3.3) and (3.4), we obtain 


(3.21) 


which is the desired interpretation. In particular, if \‘ is orthogonal to the 

curve C then a=0 and N,d‘=X‘ so that 

3.22) 

«Dt 

It follows that if X‘ is orthogonal to C then d\‘/dt is also orthogonal to C. 
It is also possible to define a derivative which has the property that when 

applied to a conformal vector it yields a conformal vector. If we suppose 

that \‘ is a conformal vector of class C' then 


(3.23) = 
We proceed with this equation precisely as with (3.8) and find that 


= — + ad 


where d\‘/bdt is defined by (3.11) and a is a scalar. It follows from this equa- 
tion that 
3.24) N dri 
is a conformal vector. In view of the more complicated structure of D\‘*/Dtc, 
our work shall be in terms of conformetric vectors and the conformal deriva- 
tive. 

Another type of differentiation for which the derivative of a conformal 
vector i‘ of class C' is a conformal vector may be defined if a nonzero rela- 


452 [May 
i Do? ds 0 

: Now ‘ 

Dot 
N,— = — —- — 

Dt Dt Dt 

{t follows from (3.19) and the last three equations that 
N D Nt + da 
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tive conformal scalar Q of class C' exists along the curve. We may assume 
that the law of transformation of Q is 


(3.25) = 


Then in virtue of (3.23) and (3.25), QA‘ is a conformetric vector and, in ac- 
cordance with (A), 0(QA*)/dt is also a conformetric vector. This fact and 
(3.25) show that 5d‘/dt.c,9) defined by 

(3.26) = 

Dic dt 
is a conformal vector. The type of differentiation defined for contravariant 
vectors by (3.26) may be extended to conformal tensors Tj. ‘je. One readily 
finds by reasoning similar to that used in the derivation of (3.26) that 
defined by 

6 

bt Tj, jy Q 


Dic 


is a conformal tensor. As a consequence of (3.24) and (3.26), we note that 


(3.28) = N,—— 

Dte 
While the results of this paper are based upon the }/b¢ process, they may be 
derived equally well using the 5/é¢ type of differentiation defined by (3.27). 

If Tp: 9 is any tensor (not necessarily a conformal tensor), we define 

8T}'::}*/8t.c,¢) by means of (3.27). Since 87}'!:j+/6t.c,q, will always be 
evaluated with respect to the same curve C, we may write 5/5tg for 5/5t,c,@). 
We easily prove that the properties (B) and (C) hold for the 5/dtg type of 
conformal differentiation and that (A), (D), and (E) are replaced by the anal- 
ogous statements: 


(A’) The 5/dtg derivative of a conformal tensor is a conformal tensor. 

(D’) The derivative of 8 is zero. 

(E’) The 5/dt.c,q) derivative of the conformal vector Q-' v‘ which corresponds 
to the unit tangent of C is zero. 


Just as b/dtc differentiation may be defined by means of the I, so the 
definition of 5/5tc,q) differentiation may be based upon symmetric coeffi- 
cients of connection T%. These I%% are defined along points of the curve by 
means of the equations(*) 


(*) The footnote concerning the law of transformation of the I’; also applies here so that 
the Tp transform like coefficients of connection under coordinate transformations. 


og 
=(w—o | 
( ) dt 


¥ 
| 
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Then a simple calculation shows that (3.27) is equivalent to 


++ sta dx* 
5t(c,9) 
ph dx* 
tel igh 
The law of transformation of the v4 under a conformal transformation of V, 
is found by using the definition of 4, and equations (2.4), (2.6), (3.1), (3.5), 
(3.6), (3.7) and (3.25). It is 


= Tp. 
The conformal invariance of the Ty provides another proof of (A’). In the 


same way, it may be shown that if 7;'!‘j+ is a relative conformal tensor of 
weight then 


is also a relative conformal tensor of weight u. We remark that the conformal 
theory of a general subspace is based upon conformal tensors and a type of 
“conformal differentiation” analogous to the 5/dt,c,g) differentiation. 

4. The conformal Frenet equations. We suppose that the inequalities (3.2) 
hold throughout this section unless it is stated otherwise. Let «)0*(¢) where ¢ 
is the conformal parameter defined in the previous section be an arbitrary 
unit conformetric vector of class C* (m—12r21) defined along C. Then the 
corresponding vector defined along C in V,, is given by a)0‘=e~* a6‘ and must 
also be a vector of class C’. We shall derive conformal analogues of the ordi- 
nary Frenet equations for the vector «)0‘ subject to the assumption that the 
“normals” in these equations exist.and are of class C'. For the satisfaction of 
this last assumption it is sufficient but not necessary that(“) 


(4.1) m=p2n+1, 


By conformal differentiation of )$‘ with respect to ¢, we obtain bq)6*/dt. 
If d.1)0*/bdé is not identically zero, at points where at least one component does 


(“) We may weaken these assumptions by replacing by the integer r which is defined be- 
low. 


| 
Me 
6 d log Q 
dt 
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not vanish we may write 
(4.2) 


where H,+0 and (2)4‘ is a unit vector, that is, 
(4.3) Big (2)0* (284 = 1. 


Both H, and 2,6‘ are determined except for an initial choice of sign. 
By conformal differentiation with respect to ¢ of 


(4.4) (7 = 1 
and use of (3.15) and (4.2), we obtain 
(4.5) (1)9* = 0. 


We suppose that the class of (2)6* is C'. Then, since 2)‘ is a unit vector, 
is normal to If is not contained in the linear vector 
space determined by 9‘, it may be written as 


D 
(4.6) = A; + Ae 


where is a unit vector normal to and and H:#0. From (4.4) 
and (4.6) we find that Ai=gi;(d .2)9*/dt) «0%. Now, if we differentiate (4.5) 
conformally with respect to ¢ and use (3.15), (4.2) and (4.3) we obtain 


Ai + gi; = 0 


Hence (4.6) becomes 
dt 


Equations (4.2) and (4.7) are the first two analogues of the Frenet equa- 
tions(“), We shall prove the general formula by means of the customary 
proof by mathematical induction. Suppose 


d 
dt 


with the convention(“) Hy =0 where a=1, 2, ---,/—1 and where the vec- 
tors .s)0‘ satisfy the relations 


(4.8) 


(*) For the general metric Frenet equations cf. L. P. Eisenhart, Riemannian Geometry, 
1926, pp. 103-107. Also cf. Duschek-Mayer, loc. cit., pp. 59-62. 
(*) If /=n, we also make the convention that H, =0. 
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i B 
(4.9) = 4, 


where 6, y =1, 2, - - - , 1. If the class of ,)6* is C' we shall show that tle equa- 
tions (4.8) and (4.9) hold if the ranges of a, 8, y are each increased by one. 
The conformal derivative } ,»6‘/dt has a representation of the form 


where gi; (¢)0‘wi=0 (6=1, 2,---, 1). As above, we find 


dD «1 
Ag = 67 ——_, 
B= 


As a result of (4.9), we find that 


Dd 
For =1, thisshows that A; =0. If we substitute for d (6 =1,2, - - -,4—2) 
from (4.8) and use (4.9), we find that Ai=A2= --- =A;2=0. In the same 
way, the work for 8 =/—1 shows that A,.= —H,4. Furthermore if w‘ is not 
identically a zero vector, then at points where at least one of its compo- 
nents does not vanish we may write w‘=H;-(i40' where Hi#0 and 
£i5 149: 407 =1. Then (4.10) becomes (4.8) with a=/ and the /th formula 
holds. It is clear that (4.9) is also true for the greater range of 8, . 

This process of constructing successive 6‘, H may be continued until we 
arrive at a vector ;,)0* (whose class is assumed to be C') such that d ,-)0*/dt is 
contained in the linear vector space determined by 0%, (2)4', - - - , ~)0*. Then 
H,=0 by definition and (4.8) and (4.9) hold for a, 8, y=1, 2,---, 7. In 
this case, by definition, H,,:= --- =H,=0. We shall sometimes write 
419’, +, for any vectors which obey (4.9). Of course, We call 
(4.8) where the .«0 obey (4.9) for a=1, 2, ---,7 the conformal Frenet equa- 
tions in V,, for the vector 0‘ and the parameter t. 

If V, is mapped conformally on V,, as already shown, 6‘ must exist and 
have at least one continuous derivative. Hence an equation corresponding to 
(4.2) in V, exists and may be written as 


dD 
where is a unit vector. According to §3 (B), =e-*(b «0*/dt). This 
last equation and (4.2) and (4.11) show that (2)6‘ is a unit conformetric vector, 
that is, .2)6'=e-* (26 and that H, is a conformal scalar, that is, H,;=H. It 
follows that the classes of 2)‘ and ,2)‘ are equal. 
Since the class of 2,6‘ was assumed to be C’, this must also be true of ,2)6' 


| 
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so that the second conformal Frenet equation in V, is valid. A comparison 
of this equation with (4.7) using the properties of the conformal derivative 
readily shows that (39 is a unit conformetric vector and H; is a conformal 
scalar and that and are of class 

This method of reasoning may be continued and leads to the following’ 
conclusion: If the conformal Frenet equations in V,, exist then the conformal 
Frenet equations in V,, also exist, that is, 


=; 
bt (a-1)0' + H. (a+1)0", Hy = H, = = 0, 
i i 
Bis = by 
where a, B, y=1,2,---,7. In addition the .a)9‘ and H, satisfy the equations 
(4.12) =e" (a)9', H. = Re 


If ¢ is replaced by another conformal parameter t’ and we denote the quan- 
tities in the corresponding conformal Frenet equations(‘”) by primes, then 
* = (a0 *, Hi, = (dt/dt’)-H,. Hence the are independent of the paramet- 
rization and the H, are multiplied by the same conformal scalar dt/dt’. In 
the same way if the metric arc length s is used instead of t, one finds that the 
(a)9* are unchanged and H, are multiplied by the same relative conformal 
scalar dt/ds. We call Hi, H2, -- - , H,; the associate conformal curvatures of 
the vector «0+ and the parameter t of orders 1, 2,---, 7—1 and say that 
(204, -- , are the associate conformal directions of the vectors 
of orders 1, 2,---,7—1. We also say that - - - ,. are obtained 
from 0‘ by the Frenet process. 

When the vector «)@‘ is normal to C, H,_,=0. For according to the discus- 
sion following (3.21) and the conformal Frenet equations, if H,H2 - - -H,-240 
then are all normal to v*. Now, if H,140 then 
would also be orthogonal to v‘. Since this is impossible in virtue of (4.9) it 
follows that H,_1=0, If - - - H,-2=0 then H,_,=0 by defini- 
tion. 

The familiar and most useful metric Frenet equations are those obtained 
when the first vector is the unit tangent v‘ and the parameter is a metric 
arc length parameter s. In this case, the equations are 

D 
(4.13) (a—-1)¥* Re (a+1)¥", a= 1, 2 
Ds 
where we make the convention that ko=k,=0. The metric invariants 
hi, -Re, +++, Ras are the successive (metric) curvatures and qv‘ (=r‘), 
++ are the unit tangent and successive unit (metric) normals 
which obey the relations: 


(4) These equations exist if the conformal Frenet equations for the parameter ¢ exist. 


\ | 

i 

j 
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(4.14) Bij = ba. 


The conformal Frenet equations given by (4.8) hold for any first vector 
a0‘ and any parameter ¢. In order to derive an exact analogue of (4.13), we 
must indicate a “natural” vector and a “natural” conformal parameter which 
will play roles analogous to the roles of v‘ and s respectively in the Frenet 
equations (4.13). We note that the obvious selection for «)@‘, namely y‘, is 
an unfruitful one. For in view of (3.16), the first associate conformal curva- 
ture of v* vanishes identically. 

In order to obtain a solution of this problem, for the remainder of this sec- 
tion we shall replace the assumption stated in (3.2) by the inequalities 


(4.15) me 


Then the components of the vectors yu‘ and g‘ have continuous first deriva- 
tives. If we consider a conformetric vector whose components in V, 
are fg‘ then, according to (3.6), the corresponding components in V, are 
e~* [u‘—o,4(g**—v‘y*)]. It follows from §3 (A) and (3.17) that 


Since gz‘ and yu‘ arenormal to v‘, (3.22) applies so that the last equation be- 
comes 


Dani Dut 
(4. 16) D = [ Ds - - 
where 
(4. 17) Onk = 
Now according to the Frenet equations (4.13), 
D 
= ky = — + he 
Ds 


Hence N,(Dyu‘/Ds) = (dki/ds) (2)v‘+kiks and an analogous equation ob- 
tains for N,(Dz‘/Ds). In virtue of these equations, (4.16) becomes 


dk, dk, 
(4.18) + = [= + Rake — *(g* — vr) |. 


We now find an equivalent expression for 04, which will permit us to write 
(4.18) in an invariant form. Under the assumption (4.15), the Riemann curva- 
ture tensors Rug of V, and Rip of V, exist and are continuous. The Ricci 
tensor R;; and the invariant curvature R of V, are defined by Rij=g"* Risa, 
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R=g‘iR,; with analogous definitions for the corresponding tensors in V,. A 
straightforward calculation, using (2.6) and (3.1) as well as the definitions 
of Rai, Rij and R gives(**) 


CR = + + — — 


(4.19) 
+ (gnegis — gnigiz) Aro, 


and 
(n — 1)(m — 2)onn = (m — 1) — Ree] — — grr R] 
— — 1)(nm — 2)Arogn 


where is the differential parameter of the first order defined by Ayo = g ;, 
If() n>2, it follows from (2.6), (3.5) and (4.20) that (4.18) may be written as 


dk 1 
+ Riks + —— — pip") 
n—2 


(4.20) 


dk, 
=e + Rike + 


1 
Rix *(g* 
n—2 


This is the invariant form(**) of the law of transformation of Du‘/Ds. 
We suppose that the members of this equation are not zero and write 


dk 
(4.21) = + Rike + 


1 
— v'v*) 
n—2 

(**) For example, cf. L. P. Eisenhart, loc. cit., pp. 89-90, especially equations (28.5) and 
(28.9). 

(**) The assumption n >2 is to hold throughout §§5-12 inclusive. The case n =2 is consid- 
ered in §14 and it is shown that the theorems which we obtain in §§5-12 apply in a modified 
sense. 
(§) It is also possible to write the law of transformation of the principal normal given by 
(3.7) in an invariant form. For, as a consequence of (3.1), 


where g=|gix| is the determinant whose elements are the components of the metric tensor. 
(For a proof of this statement, cf. L. P. Eisenhart, loc. cit., p. 18.) Hence 


But 


8 
If we substitute this expression for o,; in (3.7), it becomes 


Thus a conformal geometric object is defined. As it is not a tensor, a formal theory based upon 
it would be quite complicated and we shall therefore not consider it further in this paper. 


\ 
J 
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where g;j‘ni=1 and write an analogous equation for J*4‘. It follows that 7‘ 
is a unit conformetric vector, that is, the direction of 7‘ remains unchanged 
if V, is subjected to a conformal transformation. We call y‘ the first conformal 
normal of the curve C and shall also write it as qa)y‘. The quantity J which 
is the unique positive root of J? is a relative conformal scalar having the 
transformation law 


(4.22) J=eJ. 


We call J the relative conformal curvature of C. As a result of (2.4) and (4.22), 
S defined (up to an additive constant and choice of sign) by 


(4.23) s= 


remains invariant under conformal transformations and is a conformal scalar. 
We call S a conformal arc length parameter of C. If the values of the same arc 
length parameter are S; and S; at two points P; and P; of C, we call |5:—S:| 
the conformal arc length or conformal length of the arc PiP2 (or P2P;) of C. It 
is clear that the conformal length is independent of the choice of the con- 
formal arc length parameter. Since S is a conformal scalar, the conformal 
length of an arc of a curve is unchanged by any conformal transformation of V,. 
The vector 7‘ and the parameter S have roles in the conformal theory analo- 
gous to those of v‘ dnd s in the metric theory. 

As a consequence of (4.15) and (4.21), the parameter transformation 
(4.23) is of class C! so that we may apply the preceding results of this section 
with the conformal parameter S replacing ¢. We note that the inequalities 


(4.24) 


which are analogous to and here replace.(4.1) are sufficient to insure the exist- 
ence of conformal Frenet equations for the vector n‘ and the parameter S. 
The conditions (4.24) include (4.15). We summarize some of these remarks 
in the theorem 


THEOREM 4.1. Let C be a curve of class C? (pb =3) ina V, of class C™ (m2) 
and dimensionality n>2 and let the relative conformal curvature of C be different 
from zero. Let the classes(*') of the first conformal normal «)n‘ and of each suc- 
cessive unit normal obtained from ayn‘ by the Frenet process 
be C'. Then there exists a set of scalars Ji, Jo,- ++, Je-1 (7 Sm—1) such that 


d a ni 
(4.25) = — Ja + Ja 


where S is a conformal arc length parameter. The .a)n‘ form a normalized r-bein 


(*) It is unnecessary to assume thé existence of the (a)n‘. For «1n* exists and the existence 
of (wn* if Ju-10 follows from the fact that «»-1)7* has a derivative. 


« 

| 

Jo=J,=0;a=1,2,---,7, 

ay 
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orthogonal to the tangent vector v‘* 


é 
Bij (a)% = a,B=1,2,---,7, 


ij 
Sistanv = 0. 


If CoC, V.eV,, by a conformal transformation, then equations analogous to 
(4.25) hold in V,, and at corresponding points of C and C, the directions of the 
correspond 


(4.26) (ay? = a=1,2,---,7, 
and the J’s are equal 
Jy Je, y=1,2,---,7r—1. 


We call (4.25) the conformal Frenet equations. In writing these equations 
we have replaced ---, Hi, He, ---, H,-1 in (4.8), (4.9) and 
(4.12) by +, Jt, Je, which we call the first, 
second, tth conformal normals; first, second, - - , (r—1)st conformal cur- 
vatures. 

The vector «A‘ defined by 


is a conformal vector as follows from (4.22) and (4.26). Systems of conformal 
Frenet equations which involve only conformal vectors and conformal scalars 
may be derived corresponding to the initial conformal vector qA‘ by use of 
the derivatives defined in (3.24) and (3.26). We suppose that the relative con- 
formal scalar Q defined in (3.25) is J. Then one easily finds as a consequence 
of (3.26), (3.28), (4.25) and (4.27) that 
(4.28) = —Ja-1 (a-1)A' + Ja Jo=zJ; = 0O;a= 1, 2,° 
D 
(4.29) ps = — (a—1)A* +J. (a+1)A', Jo=J,=0;a = 1, 2,°°*,T 


where the conformal vectors ,.)A‘ correspond to the (a)7‘; that is, 
= (ay? = (ay 


5. The (n—1)st conformal curvature J,_:. As a consequence of the re- 
marks in the paragraph preceding (4.13), since 9‘ is orthogonal to v‘, a curve 
can have at most »—2 nonzero cofiformal curvatures arising in the conformal 
Frenet equations. We shall now construct still another conformal invariant, 
unrelated to J;, Je,--~-, J;-, and the conformal Frenet equations, which 
plays the role of the (7—1)st conformal curvature J,_;. This curvature is as 
essential as the others in the development of the theory. However, the defini- 


j ! 
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tion of J,_; differs completely from that of the other conformal curvatures. 
Indeed, as we shall show later, there are important qualitative differences in 
the properties of the first (”—2) conformal curvatures and the (m—1)st con- 
formal curvature. This is natural because J;, J2, ---, Js-2: are measures of 
the variation of the conformal normals whereas J,_; is defined in connection 
with the variation of the relative conformal curvature. 

It is assumed that (4.15) holds throughout this section except where it 
is explicitly replaced by another assumption. If we multiply the respective 
members of (3.6) and (3.7) by each other and sum, 


2 
(S.1) ki = + 2h + Aw — (=) 
where Aw =g‘i),a,; and 
(5.2) y=e~ 


and dy/ds =~ ,v*. We differentiate the last equation with respect to s and the 
form (2.1) and use (3.4). This gives 


dy 
When the value of ,,u‘ from this equation is substituted in (5.1), it becomes 
d 2 
(5.3) (=) — Waa + dy. 
ds? ds 
Since, in virtue of (4.17) and (5.2), 
one = — 
(4.20) becomes 


— ne + Aw: grr 


1 1 
= 2y? E (Ruz — Ruz) — 


2(m — 1)(m — 2) 
This equation and the fact that p‘=yv‘ show that (5.3) is equivalent to 


2 d 
(5.4) D+ (2), 


ast 


- |. 


where 
1 
— — 2 


and K is defined by an expression constructed from the analogous quantities 


(5.5) K 


) [R - 2(n 1)Raxvv*], 
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in V,. If V,, is an'S, of constant curvature K, then X is found to be equal to K. 
If V, is an Einstein space E, of constant mean curvature p, then K,=p/(n—1). 

Now let Q(s) be any nonzero relative conformal scalar of class C? which 
transforms according to the law 


(5.6) = ¥O(s). 


According to (2.4) and (5.2), d3/ds =y—'. If we use this fact and differentiate 
(5.6) with respect to s, we obtain 


00, 


d§ 
a 


~ 


ds ds 


Substitution of these results in (5.4) shows Chat 
[3S - (ki + Re 
- (ki + K)Q 


ds? 


This expression is equivalent to (5.1) if Q(s) obeys (5.6). It is therefore the 
invariant form of the law of change of the first curvature of a curve when V,, 
is subjected to a conformal transformation. We summarize these results in 
the theorem 

THEOREM 5.1. Let Q(s) be a nonzero relative conformal scalar defined along 
a curve in a V, (n>2) whose law of transformation is 0(53) =e-*Q(s). Then 


is a conformal scalar. 

If we replace the assumption (4.15) by the stronger inequalities 
(5.8) m2=p25, 


then these conditions are sufficient that J(s) defined by (4.21) and having 
the transformation law (4.22) be a relative conformal scalar of class C?. Theo- 
rem 5.1 applied to J(s) yields the conformal invariant 


(5.9) - -3(S)- (ki + 


| | 
dy 
ds 
\ 
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We call J,_; the (n—1)st conformal curvature of the curve C. If J is referred 
to a conformal arc length parameter S, we find by use of (4.23) that (5.9) 
becomes 

d*J dJ 2 2 2 
In a similar way, the conformal scalar (5.7) may be written in terms of Q 
and its derivatives with respect to S. 

We note that if J,-; exists in a V, of class C* then it follows from the 
definition of J,-1 and (4.22) that J,_: must exist in V,. This observation plus 
a similar one implicit in the italicized statement containing (4.12) shows that 
if the conformal curvatures Ji, Jo, +++ , Jr-1, Jn—1 exist for a curve Cina V, of 
class C*, then the conformal curvatures also exist for the conformal image curve C in 
YV,,. Since the conformal arc length of a curve remains invariant under con- 
formal transformations, it is always possible to pick conformal arc length 
parameters S and 5 on C and C so that corresponding points are given by 
S=S. Then, according to Theorem 4.1 and the preceding paragraphs, all the 
conformal curvatures (if they exist) and S are the same at corresponding 
points of C and C. As an immediate consequence of this remark, we have the 
theorem 


THEOREM 5.2." If n>2 and V,?Vn, CC by a conformal map, then a con- 


formal arc length parameter S may be chosen so that corresponding points of C 
and C have the same value of S and the conformal curvatures Ji, J2,+++, Ina 
are the same functions of S for C and C. 


The analogous theorem in the metric theory of a curve is well known. 

6. The existence theorem. In §§4 and 5, it was shown that any curve in 
V, which satisfies certain general conditions determines (except for sign) 7 
(sn—1) continuous conformal curvatures. We now prove the following con- 
verse: 


THEOREM 6.1. Let V, be any Riemann space of class C* and dimensionality 
n>2. Suppose that 


(6.1) Ji(S), J2(S), » J+-1(S), Jn—1(S), TSn— 
are any continuous functions no one of which, except possibly J,-1 vanishes iden- 
tically in any subinterval of a <S <b. Let x} be the coordinates of any point P of V,; 
Jo, Lo any two real numbers of which the first is positive; vi, «nb, 
any normalized (r+1)-bein at P; us, any vector at P orthogonal to vi}; and Sy any 
real number so that a<.Sy<b. Then there exists a curve 

(6.2) = x*(S) 

of class C* defined in some subinterval of a<S<b about So which has S as a 


al 
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conformal arc length parameter and the functions (6.1) as conformal curvatures. 
For S=So, the curve passes through P so that its moving conformal (r+1)-bein 
and principal normal take the positions (2)No * and ph respec- 
tively and the values of the relative conformal curvature and its derivative with 
respectto Sat Pare Jo and Lo respectively. Any other curve with these properties 
will coincide with (6.2) in the common interval of definition. 


Briefly, this theorem states that curves exist in V,, whose conformal curva- 
tures are any arbitrary continuous functions of the conformal arc length and 
that any such curve is uniquely determined by a number of initial conditions. 
For the proof, we consider the system of [2+m(r+3)] differential equations 

dx‘ 


— = J-\yi, 


dS 


dS jk 


1 
— 
n—2 


i 
=— ayniv® — + ayn’, 


i 
=— — cay ip — Jy(S) + J2(S) 


—-=-}L[, 


3L? ink 


iyk 

in the [2+n(r+3)] unknowns J, L, x‘, v‘, This 
system of equations has been obtained by rewriting equations (3.3), (3.4), 
(4.21), (4.25) and (5.10) in the normal form for ordinary differential equations 
using the definitions of the conformal derivative, S and K, which are given by 
(3.11), (4.22) and (5.5) respectively. The right members are continuous for 


(6.3) 
d i 
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any x‘ in the coordinate system; any v*, u‘, (a=1, 2,--+,7); any J dif- 
ferent from zero; any L; and any S in the interval a<.S<b. They are of class _ 
C' in all the dependent variables since the g;; are of class C*. Therefore we can 
apply the fundamental existence theorem for such a system of differential 
equations. 

According to this theorem, there exists a set of functions J(S), L(S),x*(S), 
vi(S), w*(S), of class C! satisfying (6.3) which are defined in a suffi- 
ciently small interval J of a<S<b about S» and which assume the values 
To, Lo, vi, be, (a for S=So. Any two solutions of (6.3) which have the same 
initial conditions are identical in their common interval of definition. It is 
readily seen that J(S) is of class C?. Hence, as a consequence of the special 
form of the first two equations, x‘(S) are actually of class C*. The existence 
theorem applies to a fixed coordinate system. Nevertheless the solutions in 
one coordinate system will transform under a change of coordinates into the 
solutions in any other since the differential equations (6.3) may be written 
in the invariant form, tensor = tensor. 

The solutions x‘(S) determine a curve C whose parametric equations are 
(6.2). We now show that the dependent variables in (6.3) as well as the J’s 


_ actually have the geometric significance for C that is stated in the theorem. 


Let 
A ap(S) = giz cayn4(S) 


Aoo(S) = gin v4(S)v*(S), 
Aoa(S) = 
B(S) = gixvi(S)u*(S), 
Ca(S) = cayn*(S). 
We prove that these quantities keep their initial values, that is, 


A ap(S) = 8, = 1, 
Aoa(S) aad 0, B(S) = 0 
all along C. A straightforward calculation using (6.3) shows that 


dA ap 
= — — J a-1A (a-1)8 + J (04198 


— J“CpAoa — Jp-1A + JA 


(6.4) 


= J—'C,(1 -- Ago) — Ja-1A0(a-1) + J aAo(a+t)s 


dB 


2 
| 
2 
4 
£4 
— = 
(6.5) dS 
big 


1942] CONFORMAL THEORY OF CURVES 467 


The derivation of these equations:is somewhat simplified by noting that 
dA and so on. 

In these equations, we think of Aas, Aoo, Aoa, B as independent variables 
and the other quantities as known functions of S given by the solution of 
(6.3). Then (6.5) is a system of ordinary differential equations in the normal 
form, and the right members satisfy the conditions for the existence of a 
unique solution determined by arbitrary initial values of the A’s and B and 
for S in the interval J on which the solution of (6.3) is defined. It is easy to 
verify that (6.4) is a solution of (6.5) for S in J. Since the v}, (a)m, My Were 
chosen so that (6.4) holds for S=So, it follows that (6.4) is true for any S 
belonging to 7. Consequently v‘is orthogonal to uw‘ and y+, («)n‘ form a normal- 
ized (r+1)-bein all along C. Since Aoo=1, v‘=dx‘/ds where s is a metric arc 
length parameter and dS = Jds. It is then readily seen from the second equa- 
tion in (6.3) that uw‘ is the principal (metric) normal, and from the third 
equation that J and ,7‘ are the relative conformal curvature and the first 
conformal normal of C. After this result, it is immediate that S is a conformal 
arc length parameter, the J’s are the conformal curvatures and the (4)7‘ are’ 
the conformal normals of C. This completes the proof of the theorem. 

The set of geometric objects M= J, L} which together 
with S comprise the set of initial conditions of the theorem may be defined 
independently of any curve in V,. The v‘, («)y‘ form an arbitrary normalized 
(r+1)-bein and yu‘ is any vector normal to v‘ and J and L are any scalars of 


which the first is positive. Under any conformal transformation of V,, the 
respective objects of M transform according to the laws (2.5), (3.5), (4.26), 
(3.7), (4.22) and 


(6.6) LT = — o,p’) 


respectively. The set {x?, v', can’, J, L} is called an M-set. The order of the 
M-set is the integer r+1 whose maximum value is n. The role of an M-set 
of order 7+1 in the conformal theory of a curve is analogous to that of a 
normalized (r+1)-bein in the metric theory. If the geometric objects of an 
M-set have the geometric significance described in Theorem 6.1 for some 
curve C, then the M-set is said to be associated with C at the point whose co- 
ordinates belong to M. 

One may refer the curve C to a metric arc length parameter s. For (4.23) 
defines S as a function of s which may be substituted in the equations (6.2) 
of C. Since J has two continuous derivatives and x‘(S) are of class C’*, C is 
also of class C* when s is the parameter of the curve. 

If V, is an Einstein space E, of constant mean curvature p then since 


(6.7) Rij = — 


the term Ryv*(g‘i—yv‘v’)/(n—2) is identically zero in the third equation of 
(6.3)..As a result, it is readily seen that in this case the hypothesis of Theo- 


. 
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rem 6.1 may be weakened so that E, is a space of class C* instead of class C* 
and the remainder of the theorem will hold as stated. 

We now show that if V, is an E,, the hypothesis of Theorem 6.1 may be 
weakened in the same manner as for an E,. Suppose that E, is of class C* and 
that o(x*) is a mapping function (necessarily of class C?) which maps E, con- 
formally on E,. Let Ji(S), Jo(S),--+, Jr-1(S), Jn-1(S) be the preassigned 
conformal curvatures and let an M-set = { £4, 0}, ii, Mo, Jo, Lo} and So be 
a set of initial conditions of the sort enumerated in Theorem 6.1 and suppose 
that M, So is the set of quantities in EZ, corresponding to these initial condi- 
tions under the mapping determined by a(x‘). In accordance with the preced- 
ing paragraph the set M, Sp and the J’s determine a curve C of class C* in E,,. 
Geometric objects like those of the set M exist at all points of C and have con- 
tinuous first derivatives. 

Let C be the image of C in E,. Since C is of class C*, v‘, 2‘, «1 4*, J all exist. 
As a result of the existence of J, (4.22) holds. From (4.22) and the fact that J 
and @ are each of class C?, it follows that J is also so that L exists and is of 
class C'. It follows that S is a conformal arc length parameter for C as well 
as for C. Both curves have the same parametric equations in terms of the 
parameter S. 

Since exists, From the classes of o and we infer 
that 1)4* has a continuous derivative so that the first conformal Frenet equa- 
tion 

dD ai 
= Ji 

holds. It follows from Theorem 4.1 that J;=J; and Hence 24‘ 
has a continuous first derivative and we may proceed as before. In this way 
one shows that all the conformal normals exist and have continuous first 
derivatives and that the (existent) conformal curvatures of C are the pre- 
assigned functions Ji, Je, - - + , J:-1, Jn-1. The initial conditions given by 
So must be satisfied because of the manner in which C was constructed. The 
unique determination of C follows readily from the known uniqueness of C. 
Thus the conclusions of Theorem 6.1 hold in the case of an E, even if the 
class of E, is only C*. In particular, the existence theorem applies when the 
space is an R, of class C’. 

7. The conformal equivalence theorem. The fundamental theorem in the 
metric theory is the congruence theorem for a curve in a euclidean space or a 
space of constant curvature: All curves in S, with equal curvatures k,(s) are 
congruent, that is, they may be made to coincide by a motion in S,. We now 
develop some minor results leading to the analogous theorem in the conformal 
theory of a curve in any conformally euclidean space R,. The present proof 
is based upon the existence theorem. Another proof which does not use the 
results of Theorem 6.1 exists and depends upon the following ideas: Suppose 
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C, and C, are curves in two conformally euclidean spaces whose conformal 
curvatures are the same functions of their conformal arc lengths. Then a 
mapping is established between C, and C; so that points with equal values 
of the conformal arc length parameters correspond. It may then be shown that 
this mapping may be imbedded in a conformal transformation between the 
two spaces. This conformal transformation necessarily maps the spaces on 
each other in such a manner that C; and C, correspond. The proof just out- 
lined will not be given in this paper. 

If an S, of constant curvature K is mapped conformally on an S,! of con- 
stant curvature K’ where S, and S,! are spaces of class C* and n >2, then one 
readily finds from (4.19) and (4.20) that the mapping function o(x*) satisfies 
the differential equations 


(7.1) + Axo | 


Conversely, if a transformation whose mapping function is a solution of (7.1) 
is applied to S,, the image space must be S,’. Suppose that both S, and S,’ 
are euclidean spaces. Then K = K’=0. In this case (7.1) may be written as 


Aw 
(7.2) = 8 


where y is defined by (5.2). Let the x‘ be cartesian rectangular coordinates. 
Then g;;= 5; and (7.2) becomes 


_ Aw 
dxiaxi 


The solution of these equations is easily found to be 
(7.3) y= 4, 


or 


(7.4) a9, b> 0, 


where a, b, d‘ are real constants. The point given by x‘=d‘ is a singular point 
of any conformal transformation associated with (7.4). It follows that every 
mapping function that maps R, (n>2) on itself conformally must satisfy (7.3) 
or (7.4) and conversely. We consider the group of conformal transformations 
of R, into itself more fully in the next section. At present, we only prove the 
following theorem: 


THEOREM 7.1. A conformal transformation of R, (n>2) into itself exists 
which transforms any given M-set M into any other given M-set M of the same 
order. 


\ 
a>Qd, 
|| 
n 


470 AARON FIALKOW [May 


It is shown in §8 that if the order of M is m then the transformation is 
uniquely determined. The proof of the theorem follows. Let the sets Mand M@ 
be {x‘, ws, J, L} and J, L} respectively. We consider 
two cases. 

(1) Suppose a;=y,; and L/J =L/J at the point P whose coordinates x‘ be- 
long to M. Then a unique positive(5?) constant a exists so that J=aJ, L=aL. 
If we subject R, to the magnification of similitude with center at P deter- 
mined by y=e~’ =a it follows from (3.7), (4.22) and (6.6) that { ms, eS L} 
transform into {g;, J, L}. Suppose that the magnification transforms 
into v’‘, (a)n’*. Then the normalized bein v’‘, (.)n’‘ at P may be mapped on 9‘, 
(a)‘at P by a motion in R, where P is the point whose coordinates #‘ belong 
to M. Since g;, J, L are metric geometric objects, this motion leaves them un- 
changed. Hence M is transformed into M by means of a magnification of 
similitude (7.3) followed by a motion. 

(2) Suppose at least one of the equations in the hypothesis of case (1) is 
untrue. We choose cartesian rectangular coordinates in-R, so that P is the 
origin of coordinates and v'=»,=1, v¥=v,=0, (y=2, 3,---,m). It follows 
that 4i=f71=0. We now determine unique constants b, d‘ so that a conformal 
transformation associated with (7.4) transforms M into M. At the origin, we 
find from (7.4) that 


- 


e*=b> d* = 
i 


j=l 
If we substitute these values in (3.7), (4.22) and (6.6) and write 


B=I/J, D= (JIL —JL)/2J 
we find 
A, =0, dy = y =2,3,-+-+,m, 


B=b)> d’*, D = bd’. 
i 
These equations lead to 


bB=B>LA,+D. 
y=2 
Since J>0 and J >0, B>0 and the above equation gives a unique solution 
for b. The value of 6 obviously cannot be negative and also cannot be zero 
since in this latter case Ax= A2= - - - =A,=D=0 which is impossible accord- 
ing to the hypothesis. Then d'= D/b and d’=BA,/b. The unique numbers 
d', d?, -- - ,d" cannot all be zero for the reason just given. Hence the origin is 
(#) The positive sign of a and, in case (2) below, of b is due to our definition of J as non- 


negative. If both positive and negative J’s were permitted, the present discussion and the con- 
formal equivalence theorem would be needlessly complicated. 
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not a singular point of any transformation associated with (7.4). Any such 
transformation T would transform {y:, J, L} into-{g;, J, L}. If it also 
changes y+, at P into v’*, at P’ then the normalized bein v’+, 
at P’ may be transformed into 9‘, (.)4‘ at P by a motion 7; of R,. Then 7iT 
transforms M into M. The proof of the theorem is thus completed. A similar 
theorem exists for any RF, and may be proved by mapping R,, conformally 
on R, and using Theorem 7.1. We may now easily prove the fundamental 
conformal equivalence theorem: 


THEOREM 7.2. Let (1) R, and (2) Rp be conformally euclidean spaces of class C* 
and dimensionality n>2 and let C, and C2 be curves in R, and ()R, respec- 
tively whose conformal curvatures are the same functions of the conformal arc 
length. Then a conformal transformation exists so that (1) Rnt>2)Rn and CC. 


In short, this theorem states that curves in R,’s whose Ji, Jo, Jr-1, Jn-1 
are the same functions of S are conformally equivalent. To prove the theorem, 
we note that conformal transformations 7; and T; exist which map «1 R, and 
(2) Ra respectively on R,. For these transformations we also have C:—C, and 
C:—C; respectively where C, and C,arecurves in R,. Since Ji, Je, - Jr-1, 
exist for C; and C2, in accordance with the italicized statement preceding The- 
orem 5.2, they exist for C; and C; also. As a consequence of Theorem 5.2, the 
J’s for C; and C; are the same functions of their respective conformal arc 
lengths S. 

Let P; and P; be two points which belong to C; and C; respectively such 
that the conformal arc length parameters for C, and C; at P; and P: have 
the same value So. Let M; and Mz be the M-sets associated with C; and C, 
respectively at P,; and P:. As a consequence of Theorem 7.1, a conformal 
transformation T of R, into itself exists which transforms M, into M2. This 
same transformation transforms C; into some curve C’ passing through P; 
for S=S» and having the associated M-set M, at P:. For reasons like those 
given in connection with C, and C:, the J’s for C’ and C; are the same func- 
tions of S. It follows from Theorem 6.1 that C’ coincides with C; in a suffi- 
ciently small neighborhood of P:. Hence the conformal transformation 
Tr'TT, transforms (1 R, into « R, mapping sufficiently small arcs of C, and 
C: on each other. This proves Theorem 7.2. As a result of Theorem 6.1 and 
Theorem 7.2, the equations 


Ji = J,(S), = J,(S), = J,_3(S), = J,_1(S) 


may be regarded as conformal intrinsic equations of a curve in R, determin- 
ing the curve up to a conformal transformation of the space. A detailed con- 
formal geometry of curves could be developed by a study of important 
particular conformal intrinsic equations. _ 

8. Groups of conformal transformations in euclidean space R,, and in a 
conformally euclidean space R,. A euclidean space R, admits a group G of 
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conformal transformations of the space. According to the italicized statement 
preceding Theorem 7.1, the mapping function which is associated with any 
of these transformations must satisfy (7.3) or (7.4). Suppose that 7; and 7, 
are two transformations of G which are associated with the same y. Ther 7; 
and 7: induce changes in the metric element of arc ds of R, which may be 
written as 

ds, = yds, = 


respectively. If we write the point transformations as 
T,(P) = P,, T2(P) = 


then the point transformation 7; defined by 73(P1) = P:2 is a conformal trans- 
formation belonging to G for which the induced change in metric is ds,;=dsz. 
Hence 7; is a euclidean motion and T; may be written as T;= 7371. 

If ¥ is given by (7.3), one transformation associated with y is a magnifica- 
tion of similitude having any point of R, as center. If y is defined by (7.4), 
one transformation associated with y is readily found to be the inversion with 
respect to the hypersphere whose center is given by x‘=d‘ and whose radius r 
is b-/2, For the equations of this inversion are 


- — dé)? 
From these equations, we find that 
. dx* 


= 
— 


which is a conformal transformation of R, with y given by (7.4). These results 
and the remarks of the first paragraph of this section prove the theorem of 
Liouville(*). 


THEOREM 8.1. The most general conformal map of R, (n> 2) on itself is the 
product of an inversion with respect to a hypersphere by a motion or the product 
of a magnification of similitude by a motion. 


+ 


Now in the proof of Theorem 7.1, it was noted that the geometric objects 
{ui J, L} belonging to the two M-sets M and M uniquely determine the 
constants a or b and d‘ which define a mapping function associated with a 
transformation of G. Hence if the orders of M and M are each n so that the 
v*, «a)n‘ form normalized n-biens, it is readily seen in consequence of Theorem 
8.1 that the two M-sets determine a unique transformation of G. 


(5) For n>3, this theorem was proved by S. Lie, Uber Complexe, insbesondere Linien- und 
Kugelcomplexe, mit Anwendung auf die Theorie partieller Differentialgleichungen, Mathematische 
Annalen, vol. 5 (1872), pp. 145-246. Also cf. L. Bianchi, Lesioni di Geometria Differenziale, 2d 
edition, vol. 1, 1902, pp. 375, 376. 
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Suppose that the geometric objects in M are fixed while those which be- 
long to M range over all admissible values. Then the corresponding conformal 
transformations range over the totality of transformations belonging to G. 
Hence the geometric objects of M determine the parameters of G. The nor- 
malized n-bein at any point provides m(n+1)/2 independent constants, the 
vector yu‘ orthogonal to v‘ contributes m —1 additional constants and J, L are 
two more parameters. As a result the group G has exactly (n+1)(m+2)/2 es- 
sential parameters. 

Let R,, (n>2) be a conformally euclidean space and suppose that 7; is a 
conformal transformation which transforms R, into R,. If T is any trans- 
formation belonging to G, then the conformal transformation T=7;'TT7, 
maps R, on itself. The totality of these transformations {7} form the com- 
plete group G of conformal transformations of R,, upon itself. The group G 
is the conformal image in R, of the group G in R, and is obviously independ- 
ent of the particular mapping 7;. In consequence of the preceding discussion 
we have the theorem. 


THEOREM 8.2. Every conformally euclidean space R,, (n>2) admits a con- 
tinuous group of conformal transformations on itself having (n+1)(n+2)/2 es- 
sential parameters. 


Any path in R, of the group G is a curve C which is described by a point 
as the latter undergoes the transformations of a one parameter subgroup of G. 
If P; and P2 are any two points of C, a conformal transformation belonging 
to this subgroup exists which maps C on itself so that P; coincides with P2. 
Now it may be shown that if(5*) the relative conformal curvature J #0 then 
the conformal curvatures Ji, ++, Jr-1, Jn-1 of C exist. Hence it follows 
from Theorem 5.2 that the J’s have the same values at P; and P; and there- 
fore each conformal curvature is constant along the curve. 

Conversely, let C be a curve of R, each of whose conformal curvatures is 
equal to a constant. In consequence of the conformal equivalence theorem, a 
transformation of G exists which maps C on itself so that any two given points 
P, and P; coincide. These transformations may be chosen (in those cases 
where they are not already determined) so that they belong to a one parame- 
ter subgroup of G. Hence C is a path of the group G. 

The paths in R, of the group G are readily seen to be the conformal images 
of the paths in R, of G. If R,, is of class C*, the italicized statement preceding 
Theorem 5.2 shows that the conformal curvatures of each path of G exist. 
If the line of reasoning employed in the discussion of the paths of G is now 
followed, we arrive at the following theorem: 


THEOREM 8.3. The paths whose relative conformal curvatures do not vanish 


(*) It is easy to prove, using the results of §10, that every curve in R, whose relative con- 
formal curvature vanishes is a path of G. 


a 
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of the group of conformal transformations of an R,, (n>2) of class C* upon itself 
coincide with the curves in R, each of whose conformal curvatures is equal to a 
constant. 


The results of this and the preceding sections obviously apply to a curve 
in R, which is subjected to any transformation of the continuous group G. 
Consequently, at least for curves in R,, the results of this paper might have 
been obtained by using the classical methods of Lie and his followers which 
depend upon the elimination of the parameters of G. Our results would thus 
constitute the inversive theory of curves when applied to the inversive group 
G. The present methods based upon the conformal derivative yield consider- 
ably simpler proofs than would be obtained by elimination of the parameters 
of G and the results have greater applicability, being valid for a curve in 
any V,,. 

From the standpoint of Lie theory, this inversive geometry is simply the 
“natural geometry” of curves in an R, under the transformations of G. It is 
analogous to the well known natural geometry of curves in an R, associated 
with the metric group. It has been shown by Pick(**) that it is possible to 
develop a “natural geometry” of curves (at least when the enveloping space 
is an R,) for an arbitrary continuous group and this theory has been carried 
further by Kowalewski(™) and his students using the methods of the classical 
Lie theory. ‘ 

9. Conformal differential invariants. A conformal differential invariant H 
of a curve C in V, whose equations are x‘=x‘(t) is a scalar function of the 
variables: 


defined along C which, at any point P of C, has the same value for any admis- 
sible change of coordinates x‘ or of the parameter ¢ and whose value also 
remains unchanged if V, is mapped conformally on V,. This last condition, 
which gives H its conformal character, is equivalent to the assumption that H 
is invariant if the g;; and their derivatives are replaced respectively by e?”g,; 
and their derivatives while the other variables in (9.1) are unchanged. 

The simplest conformal differential invariants of C are its conformal cur- 
vatures. The most important problem concerning conformal invariants is the 
discovery of alf such invariants. Before answering this question (at least for 
curves in an R,) we discuss the relationship between two apparently distinct 
processes for constructing new conformal differential invariants from known 
invariants. 


(8) G. Pick, loc. cit., p. 139, 
(*) G. Kowalewski, loc. cit., chap. 3. 
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If H is a conformal scalar, then dH /dS, where S is a conformal arc length 
parameter, is also a conformal invariant. This classical method of construct- 
ing new invariants is a direct consequence of the properties of S. In particular, 
any function of the conformal curvatures and their derivatives with respect 
to S is a conformal invariant. A different method is apparently provided by 
Theorem 5.1. For the relative conformal scalar Q defined by 


(9.2) Q=J-H 
obeys (5.6) and it follows from Theorem 5.1 that the scalar 


with Q defined by (9.2) is a conformal invariant if the derivatives of Q in 

(9.3) exist. We now show that g may be expressed as a function of J,-, and 

conformal differential invariants obtained from H by the classical method. 
A straightforward calculation using (4.23) shows that 


(9.4) 


If we substitute the values given by (9.2) and (9.4) in (9.3) and use (5.9), we 
find 


This discussion shows that the only conformal scalar that one may construct 
by the method implicit in Theorem 5.1 and which is not obtainable by the 
classical method is J,_, itself. To obtain J,1, we simply set H=1 in (9.5). 
Every other g is a function uf J,-: and conformal invariants obtained from H 
by the classical method. 

We return to the problem of finding all conformal differential invariants 
of a curve. Since the value of any conformal scalar H is independent of the _ 
parametrization of the curve, we may replace ¢ in (9.1) by a conformal arc 
length parameter S. In virtue of equations (6.3), the successive derivatives 
of x* with respect to S may be written as functions of the conformal curva- 
tures Ji, Jo,- ++, Jr-1, Jn-1 and their derivatives with respect to S and of 
the g:; and their derivatives with respect to the x* and of x‘, v‘, (a)9', wu‘, J, L. 
Since the principal normal yu‘ is orthogonal to v‘, it may be written as(*”) 


(*) If r<m—1, we choose (r+20', as any normalized (mn —r —1)-bein or- 


| 
as dH | 
ds ds ds 
— = + — 4+ 
ds? ds? ds dS dS? . 
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ada (a) Hence H is a function f(w:, we, , where the w’s are to be 
replaced by the variables: 


dJ, dJ, ds 


0-6) Ju dS? 


n—1 ad*J n—1 

J gree, 
dS dS? 
Of these variables, the conformal curvatures and their derivatives with re- 
spect to S as well as v‘, (2)n‘ are conformal geometric objects while g;; and 
their derivatives with respect to x* and a., J, L are metric geometric objects. 
When the enveloping space of the curve is subjected to a conformal trans- 
formation, H is the same function f(wi, we, - - - , w) with the w’s replaced by 
the variables #‘, D‘, (a)4*, d., and so on, which correspond to (9.6) under the 
conformal mapping and H =H at corresponding points. We now prove the 
following theorem of which the converse statement has already been demon- 
strated: 


vi, Qa; d, L; Sits 


THEOREM 9.1. The most general conformal differential invariant of a curve 
in an R, (n>2) is-a function of the conformal curvatures and their derivatives 
with respect to a conformal arc length parameter. Conversely, every such function 
is a conformal differential invariant. 


In the proof of the theorem, we consider a conformal differential invariant 
H defined at any point of a curve in an R,. By means of a conformal mapping 
of R, on R,, H becomes a conformal scalar defined at any point P of a curve 
Cin R,. We therefore first discuss invariants of C in R,. In R,, the. coordinates 
x‘ may be chosen so that they belong to a rectangular cartesian coordinate 
system U such that gi; = 5}, 0g;;/Ox*=0, throughout a 
region of R, containing P and at P, x‘=0, 8}, (a)! = 8{441). If Rp is sub- 
jected to a conformal transformation(5*) 


belonging to G, C is mapped on another curve C in R, and P corresponds to P. 
In this transformation, the #‘ have been chosen so that they belong to 
a rectangular cartesian coordinate system U such that g;;= 8), 0;;/02"=0, 
0°g,;;/02°02*=0,-++- throughout a region of R, containing P and at P, 
£'=0, 51, (a)! = It is clear that in the coordinate systems U and J, 
the g;; and their derivatives as well as x‘, v‘, (4)y‘ remain unchanged by con- 


(8) In this proof, we no longer assume that points with the same coordinates correspond 
as was done previously. 
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formal transformations of G. Of course the conformal curvatures and their 
derivatives with respect to S also remain constant. Hence in these coordinate 
systems, the only possible variables of H are aa, J, L. 

As a consequence of Theorem 7.1, a conformal transformation of G exists 
which transforms the set a,, J, L into any other set d., J, L with J>0, J>0. 
Hence a., J, L behave like independent variables with respect to conformal 
transformations of G so that if any of the a., J, L are effective variables, H 
cannot remain invariant. This contradiction shows that H is independent of 
aa, J and L. Hence, in the coordinate system U, H may be written as 


dJ, dJ 
= 1 1 2 


Ji,;—) 


dS dS? dS 


dJ,_ 


(9.7) 


Since the values of H as well as of the J’s and their derivatives with re- 
spect to S do not depend on the coordinate system, (9.7) is valid in every co- 
ordinate system. (Or otherwise: The values of the g;; and their derivatives 
and of x‘, v‘, (an at P behave like independent variables with respect to 
coordinate transformations, subject to normality conditions for v‘, (a)n‘ while 
H and the conformal curvatures and their derivatives with respect to S re- 
main constant. Therefore H cannot involve g;;, x‘, v‘, (a)n‘ as effective vari- 


ables.) This observation proves the theorem for curves in R, and conformal 
transformations belonging to G. But since H and the J’s and their derivatives 
with respect to S are unchanged by a conformal mapping of R, on an R,, 
(9.7) is also valid for curves in R,. The proof of Theorem 9.1 is thus com- 
plete(5*). 

It is clear that a similar proof in the metric theory would show that every 
metric differential invariant of a curve in an R, 1s a function of the metric curva- 
tures and their derivatives with respect to a metric arc length parameter, and con- 
versely. We note that Theorem 9.1 is not true in general Riemann spaces. For 
in a space V, whose dimensionality m exceeds 3, the Weyl conformal curva- 
ture tensor Cj, is different from zero(®) if V,, is not an R,. Then unit vectors 
(1994, any two of which are either identical or mutually orthogo- 
nal exist at a point P of V, such that is different from 
zero. Now, in accordance with Theorem 6.1, curves C; and C, exist in V, 
whose conformal curvatures are the same functions of the conformal arc 
length and which pass through P so that the 0*’s are vectors of their moving 
conformal (7-+1)-beins and whose relative conformal curvatures J at P are 


(5) Avery short non-constructive proof for the analytic case may be based on Theorem 7.2. 
(*%) H. Weyl, loc. cit., p. 404, and J. A. Schouten, loc. cit., p. 80. 
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any two different positive constants a and b. Since Ci is a conformal tensor, 
it follows readily from (4.22) and (4.26) that H defined by 


—2 i 
H=J (2)9 (3)9 


is a conformal differential invariant of C, and C:. Since a#b, H has different 
values at P for C, and C. Since the values of corresponding conformal curva- 
tures and their derivatives with respect to conformal arc length parameters 
are the same for C; and C2, H cannot be a function of the conformal curva- 
tures and their derivatives with respect to a conformal arc length parameter. 
A similar example in the metric theory of a curve in a space which is not a 
space of constant curvature could be constructed by means of the Riemann 
curvature tensor 

10. Conformal null curves. The results of the preceding sections obviously 
cannot be applied to a curve C whose relative conformal curvature vanishes 
identically. In this case the conformal arc length between any two points of C 
is zero, and conversely. Consequently, we call any curve along which J=0, 
a conformal null curve(*'). As a consequence of .(4.21) with J=0, it follows 
that in any V, of class C‘ (class C* if V, is conformal to an E,), a unique con- 
formal null curve is determined by a set of initial values for x‘, v‘, u‘. Hence, 
in contrast to the metric case, real conformal null curves exist in V, even 
though its first fundamental form is positive definite. In virtue of (4.22), the 
conformal image of a conformal null curve is also a conformal null curve. We 
now derive a number of simple properties of these curves. The first of these 
is the theorem: 


THEOREM 10.1. A curve Cin V, (n>2) is a conformal null curve if and only 
only if a Riemann space V, and a conformal transformation of V, on V,, exist 
such that C is mapped by this transformation on a geodesic of V,, which is also a 
line of principal Ricci curvature of Vn. 


In the proof, we begin with the fact that a conformal transformation of V, 
on some V, exists which maps any curve (not necessarily a conformal null 
curve) on a geodesic of V,. In other words, every curve is conformally geodesic 
in some V,. The proof of this result is simple and will appear in another paper. 
As a consequence of this proposition, the given conformal null curve C is con- 
formally equivalent to a geodesic C of some V,. For C, ki=k,=0. Of course 
the relative conformal curvature J of C is also zero. It follows from the defini- 
tion of J*4* in the equation analogous to (4.21) that 


(10.1) — viv") = 0 
at each point of C. If we multiply this equation by Z;; and sum for 4, 


(®) In the following discussion we do not consider the non-real conformal null curves which 
are solutions of ds* = g;;dx‘dxi =0, : 
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where A = Ry, v/p*. Hence y* is a Ricci principal direction(**) of V, so that C 
is a geodesic line of principal Ricci curvature. Conversely, if C is a curve of 
this kind, ki:=,=0 and (10.2) holds. In virtue of these equations, (10.1) is 
true and J*4‘=0. From this equation it follows that J=0. In accordance 
with (4.22), J must vanish identically on any conformal image C of C. This 
completes the proof of the theorem. : 

If V, is an E,, (6.7) holds and Ryv*(gi*—v‘v") =0 for every curve in E,. 
Hence, as a consequence of (4.21), J=0 if and only if k; is constant and kz 
is zero. In this case, the curve is a geodesic circle of E,. We state these facts 
in this theorem: 


THEOREM 10.2. Every conformal null curve of an E, (n>2) is a geodesic 
circle of E,, and conversely. 


As a result of this theorem, a curve in an E, is a conformal null curve if 
and only if it is conformal to a geodesic circle in E,. If the E, is an R,, any 
geodesic circle may be mapped on a straight line of R, by a conformal trans- 
formation belonging to G. This proves the theorem: 


THEOREM 10.3. The necessary and sufficient condition that a curve C in an 
R,, (n> 2) be a conformal null curve is that C be the conformal image of a straight 
line in R,. 


As an immediate consequence of the theorem, we note that if C,; and C, 
are conformal null curves of two conformally euclidean spaces 1) R, and (2) Rp 
respectively then a conformal transformation exists so that «1 RnR, and 
CC. In other words, all conformal null curves in R,'s are conformally 
equivalent. 

11. Curves in an Einstein space E,. The defining equation (4.21) for the 
first conformal normal and the relative conformal curvature of a curve C 
in V, (n>2) becomes 


at a point of C whenever the additional equation 
(11.2) Ruw*(g* — v*) = 0 


is satisfied. A line of reasoning similar to that employed in connection with 
(10.1) and (10.2) shows that (11.2) is the necessary and sufficient condition 
that v‘ be a Ricci principal direction of V,. Now the second of the Frenet 
equations (4.13) is equivalent to 


(@) L. P. Eisenhart, loc. cit., pp. 113-114. 
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Dui i 
=—-k avy + + keke 


where pu‘ =k; yy‘ so that (3.22) shows that 


Dut dk, 

ds ds 
A comparison of (11.1) and (11.3) and the preceding remarks prove the theo- 
rem: 


THEOREM 11.1. The necessary and sufficient condition that 


Dd i 
(11.4) JI = = 
ds 
be true at a point of a curve of V, (n>2) is that the tangent to the curve at the 
point be a Ricci principal direction of V,. 


Of course, if (11.4) is true at all points of C, then C must be a line of prin- 
cipal Ricci curvature of V,. It follows that (11.4) is true for all curves of V, 
if and only if V, is an E,. We suppose this to be the case in the remainder of 
the section. 

Let C be a curve in E,. If we find the successive conformal derivatives of 
(11.1) with respect to s and make use of (3.22), (4.23) the Frenet equations 
(4.13) and the conformal Frenet equations (4.25) we obtain a series of equa- 
tions of the form 
By wn = As ay + As a; 
é 


By ayn + Be yn = Az + As + Ag co, 


By ayn + Be ayn +--+ + Ba oon = Az +Asz 


i 
+ 


The B’s are functions of the relative conformal curvature, the conformal cur- 
vatures (except J,_:) and their derivatives while the A’s are functions of the 
metric curvatures and their derivatives. Thus 


B=J, By = 
Ss 


1 1 2 2 
= — Az = kiko, — kyke, 
3 ike ike 


2 ak; dk 2 
2 — ke + A,= kikeks. 
ds ds 


480 [May 
and 
bil 


1942] CONFORMAL THEORY OF CURVES 481 
By means of equations (11.5), we may write J and the conformal curvatures 


as functions of the metric curvatures and their derivatives with respect to s. 
Thus, from the first equation, it follows that 


dk;\? 
Jt= (=) + (kike)*. 
ds 
One readily finds, if win—1, that 


d 
B, B. + IS 
ds 


= kike- aie Rotts 


d 
Aus = —Ausit . 
ds 


We now derive a number of results which interrelate the zeros of the met- 
ric and conformal curvatures. The first of these is the theorem(®) which fol- 
lows 


THEOREM 11.2. If and either ky=O0 (w<r+1) or dk,4:/ds=0 
(0SrSn—2) at a point of a curve in E, (n>2) then JJ,J2-- + J,=0 at this 
point. 


The proof follows. If JJiJ:---J,1=0 at a point P, the theorem is 
proved. We consider the case where JJ; J2 - - - J;-1#0 at P. Suppose that the 
hypothesis of the theorem is satisfied at P. Then (11.6) with w =r, r+1 shows 
that A‘,,=A7t} at P. Now the assumption JJ,J2--- J,1#0at P 
makes it possible to solve the first equations of (11.5) for ayn‘, - 
as vectors in the linear vector space V determined by qv‘, v', +--+, @4v* 
Since an‘, yn‘, are independent vectors, they may serve as a basis 
for V so that , may be written.as linear combinations of 
an‘, If these solutions for the are substituted in the right 
member of the (r+1)st equation of (11.5), it is possible to solve for B7t} (-41)! 
as a vector in the linear vector space V. Since all the conformal normals are 
independent, it follows that Byt}=J*+?J,J2.--- J,:J,=0 which completes 
the proof of the theorem. 

We now derive a result which is in the nature of a converse of the above 
theorem. 


(*) If r=0, we write J)>= J. In this case, some of the statements in the proofs of §§11 and 12 
are either immediate or vacuous. The slight amendments which this necessitates can easily be 
supplied by the reader. 
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THEOREM 11.3. Jf J,=0 (OS7rSn—2) at a point of a curve in E, (n>2) 
then kike + at this point. 


We first consider the case where JJ,J2--- J,1#0 at the point P. 
Then, as above, it is possible to solve the first r equations of (11.5) for 
Since J, =0, and (-41)9‘ is absent from the (r-+1)st equation of (11.5). 
Hence, if we substitute the above solutions for the 
left member of the (r+1)st equation, A7{} (-4s)v*is found to lie in the linear 
vector space determined by qv‘, As a consequence, 
Atti =hkike P. 

We now proceed to the case where JJiJ2 - - - J;_1=0 at P. In this case, 
an w20 exists so that J, =0 and JJiJ2 - - - Ju.1#0 at P. The discussion of 
the preceding paragraph then applies so that kiks - - - ku42=0 at P. The theo- 
rem is thus proved in all cases. ‘ 

As a consequence of the two preceding theorems, we note this theorem: 


THEOREM 11.4. Jf k,41=0 (OS7Sn—2) along a curve in E, (n>2), then 
J,=0. If J, =0 along a curve in E,, then k,42=0. 


The proof is immediate. For if k,41=0, then Theorem 11.1 shows that 
JJiJ_+++ J,=0. If the J’s are continuous, it follows that a J, (wS7r) exists 
which vanishes identically along the curve. Then Jy41=Joi2= +--+ =J,=0. 
The second statement in the theorem is demonstrated in a similar manner. 

We shall not prove but simply note that a theorem analogous to Theorem 
12.3 exists in the case of a curve which is contained in a hypersurface E,_; 
with indeterminate lines of curvature of an enveloping E,. 

12. Curves in a conformally euclidean space R,,. In the metric theory of a 
curve in an R, (n>2), k+4:=0 (720) implies that the curve lies in a (r+1)- 
dimensional totally geodesic subspace of R,. (The same result holds in an S,.) 
We denote such a subspace which is called a (r+1)-plane by P,4;. Hence 
P,4: is an R,4; having zero normal curvature in an enveloping R,. If R, is 
mapped conformally on itself or any other R,, then the image of P,; in R, 
is denoted by P,,4: and is called a conformal (r+1)-plane. We assume that the . 
class of R, is at least C*. Now it can be shown that a subspace having um- 
bilical points maps into a subspace with umbilical points under any conformal 
transformation of the enveloping space(*). If R, is mapped conformally on 
itself, then it follows that the P,,; of R, must be umbilical and hence are the 
(r+1)-dimensional spheres S,,; of R,. This also is a consequence of the fact 
that every (r+1)-sphere is equivalent to a (r+1)-plane by means of a suit- 
able inversion in R,. Similarly, any (r+1)-dimensional subspace V,+; of an 
R, having only umbilical points must be a P,4:, and conversely. For if R, is 


(“) For example, cf. J. A. Schouten and D. J. Struik, Einfiéhrung in die neueren Methoden 
der Differentialgeometrie, vol. 2, 1938, p. 211. 
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mapped conformally on R,, V,4: is transformed into an umbilical subspace 
of R,, that is, an S,4:. Since S,4; is a P,4:, Vr41 is one also. The converse is 
established by reversing this argument. Thus the P,,, of an R, are in one-to- 
one correspondence with the (r+1)-spheres of R,. In this section, some rela- 
tions between the P,,; of an R, and the conformal curvature J, are derived. 
In particular, we obtain a conformal analogue of the theorem stated in the 
first sentence of this section. 

A P,4: in R, is simply a (r+1)-sphere and is determined by r+3 points 
which do not lie in the same r-sphere. By a conformal transformation of R, 
on an R,, it is readily seen that, in general, a P,,; of R, is determined by 
7+3 points of R,. The osculating conformal (r+1)-plane at a point P of a 
curve Cin R, is a P,,: whose order of contact with C at P is not exceeded by 
any other P,,;. Since P,+; is determined by r+3 points, the order of contact 
of the osculating P,,; with C is not less than r+2. If this order of contact 
exceeds r+2, we say that the osculating P,4: hyperosculates the curve C. 

The discussion of the osculating P,,; is considerably simplified by first 
converting this P,,, into a P,4: in R,. We now proceed to this simplification. 
Let P41 be the osculating conformal (r+1)-plane at a point P of a curve C 
in R,. Then a conformal transformation T exists so that R,«>R,, P,41P,41. 
Suppose C++C,, P«+P. Since T is continuous, the order of contact is preserved 
and P,,; is a (r+1)-plane in R, whose order of contact with C, at P; is equal 
to that of P,,; with C at P. We choose rectangular cartesian coordinates 
x‘ in R, so that P; is the origin of coordinates and the moving 2-bein 
Of C, takes the position 


i é i 
(12.1) (yy = = = bn 


at P. Since the order of contact of P,4: with C; is at least r+2, P,4; osculates 
C; (actually P,4: hyperosculates C, since the “normal” order of contact of 
an osculating (r+1)-plane with a curve is r+1) and hence must contain 


wy', +++, at Pi(®). As a consequence of (12.1), the equations of 


x} = x}, x? x, see, = arth 
art? = 0, att? = 0, ---, = 0. 


(12.2) 


If the equations of C are x‘ =x‘(s) where s is a metric arc length parameter, 
then these equations may be written as(**) 


(%) The well known fact that an osculating P,,; contains the tangent vector and the first r 
normals at the point of contact need not be assumed as is done here but may readily be demon- 
strated using equations (12.1), (12.3) and (12.4). , 

(*) The analyticity of the x‘(s) is not necessary as we may replace (12.3) by a finite series 
using the extended theorem of the mean. 


P,41 are 
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da? 
0 


where the subscript zero signifies that the corresponding expression is to be 
evaluated for x‘=0. Since dx‘/ds = qv‘, we find by successive differentiation 
with respect to s and use of (4.13) that 

1 i 

=D; 

ds? 

d* 


ds* 


2 2 é 
=D; wv + D2 av, 


é é 
= Di + Ds (2)¥ + D; (3) 


i « i 
=D; av + De av + Dewy. 


ds* 


The D’s are functions of the metric curvatures and their derivatives. Thus 
Di =1, Dj=0, Dj=k,, Di=—k, D3 =dk:/ds, =kyke. It is a simple conse- 
quence of (4.13), that if OSwin—2, 


Diets = Rika +++ Ret, 


12.5 d 
Desi = + he 


Now by definition, C; has contact of order w with P,4: at P: if the perpen- 
dicular distance from a nearby point P, on C, to P,4: is an infinitesimal of 
order w+1 with respect to the infinitesimal arc length P;P2. By a comparison 
of (12.2) and (12.3), it follows that the order of contact of C; with P,4; is 
one less than the lowest power of s which occurs in the expansions of 
x7t2(s), in (12.3). In virtue of (12.1) and (12.4), the equa- 
tions (12.3) are 


(r + 3)! * 


T+2 
x = + T+2° 


(r + 2)! 


r+8 +o 
x = + ow ey 
(r + 3)! 
where the D’s are to be evaluated at the origin and it is seen that x*+4(s),---, 
x"(s) involve powers of s greater than r+3. Since the order of contact be- 
tween C; and P,4; is at least r+2, 


(12.6) 


[May 

¥ 

| 

» 

= 

= 
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(12.7) Dit =0 


is a necessary condition. If P,,; hyperosculates C, then the order of contact 
between and exceeds r+2, and conversely. Hence 
(12.8) Diz=0, Diss =0 
are necessary and sufficient conditions(*’) that the osculating P,,; hyperoscu- 
late C. The conditions (12.7) and (12.8) are stated in terms of the metric 
curvatures of C;. We now find an equivalent statement in terms of the con- 
formal curvatures of C, at P; and hence indirectly, in terms of the conformal 
curvatures of C at P. 

By comparison of (11.6) and (12.5), 


(12.9) 


According to (11.5) and (12.1), at the origin, 
= 0, 
(12.10) 
= = +++ = = 0. 
It follows from (11.5), (12.1), (12.9) and (12.10) that 
w+2 


w+2 
Diss = Bown, 
(12.11) 


w+3 w+2 w+1 
= Bo (oon Boss (o41)0 


As a consequence of (11.6) and (12.11), the necessary condition (12.7) is 
equivalent to 


and the necessary and sufficient conditions (12.8) are equivalent to 


(12.13) + cee = 0, 


Suppose that J;1#0 at P;. Then (12.12) shows that ()n’t?=0 
at P;. Then J,=0 is the only solution of (12.13). For, if possible, let J, be 
different from zero at P;. Then, from (12.13), (4197+? = ¢-41)97t? =0. As a con- 
sequence of (12.10), the rank of the vectors , is less than 
which is impossible. Hence, if JJiJ2 - #0 at Pi, (12.13) is equiva- 


(*7) The discussion leading to equations (12.6) did not use the fact that P,,, hyperosculates 
C, and hence applies to the osculating P,,: of a curve C; in all cases. Hence (12.7) is the neces- 
sary and sufficient condition that the osculating P,4: hyperosculate C;. If (12.8) holds as well 
as (12.7), then the order of contact between C, and P,,; is at least +3. 
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lent to J,=0 at P;. Since the zeros of J, Ji, Jz, -- +, J, for C and C; coincide, 
this completes the proof of the theorem: 


THEOREM 12.1. A conformal (r+1)-plane (037 Sn—2) which osculates a 
curve in an R,, (n>2) at a point where JJ;J2- ++ Je-1x0 hyperosculates the 
curve if and only if J, =0 at the point of contact. 


Incidentally, we have shown that if JJiJ2--+- J;1#0 and J,=0 at P 
then C in R, is conformal to a C; in R, so that (12.7) and (12.8) hold at the 
corresponding point P; of C;. In virtue of (12.5), the solution of (12.7) and 
(12.8) is either 


(12.14) 0 usrti, 


or 
(12.15) 


The solution (12.14) with u<7r-+1 is impossible under the assumption that 
++ at P. For if u<7r+1, in accordance with Theorem 11.2, 
JI;J_ +++ Jy1=0 at P; which contradicts the hypothesis. Similarly Theorem 
11.2 shows that the solution (12.15) is possible only if u=7r+1. These re- 
marks prove the following converse of Theorem 11.2 for a curve in a con- 
formally euclidean space: 


THEOREM 12.2. If and J,=0 (0S7Sn—2) at a point of 
a curve C in an R,, (n>2), then C is conformally equivalent to a curve in R, at 
whose corresponding point k,41=0 and either dk,:/ds =0 or ky =0 (w<7-+1). 


If Cis in a P,+: of R,, then this P,,; hyperosculates C at each of its points 
so that, in accordance with Theorem 12.2, JJ;J2-- + J,-1J,=0 at each point 
of C. A proof similar to that of Theorem 11.4 shows that J, =0 along C. Con- 
versely, if J,=0 along C, the osculating P,,; of C hyperosculates C at the 
point of contact. However this fact need not imply that C is contained in a 
P,41 since the osculating conformal (r+1)-plane may differ from point to 
point. We shall show that this conjecture is never actually realized and that 
J, =0 implies that C lies in a P,,: of R,. 

We consider the conformal geometry of a curve C which is in a P,+; of R,. 
Suppose that the equations of the P,,; in R, which contains the curve C are 


a=i,2,---,7r+1, art? = 0,---,2* = 0, 


where the x‘ are rectangular cartesian coordinates for R, and the y* are the 
rectangular cartesian coordinates of a point of P,,:. Let ¢* be the components 
in the x‘ of any vector in the tangent vector space of P,4; and ¥~* the corre- 
sponding components in the y*. Then 


— 
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(12.16) 


where the comma denotes covariant differentiation with respect to the y* and 
the first fundamental form of P,4,:. In particular, the components y‘ in the 
x’s and @* in the y’s of the unit tangent of C are connected by the equation 

Let Do‘/Ds and Dy«/Ds* denote the absolute derivatives of ¢‘ and ¥ 
with respect to the arc length of C and the first fundamental forms of R, and 
P,4: respectively. If we find the absolute derivative of both members of 
(12.16), we obtain 


(12.17) 


where x‘,,=0%x‘/dy*0y*. It is clear from the defining equations of P,4; that 
the tensor x‘,, satisfies the equation x‘,,=0. Therefore (12.17) becomes 


(12.18) 


If we equate the projections in the normal vector space of C of each member 
of (12.18) and make use of (3.22), we obtain 


(12.19) 


Let ¥* =6 in (12.18). Then 


where yp‘ and ¢ are the principal normals of C; in R, and P,+; respectively. 
As a result of this last equation, we may apply (12.19) with ¢‘=y‘, ¥=d-. 
If r>1, after account is taken of Theorem 11.1, we obtain 


(12.20) Jn 


where J*, ** are geometric objects of P,.; analogous to J, ‘in R,. A similar 
notation is used for other conformal geometric objects in P,4;. We refer to 
geometric objects of P,4; and R, as surface and space geometric objects re- 
spectively. (We do not pause to prove that it is unnecessary to assume the 
existence of both the set of surface conformal objects and the set of space 
conformal objects. The existence of either set implies the existence of the 
other.) 
From (12.20) 


(12.21) J = Jj*, 
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(12.22) 


Since the metric arc length parameters s, s* may be chosen along C so that 
s =s*, equations (4.23) and (12.21) lead to the conclusion that conformal arc 
length parameters may be chosen so that 


(12.23) 
Then, from (12.19) 


(12.24) 


As an immediate consequence of the definition (5.10), and (12.21) and (12.23), 
the last surface conformal curvature J* and the last space conformal ,curva- 
ture J,-1 are equal. 


In virtue of (12.22), we may let ¢‘=n‘, ¥*=n** in (12.24). If we make 
use of the conformal Frenet equations, the resulting equation is 


*a 


(12.25) Ji wn = 


from which 


a 


We now let $‘ = yn‘, ¥* = (2)n** in (12.24) and simplify the resulting equation 
by means of (4.25) and (12.25). This gives 
* wa 
J2 = Ja, (3) = 

Proceeding in this manner, we find that the successive surface conformal nor- 
mals and conformal curvatures and the corresponding space conformal nor- 
mals and conformal curvatures are equal. Since only r—1 of the conformal 
curvatures which occur in the conformal Frenet equations of C as a curve in 
P,4: can be different from zero, it follows that the space conformal curvature 
J, vanishes identically. 

It remains to consider the cases r=0, 1 which were excluded in the 
above discussion. If r=0, C is a geodesic and J =0. If r=1, we write A\* = 
where k# is the surface first curvature and £¢ is the surface first (metric) nor- 
mal of C. If we proceed in the same way as above, we obtain 
(12.27) 

‘= 

ds* 
J 1™= 0 


instead of (12.20) and (12.25). 


dby* 

dS 

/ 
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Conformal geometric properties similar to those derived above are en- 
joyed by any curve C contained in a P,,; of an R,. For a suitable conformal 
transformation exists so that R,@R,, Accordingly, the 
above discussion applies to C; in a P,4: of R,. However, since the vectors and 
scalars mentioned in this discussion are the conformal normals, conformal 
curvatures and conformal arc length, in virtue of Theorem 4.1 and Theorem 
5.2, the results apply equally well to the curve C in P,,; in R,. These remarks 
complete the proof of the theorem. 


THEOREM 12.3. If a curve C in an R, (n>2) is contained in a conformal 
(r+1)-plane P41 (0S7 Sn—2) then the rth space conformal curvature J, van- 
ishes along C. If r>1, the conformal arc length, conformal normals and conformal 
curvatures of C as a curve in the space R, and as a curve in the surface P,+; are 
related by the equations: 

S=S", 
ta 
= 
Jn=J 
= 


It is now a simple matter to prove the converse theorem. 


THEOREM 12.4. If the rth conformal curvature J, (0 St Sn—2) of a curve C 


in an R, (n>2) vanishes identically, then C lies in a conformal (r+1)-plane 
of R,. 


The proof follows. We first consider the case r>1. Let 
(12.28) Ji(S), J2(S), J7-1(S), Jn-1(S), 


be the conformal curvatures of Cin R,. According to Theorem 6.1, a curve Ci 
exists in R,,, whose conformal curvatures are the functions (12.28). If the 
R,4: is imbedded as a P,,; of R,, C; considered as a curve in R, will have the 
same functions (12.28) for its conformal curvatures as a result of Theorem 
12.3. Then the conformal equivalence theorem shows that a conformal 
mapping exists so that R,R,, C>C;. It follows that C lies in the con- 
formal image of P,+: which is a P,.; of R,. This completes the proof for this 
case. 

We now consider the remaining cases, r= 0 and r=1. If r=0, C is a con- 
formal null curve and, by Theorem 10.3, C is conformal to a straight line in 
R,. Hence C lies in a conformal 1-plane. 

If r=1, the only conformal curvature which is not zero is J,-:(S). The 
results of §14 make it possible to give a proof for this case in precisely the 
same manner as was done for r > 1. However, we now indicate an alternative 


A 


490 AARON FIALKOW > [May 


proof which is independent of §14. Known existence theorems for differential 
equations permit us to establish the existence of a solution k/*(s*) of the sys- 
tem of equations 

dq dq\? 


(12.30) 


(12.31) 


Then a curve C; exists in R, whose (metric) first curvature and (metric) arc 
length are k#* and s* respectively. Let Rz be imbedded as a 2-plane in R,. Ac; 
cording to Theorem 12.3, the only nonzero conformal curvature of C; as a 
curve in R, is the last conformal curvature. The relative conformal curvature 
J of C, is related to k#* by (12.27). Then (12.30) leads to the conclusion that 
J=gq. A comparison of (12.31) with (4.23) shows that Q=5S. Now the space 
first curvature k, equals the surface curvature k*. It follows from (5.9) and 
(12.29) that the last conformal curvature of C; in R, is J,-1(S). According to 
Theorem 7.2, a conformal transformation exists so that R,«+R, C++C;. Hence 
C must lie in the conformal image of the 2-plane which contains C;. This com- 
pletes the proof of Theorem 12.4. 

As an immediate consequence of Theorem 12.4, if J,=0, C is conformal 
_ to a curve C; which is contained in a (r+1)-plane of R,. Hence the (r+1)st 
metric curvature of C; vanishes. We state this result, which is similar to that 
of Theorem 11.4, in the theorem: 


THEOREM 12.5. If J,=0 (0S7Sn—2) along a curve C in an R, (n>2), 
then C ts conformally equivalent to a curve in R, whose (r+1)st metric curvature 
k,41 ts identically zero. 


Since P,,; in R, is a (r+1)-sphere, we have the following corollary of 
Theorem 12.3 and Theorem 12.4: The necessary and sufficient condition that a 
curve of R, (n>2) lie in a (r+1)-sphere of R, is that J, be identically zero. For 
the case n =3, r=1, the condition becomes J,=0. This condition, when J; is 
evaluated in terms of the metric curvatures of the curve, is known(**), but the 
classic derivation differs completely from that of the present paper. 

13. Circular conformal transformations. The characteristic property of 
the inversive group G defined in R, is that every circle (including straight 
lines) of R, is mapped on a circle under any transformation belonging to G. 
A generalization to any V, of the circle in R, is the geodesic circle defined as 
the curve whose first (metric) curvature is constant and whose second curva- 


; (%) L. P. Eisenhart, Differential Geometry, 1909, p. 36. 
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f qds*. 


1942] CONFORMAL THEORY OF CURVES 


ture vanishes identically. It is therefore defined by the equations 
(13.1) 


The ordinary (metric) existence theorem for curves proves that a unique geo- 
desic circle is determined by the values of (v‘, )v‘, Ri at an arbitrary point 
of V,. A conformal transformation of V, on V, which maps the geodesic 
circles of V,, and V,, on each other is called a circular conformal transformation. 
It is a natural generalization of the inversive transformations belonging to G.° 
In a manner similar to that of §2, we may define tensors which have an in- 
variant character:with respect to circular conformal transformations. Analo- 
gous to the definitions in §2 we may thus define relative circular conformal 
tensor, circular conformetric tensor and circular conformal tensor. 

According to the definition of circular conformal transformations, if (13.1) 
holds for a curve in V, then dk,/d3 =0, k.=0 is true for the conformal image 
in V,. If these results are substituted in (4.18), we find that the mapping 
functions ¢ of the circular conformal transformations coincide with the solu- 
tions of the differential equations 


where y‘ is an arbitrary unit vector of V,. Equation (13.2) is analogous to 
(10.1). A line of reasoning similar to that employed in the discussion follow- 
ing (10.1) shows that vy‘ in (13.2) is a principal direction determined by o;;. 
Since v‘ is arbitrary, it follows that the necessary and sufficient condition that a 
be the mapping function of a circular conformal transformation of V, is that it 
satisfy the equations 


(13.3) = 


Thus a V, admits circular conformal transformations if and only if (13.3) 
has solutions. In a previous paper(**), we have shown that a very large class 
of V,’s actually exist which admit such transformations. In particular, as 
follows from (4.20), (6.6) and (13.3), any conformal transformation between 
Einstein spaces of dimensionality n>2 is circular. Conversely, the conformal 
image of an Einstein space under a circular conformal transformation is also an 
Einstein space. A detailed study of the existence questions concerning con- 
formal transformations between £,’s has been made by Brinkmann(’). We 
also note, as was shown at the beginning of §7, any conformal transformation 
between spaces of constant curvature of dimensionality n> 2 is circular. The con- 
verse of this statement is true even if »=2, that is, if a circular conformal 


(®) A. Fialkow, Conformal geodesics, loc. cit., $12. 
(7) H. W. Brinkmann, Einstein spaces which are mapped conformally on each other, Mathe- 
matische Annalen, vol. 94 (1925), pp. 119-145. 
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transformation is applied to a space of constant curvature S,, the conformal image 
of S, is also a space of constant curvature S,. A proof of this statement has al- 
ready been given in §7 if n>2. The following proof also applies to the case 
n=2., 

Since S,«>R, by a circular conformal transformation, the conformal image 
spaces of S, and R, under all circular conformal transformations coincide. It 
therefore suffices to prove the above italicized statement for an R, only. Let 
the x‘ be rectangular cartesian coordinates. Then, if y is defined by (5.2), the 
first fundamental form of any V, equivalent to the R, by a circular conformal 
transformation is 


(13.4) ds? = + + dx""] 
where, as a consequence of (13.3), y is a solution of 


ay 


Ox'dxi 


oy ;. 
The solution of these equations exists only if @ may be written in the form 


(ax® + bixt + 


tal 


where a, b‘, c‘ are real constants and the solution y is given by 


(13.5) v= (ax® + + 

i=l 
A comparison of (13.4) and (13.5) shows that d5? is the first fundamental 
form(”) of an S, whose Riemannian curvature is >\7.,(4ac‘—b*). The itali- 
cized statement is thus proved. 

Analogous to the present conformal theory of curves, we may develop a 
theory based upon circular conformal transformations. In this theory, we 
would restrict the conformal mapping functions to solutions of (13.3) and 
would consider as the enveloping space of the curve only those Riemann 
spaces which admit circular conformal transformations. All the results of the 
present theory would also hold with reference to circular conformal trans- 
formations. However, a number of new features also present themselves some 
of which are now indicated. 

As a consequence of (4.18) and (13.3), the vector &‘ defined by 


dk 


is a relative circular conformal vector defined along the curve C which has the 


(™) We are here using a result which is stated in L. P. Eisenhart, Riemannian Geometry, 
1926, p. 85. 
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transformation law £‘=e~**‘, This vector is defined even if n = 2. In a manner 
analogous to that indicated by (4.21), &* determines a relative circular con- 
formal scalar and a unit circular conformetric vector. The conformal Frenet 
equations for this vector and the circular conformal arc length defined with 
the aid of the above relative scalar yields a new sequence of “circular con- 
formal normals” and “circular conformal curvatures.” If n>2, the vector \*‘ 
defined by 


1 
hi J%i — = Ruw*(g* — viv) 
is also a relative circular conformal vector with the transformation law 
'=e-**‘, Also, as follows from (4.20) and (13.3), if(7*) »>2 any two or- 
thogonal vectors w‘ and 6‘ which are relative circular conformal vectors de- 
termine a relative circular conformal scalar Q defined by 


Q = 


Of course, in an E,, and A‘ = =0. Similar relative circular conformal 
scalars and tensors could be defined using (4.19) and (13.3). 

14. The two-dimensional case. The principal interest of circular conformal 
transformations lies in the possibility of utilizing them in order to develop a 
conformal geometry of curves in a two-dimensional Riemann space. This pos- 
sibility is realized in the present section and, except where restrictive assump- 


tions are explicitly stated, the results apply to any V2 which admits a circular 
conformal transformation. Obviously the S,’s (including R2) are such surfaces. 
According to an italicized statement of the preceding section, circular con- 
formal transformations applied to surfaces of constant curvature map them 
on surfaces of constant curvature. Hence the theorems of this section include 
the circular conformal geometry of curves in surfaces of constant curvature 
under any circular conformal correspondence between these surfaces. In this 
case, as will be seen, a complete theory including the equivalence theorem is 
obtained. This circular conformal geometry includes the inversive theory of 
curves in R; as a special case since the transformations considered in the inver- 
sive theory are the circular conformal transformations of R; on itself. 

But there are many V,2’s besides the obvious S2’s which admit circular con- 
formal transformations. For it may be shown, using the results of a previous 
paper(™), that every V2 applicable to a surface of revolution and only these 
V2’s admit circular conformal transformations. The conformal image space of 
any of these V2’s under a circular conformal map is a surface which is also 
applicable to a surface of revolution. These remarks indicate the existence of a 
fairly large class of V2’s other than S,’s to which the present discussion applies. 


Ifn=2, 2=0. 
(”) A. Fialkow, loc. cit., p. 471, equations (12.7) to (12.10) inclusive. 
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Any vector \‘ defined along a curve C in one of these V2’s may be resolved 
into tangential and normal components and written as 


M = + B 


As a result of (3.21) and the Frenet equations (4.13) for C, the conformal de- 
rivative of \‘ is defined by 


The circular conformal vector £‘ in V2 defined by (13.6) becomes 


= (ayy! 


where, since no ambiguity is involved, we have written k for the geodesic 
curvature of C in V2 instead of the usual k; and where similarly to (4.21), we 
have written £‘= J*n‘, Hence the unit circular conformetric normal is given by 


(14.2) = + 


where the algebraic sign agrees with the sign of dk/ds and the relative circular 
conformal curvature J is defined by - 

dk 
(14. 3) J=+/—|. 

ds 

It follows that J is identically zero if and only if C is a geodesic circle of V2. 
We exclude these curves from the present discussion. The quantity J has the 
transformation law (4.22) and the normal 7‘ or (2)v‘ transforms according to 


(14.4) ay = 


Indeed, since the vector space normal to ,v‘ is one-dimensional and is a con- 
formal geometric object, «2» must be a conformetric vector whose direction 
remains unchanged under all conformal transformations (even including the 
non-circular ones). As in the conformal theory, the circular conformal arc 
length parameters S are defined by (4.23) with J determined by (14.3). As a 
consequence of (4.23) and (14.3), dS*= +dk ds and JdS= +dk. In virtue of 
(14.1) and (14.2), the circular conformal Frenet equations become the trivial 
equation b7‘/dbS=0 so that no “curvatures” arise in connection with the 
Frenet process. 

We now define the circular conformal invariant of the curve C in V2 which 
is analogous to J,1 in the conformal theory. If we multiply (4.19) by 
ays and sum using (3.5), (13.3), (14.4) and =0, we 
obtain 


(14.5) = K—26-Aw 
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where K and K are the Gaussian (or Riemann) curvatures of V2 and of its 
circular conformal image V;. Differentiation of (5.2) shows that Aw =y*Aw. 
This fact and equations (5.2), (5.3) and (14.5) lead to the conclusion that 


If we proceed with this equation as with (5.4), an analogue of Theorem 5.1 
is obtained and the circular conformal curvature J; defined by equation (5.9) 
with »=2, is a circular conformal invariant. to 
dk d*k d*k dk 

ds ds* ds* ds 


The formally simpler quantity H defined by 


is obviously a circular conformal invariant, being equal to +4J;. 

The invariant H was first obtained in the special case where K = K =0 
by Mullins(™) as a differential invariant of a plane curve under the group of 
inversions of R; into itself. He found H in a different form than that given 
above using the methods of the Lie theory. This invariant was also found by 
Liebmann(”), Kubota(”), Morley(77), and Patterson(7*) in connection with 
the inversion geometry of the plane. Their methods differed from that of 
Mullins and the present paper, depending in most cases upon the use of the 
Schwarzian derivative. Some of these writers referred to S and H as the “in- 
versive length” and “inversive curvature” respectively of a plane curve. The 
books of Blaschke-Thomsen(7*) and Takasu(*) develop the inversive geome- 
try of plane and space curves based upon the use of tetracyclic and penta- 
spherical coordinates. Recently, Maeda(*') obtained a number of new 


(*) G. W. Mullins, Differential Invariants under the Inversion Group, Columbia University 
dissertation, 1917. 

(™) Liebmann, Betirdge zur Inversionsgeometrie der Kurven, Sitzungberichte der Bayerischen 
Academie der Wissenschaften Munich, vol. 1 (1923), p. 79. This paper is not accessible to the 
author. 

(*) T. Kubota, Bettrage sur Inversionsgeometrie, Tokyo Imperial University Science Re- 
ports, vol. 13 (1924-1925), p. 243. 

(77) F. Morley, On differential inversive geometry, American Journal of Mathematics, vol. 48 
(1926), p. 144 and Inversive Geometry, 1933, pp. 137-142. 

(78) B. C. Patterson, The differential invariants of inversive geometry, American Journal of 
Mathematics, vol. 50 (1928), p. 556. 

(7) Blaschke-Thomsen, loc. cit. 

(*) T. Takasu, loc. cit. 

(*) J. Maeda, Geometric meanings of the inversion curvature of a plane curve, Japanese 
Journal of Mathematics, vol. 16 (1940), pp. 177-232. 
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geometric interpretations of the inversive curvature of a plane curve by 
methods which depended upon the use of functions of a complex variable 
and the Schwarzian derivative. 

We now enumerate those theorems of the previous sections for which ana- 
logues exist in the circular conformal geometry of V2. A simpler phrasing of 
many of these theorems is possible if m =2. In all cases the proof in the two- 
dimensional case, after trivial modifications, parallels the proof already given 
with the understanding that » =2 and that S, J, Ji, n‘ have the significance 
indicated in this section and that the word “conformal” is to be replaced 
by the words “circular conformal.” In particular, we note that the expression 
Ryv*(g*i—v‘v’)/(n—2) is to be omitted wherever it appears in a proof. After 
these conventions, we list the following theorems (besides those already men- 
tioned) as having two-dimensional analogues for all surfaces applicable to a 
surface of revolution: Theorems 5.2, 6.1, 10.2. In Theorem 6.1, the class of V2 
may be C* instead of C*. In Theorem 10.2, the condition that V2 be an E; is 
universally true and should be omitted. The following theorems have ana- 
logues only if V2 is an S:: Theorems 7.1, 7.2, 8.1, 8.2, 8.3, 9.1, 10.3. The theo- 
rems of §11 are trivially true for curves in V2 and the theorems of §12 are 
trivially true for curves in S;. We note however as a consequence of (12.27), 
(14.3) and (5.9) with »=2 (or the equivalent equation (14.6)) that Theorem 
12.3 has the following analogue if 7 =1 (using the notation of the theorem): 
If a curve Cin an R, (or S,) is contained in a 2-sphere Pz of R, (or Sn) then the 


first space conformal curvature J; vanishes along C and the following equations 
hold: 


S = §*, = J*, J1= Jf 


where S*, J*, J# are the circular conformal arc length, relative curvature and 
curvature respectively of C in P;. This result may now be used to prove Theo- 
rem 12.4 for the case r= 1. 

The equivalence theorem for curves in the inversion geometry of the plane 
was proved in a different form by Kubota and stated in the present form by 
Morley and Patterson. The plane curves along which H is a constant were 
studied by Mullins who showed that they are the inversive images of the 
logarithmic spirals. According to the two-dimensional analogue of Theorem 
8.3, they are the paths of the inversive group. 

In this section, we have developed the circular conformal theory of curves 
in a V2. While a curve has circular conformal invariants, it cannot have any 
conformal invariants since every analytic curve in a V2 is conformally equiva- 
lent to a straight line in Re. However the horn angle formed by two tangent 
curves C,and C;in a V2: does have a conformal invariant which we now derive. 
Since n = 2, ke =0 so that, as before, we may write for k:. Also 
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If we use (4.13), (14.4) and (14.7), then (3.6) is equivalent to 
(14.8) k= e*(k — oy’). 
Similarly (4.18) becomes, after account is taken of (14.4) and (14.7) 


(14.9) 
a 


It follows from (14.8) and (14.9) that 


dk) 2 
where the subscripts (1) and (2) refer to the geometric objects of C; and C, 
respectively, is a conformal invariant of the horn angle. It is the measure of 
the horn angle discovered by Kasner(*) for the plane case who also proved 
that it is sufficient for a conformal characterization of the horn angle (except 
possibly for invariants of infinite order). Kasner’s results have been extended 
to any two-dimensional Riemann space by Comenetz(®). A very detailed ge- 
ometry of horn angles based upon the above measure has been developed by 
Kasner(™). We note that the method of this paper may be.utilized to obtain 
conformal invariants of a horn angle in any V, (n>2). However the results 
are not as significant as in the two-dimensional case since each of the constitu- 
ent curves of the horn angle has conformal properties of n >2. 

15. Curves in a conformal Riemann space V,. In this section, we show 
how our previous results may be used to develop a theory of curves in a V, 
which is based upon the tensor g;;/g'/*. Following T. Y. Thomas, we define 
the conformal Riemann space V, of class C”™ as the space whose coordinate 
manifold is of class C” and whose fundamental geometric object G;;, defined 
over the manifold, is of class C™~'. The tensor G;; is a symmetric, positive 
definite relative tensor of weight —2/n with respect to coordinate transforma- 
tions, that is, 


dx* 


= A-2/ 
(15.1) Gi; = 


where A is the Jacobian |dx‘/dx’‘| of the transformation. It follows from 
(15.1) that G= | Gis| is a scalar, that is, 


(*) E. Kasner, Conformal geometry, Proceedings of the Fifth International Congress of 
Mathematicians, vol. 2 (1912), p. 81. 

(*) G. Comenetz, Conformal geometry on a surface, Annals of Mathematics, (2), vol. 39 
(1938), pp. 863-871. 

(*) E. Kasner, Trihornometry: A new chapter of conformal geometry, Proceedings of the 
National Academy of Sciences, vol. 23 (1937), pp. 337-341 and Fundamental theorems of tri- 
hornometry, Science, vol. 85 (1937), pp. 480-482. 
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(15.2) G’ =G. 


- For reasons stated in §2, we restrict ourselves to a portion of V, which 
is a neighborhood U of a point coverable by a single coordinate system {x*} ; 
We shall continue to refer to U as the conformal Riemann space V,. Let F 
denote the set of all positive functions Q of class C™~! defined over V, which 
are relative scalars with respect to coordinate transformations having the 
transformation law 


(15,3) Y =| 

If 2 belongs to F, then the geometric object g;; defined by 
(15.4) gig = 

is a tensor, that is, 


Ox* dx* 


ON 


We note as a consequence of (15.4) that 
I= gil/2n /Gil2n, 


If 2 is any other scalar in F then 


(15.5) Big = 


is also a tensor. Also, as follows from (15.3), e* defined by 


(15.6) 
2 


is an absolute scalar with respect to coordinate transformations. As a conse- 
quence of (15.4), (15.5) and (15.6), 


Let U and J be any two coordinate neighborhoods of class C"™ whose 
points correspond to those of U by means of point transformations which are 
of class C in the local coordinates of the neighborhoods. Then, as was shown 
in §2, allowable coordinate systems {x‘} may be chosen in U and J so that 
corresponding points of U and U and of U and U have the same coordinates. 
Throughout this discussion, we assume that the coordinates {x‘} are chosen 
so that points with the same coordinates correspond. In these coordinate sys- 
tems, the tensors g;; and Z;; defined over U and U respectively determine two 
Riemann spaces V, and V, of class C™ whose respective metric tensors they 
are. According to (15.7), the induced transformation which maps points of U 


7 
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and U with the same coordinates is a conformal correspondence of the points 
of V, and V,. As @ ranges over all values of the set F, the corresponding o’s 
range over all functions of class C"™-! over U and the 2,; are any tensors re- 
lated to one of them by (15.7). Associated with V,, is the set of conformal 
correspondences of class C™ whose domains are the V,. We denote this set 
by(®) ¥. 

Corresponding to any geometric object in V,, there exists a set of geo- 
metric objects, one in each Riemann space V,, which are in conformal corre- 
spondence by means of the transformations of ¥. For example, corresponding 
to a tensor 7}'::: in V, are the set of conformal tensors in the V,, whose 
components coincide with those of 7}':::j». Conversely, every conformal ten- 
sor in the V,, determines a unique tensor in V,. Indeed relative conformal 
tensors in the V, also define tensors in V,. For, in accordance with the re- 
marks of §2, every relative conformal tensor in V, corresponds to a unique 
conformal tensor if a relative conformal scalar exists in the space. As a conse- 
quence of these remarks, any theorem concerning conformal geometric ob- 
jects in the V,, which is independent of the particular mapping function a(x‘), 
and hence depends only on the set F and not on the particular function 2 
belonging to F, is also a theorem about geometric objects of V,. These obser- 
vations apply to the conformal theory of curves in conformally equivalent 
Riemann spaces which is developed in the previous sections of the paper. 
Consequently the previous results also constitute a theory of curves in V,. 
If the Weyl conformal curvature tensor Ch of V, vanishes, V, is a flat 
conformal space. In this case, the V, are the conformally euclidean spaces R, 
which are related by the correspondences of VY and the previous theorems lead 
to a complete theory of curves in V,. 

In what follows, we give the outline of the theory of curves which is based 
(formally): upon the tensor G,;. If we write e#=Q, then (15.4) becomes 
gi; = e**G,; which is analogous to (2.6) with o, g;;, 2:; replaced by @, Gij, gi; re- 
spectively. Of course the analogy is not complete since ¢ is not a scalar and 
G,; is not a simple tensor with respect to coordinate transformations. How- 
ever, this complication does not affect the argument which follows since we 
remain in the same coordinate system. However, the geometric objects which 
we define (arc length, curvatures, normals) are absolute scalars and vectors 
with respect to coordinate transformations. 

Let 

= xi(s) 

(*) We may assume that G is constant. If G were a nonconstant function A(x‘), the equiva- 
lence theory for V, would be reducible to the corresponding theory for a Riemann space. For, 
as a consequence of (15.2) and (15.7), the tensor f;; defined by 

= 


has the same components for every © belonging to F. The equivalence theory of V, is there- 
fore the equivalence theory of the Riemann space whose metric tensor is f;;. 
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be the equations of a curve C in V,. We define 
i 
as the Christoffel symbols of the second kind formed from G;; and 6‘, &* by 
the equations 


+ dx* 
ik) ds ds 


where s is determined by 


Hence 6‘ and £‘ are the formal analogues of the unit tangent and principal 
normal of the corresponding curve C in V,. The “relative curvature” J and 
the vector (n‘ of C are defined by an equation analogous to (4.21) so that, 
as in (4.22), 


(15.8) J=e%J, ayn’ = 


where the geometric objects J and (17n‘ refer to the curve Cin V,. Therefore S, 


defined by 
S= f Jds 


is equal to the integral invariant S given by (4.23). Since S remains unchanged 
under transformations of coordinates, this is also true of Sso that Sis a scalar. 
It plays the role of an “arc length parameter” for the curve C in V,. 

We define by It follows from (15.8) that 
where (A* is defined by (4.27). Since yA‘ is a conformal vector, 4‘ must 
transform like a vector under coordinate changes. It is the “first normal” of C. 

Let Ij, be defined by an equation similar to (3.29). Then 


1 d lo dlo 
(«+ 
ik ds 


Then, as in (3.31), it follows that [,=T4. Since the I'y transform like coeffi- 
cients of connection under coordinate transformations, this is also true for 


ds 

one 
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the I. We use these F% to define the “derivative” of any tensor 7!) in 
a manner analogous to the definition given by (3.30). Consequently, this de- 
rivative has properties similar to those described in (A’), (B), (C), (D’) and 
(E’). In particular, the analogue of (A’) states that the I derivative of any 
tensor 7%} transforms like a tensor of the same kind under coordinate 
transformations. 

If this derivative is applied successively to «1 4‘ a sequence of equations 
analogous to (4.28) is obtained. They are 


6S 


and are the Frenet equations of the curve C. The proofs of §4 show that the J, 
are scalars and that the (a)4‘ are vectors with respect to coordinate transfor- 
mations in V,. They are the “curvatures” and “normals” of C. The “(~—1)st 
curvature” J,1 may be obtained as in §5 and the other results of this paper 
also have application here. 

We note that the 5/5S process of differentiation defined by means of the 
I is with respect to and depends upon the curve C in V, and is therefore 
not appropriate for the purpose of obtaining a characterization of the entire 
space V,, (unless one could define a congruence of curves intrinsically in V,.). 
While the applicability of the derivative appears limited in this sense, its 
simple structure and conformal properties noted in §3 make it a suitable tool 
in the theory of curves. 


Ja-1 (a—1)a! + Ja (ap1)a4 Jo J: = 0, a= 1, 2, 
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AN ARITHMETICAL THEORY OF THE 
BERNOULLI NUMBERS 


BY 
H. S. VANDIVER 


In the present paper we shall describe a method which enables us to find 
many new types of relations concerning the Bernoulli and allied numbers. The 
scheme might be described as ultra-arithmetical in character. It depends 
mainly on the following idea. Let a:and b be rational with a=b, modulo 9, 
where # is any prime integer. If a and b do not depend on , it then follows, 
since there is an infinity of primes, that a=). 

A similar method has been employed in other parts of mathematics; for 
example, Hasse(') in a paper on algebraic geometry uses the method and com- 
ments upon the success it has had in various lines. 

Perhaps the simplest looking formula in which a Bernoulli number ap- 
pears alone on one side of the relation is as follows, if S,(p) =1"+ - - - +(p—1)*, 


where n+1<p, in which case, of course, the left-hand member of the con- 
gruence is an integer. In order to take advantage of this simplicity we employ 
extensively the function which we have called in a previous paper the 
Mirimanoff polynomial(?), namely, the relation (1) which follows. This is 
connected with the previous congruence, if we note that 


fn (1) = 

In general we employ more or less obvious identities involving one or more 
indeterminates, then operate thereon, using the method of formal exponential 
differentiation explained in another paper(*). The elementary function from 
which the Mirimanoff polynomials are generated by this process is 


x™—1 
x-1 


Presented to the Society, September 5, 1941; received by the editors April 5, 1941. 

(4) Abhandlungen Gottingen, vol. 18 (1937), pp. 51-55; cf. also Vandiver, Bulletin of the 
American Mathematical Society, vol. 31 (1925), p. 348; in particular, the proof of II. There is a 
misprint in the first congruence involving H. The right-hand member should read a, in lieu of a°. 

(?) Vandiver, Duke Mathematical Journal, vol. 3 (1937), p. 570; so-called because 
Mirimanoff, it appears, first investigated its properties extensively in an article in Crelle’s 
Journal, vol. 128 (1905), pp. 45-68. 

(*) Vandiver, On formal exponential differentiation in rings, Proceedings of the National 
Academy of Sciences, vol. 28 (1942), pp. 24-27. 
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In view of the congruence (68) below it seems to me that the theory of 
Mirimanoff polynomials has often been obscured by the theory of the Euler 
polynomials defined in (12) and (13). I think that this is unfortunate, as the 
Mirimanoff polynomial has a much simpler algebraic form. Each type is gen- 
eralized in §2 of this paper. In (19) instead of a congruence we derive an equa- 
tion involving the two types of polynomials. 

If in place of the simple congruence involving S,(p) given above we em- 
ploy a known congruence such as the following: 


where y, = —a/p (mod n), we are forced to use an extension of the Mirimanoff 
polynomials and relations involving the number 


— 1)b, 
n 


in lieu.of 5, itself. The former number has appeared in a great number of in- 
vestigations concerning Bernoulli numbers, but its properties seem to be 
quite different in many connections; for example, I quote Frobenius as fol- 
lows: “ . . . die Tangentenkoefficienten deren Theorie man in den bisherigen 
Darstellungen nicht scharf genug von der eigentlichen Bernoullischen 
Zahlen geschieden hat.” 

In a previous paper(*) the writer introduced the idea of Bernoulli numbers 
of various orders such that we call b,(m, k) =(mb+k)*, m0, a generalized 
Bernoulli number of the first order; and a number of the form, for r>1, 


+ + mo)” = by (My, Myr, , Mo), 


where this expression is expanded in full by the multinomial theorem and }, 
substituted for 7, and where the m’s are integers, m,;+0, 
a Bernoulli number of the rth order. This is an extension of the definition of 
Lucas of the ultra-Bernoulli numbers(‘). 

Bernoulli numbers of the first order are considered in §§3 to 11 of this 
paper. In §5 a generalization of the von Staudt-Clausen theorem is derived 
which applies to Bernoulli numbers of the first order (Theorem I). In another 


(*) Vandiver, Proceedings of the National Academy of Sciences, vol. 23 (1937), p. 555. 
(*) Frobenius, Berlin Sitsungsberichte, 1910, p. 810. “Die Bezeichnung der Werte 
als Bernoullische Zahlen héherer Ordnung oder gar als ultra-bernoullische Zahlen scheint mir 
wenig glticklich gewéhlt und mehr von abschreckender Wirkung zu sein.” 
The writer differs from Frobenius regarding this. These numbers, as well as the generaliza- 


tions of them considered in this paper are shown to be natural analogues of the ordinary 
Bernoulli numbers. 
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paper(*) a generalization of certain congruence properties of the numerators 
of Bernoulli numbers is obtained which applies to the numerators of any 
Bernoulli number of the first order. It is noteworthy that these generalizations 
are very little more complicated in statement than those theorems which 
apply to the ordinary Bernoulli numbers. 

In order to illustrate the varied applications of our method and to de- 
velop a connected theory, we give new proofs of several known theorems. 
In particular, although Theorem I was proved in previous papers(*), we give 
two new proofs of the same, as the result and the material in the proofs are 
both important in our theory. 

The properties of the Bernoulli numbers of the second order are considered 
in §11 to §15. It seems to me that from many standpoints this type of 
Bernoulli number is the most remarkable. For example, we note from Theo- 
rem III that the only prime factors occurring in the denominator of such a 
number, say (kb+-jb’ +h)", n even, are divisors of jk and are also found among 
the von Staudt-Clausen primes of order n. As noted in §16, this property does 
not carry over to Bernoulli numbers of higher order. Also (Theorem IV, 
Corollary I), any Bernoulli number of the above type can be expressed as a 
linear combination of Bernoulli numbers of the first order with coefficients 
whose denominators divide the integers k and j. In particular cases the equiv- 
alent of this result may be expressed in terms of the roots of unity (Theorem 
V). Results of an entirely new type are given in Corollary I and Corollary II 
to Theorem V. 

Since congruence methods are employed throughout this paper, one might 
imagine that many new congruences concerning the Bernoulli numbers could 
be obtained aside from those given here. Such is indeed the case, but their 
statement will be reserved for other papers. 

1. Euler and Mirimanoff polynomials. We write the Mirimanoff polyno- 
mials in the form 

(m) a m—1 


where 0°=1. 
We shall first show that, for n>0, 


(2) a[(f(x) + 1)" = fa(x) (mod 9), 


where f;(x) =f (x), p is prime, and the left bracket symbol in the left-hand 
member signifies that the mth power of (f(x)+1) is to be taken symbolically, 
that is, after development by the binomial theorem the exponents are de- 


(*) Vandiver, On simple explicit expressions for generalized Bernoulli numbers of the first 
order, Duke Mathematical Journal, vol. 8 (1941), pp. 575-584; Carlitz, Generalized Bernoulli 
and Euler numbers, ibid., pp. 586-587. 
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graded to subscripts and, in particular, the last term is expressed as f(x). Also 
for »=0 any such expression is taken as unity. 
Consider 


(3) = xt + 27, 


Now employ formal exponential differentiation (Vandiver(*)). Differentiating 
this expression m times with respect to x, we obtain 


a[(f(x) + 1)" = x + + (p — + 
= fa(x) + px?, 


from which (2) follows. 
Now consider 


(5) = (1 — — 2). 
Differentiate this times, where d denotes exponential differentiation ; we find 


fala) + = (1 2 [2 


dx"\1— x 


(4) 


or 


6) fa) = a-»[= ( )] +p 


dx"\1— x (1— 2)" 


We then have, for n>0, 
a” 
(7) jute) = (1 2) (moa 


where we write M(x)/N(x) =0 (mod 9), if M(x) and N(x) are polynomials in 
which each coefficient of M(x) is divisible by ~, while not all the coefficients 
of N(x) are so divisible. 


We write 
1—afd"*/ x 
H,(x) = 3 


H,(x) (mod 9). 


so that 
(8) Sn(x) = (— 1) 


Now consider 
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Differentiating times, we obtain 


1 
— 1)" = fa(x) + (p — — (p — 1)"x?-! (mod 9), 
whence 


(9) — 1)" = afn(x) + (— 1)*(1 — (mod 9). 


We now express each f,(x) in this relation in terms of H,(x) by using (8), and 
this gives(”), modulo p, 
1 — x? 


Pp 


= (— + (— 1) (1 — 29), 
1—<x 


1— x? 1— x? 
(— { +1)"-1} + 
(11) i-z 


Divide (11) by (—1)* and (1—x”) and multiply by 1—< to get 
+ 1)" — «+1 = +1 — x (mod 


«[(H + 1)" = x?H, (mod 9), 


whence 
+ 1)" = «H, (mod 9). 


But this relation is independent of p, an arbitrary prime, hence is an equation, 
and we have(®) 


(12) + 1)" = n>0. 
Taking H,=1, we obtain, 
A, 1/(x 1), 
Hz = (1 + «)/(x — 
(7) In (10) we substitute the Hy terms (—1)" of the (—H—1)* expansion and add 


fo=(1—x”)/(1—x)(—1)* of che (f+1)* expansion, because (8) does not hold for n=0. 
(8) Frobenius, Berlin Siteungsberichte, 1910, p. 828. ‘ 


| 
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(1+ 4% + 2*)/(x — 1), 

Ay, = (1 + 11% + 112? + x*)/(x — 1)4, 

Hs = (1 + 26x + 66x? + 262° + x*)/(x — 1)5 
Now write 
(13) H, = R,(x)/(* — 1)*. 
The R,(x) are the Euler polynomials, 


Putting (8) in (2) we obtain 
1— <x 
H+ 1)" — 1} + « = (— 1)*<H, (mod 9), 
(14) x*{ — 1)" — (— 1)"} + (— = 
x[(H — 1)"— x(— 1)*+ (— 1)" = H, (mod 9), 
— 1)" — x(— 1)"+ 1)*=4,, 


which is another recursion formula for the H’s. 
We also have 


[(e + (H+ 1)*) = Cy + 1) 
(15) + + + (H+ 1)" 
and 
(16) [(e + = Cy + + + 
Multiply (16) by x and subtract from (15). We then obtain(®) 
(17) [(k + H +1)" — + H)* = — 2). 
Setting k=0,1,2,---,rin (9), we obtain 
+ 1)" — = 0, 
+ 2)" — + 1)" = 1*(1 — 2), 
+ 3)" — «[(H + 2)" = — 2), 


+ — +7 — 1)" = (r — — 2). 
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Now multiply the first of these by x*-!, the second by x*~*, and so on, and add. 
We then obtain 
[(H — = (1 — x) + + + --- 

+ (r — 2)"x + (r — 1)*] 


=(1—2)2" f, (-). 


Using a similar scheme, we obtain(*) from (14) 


(18) 


(19) — 1)” 2H, = 1)"(x (2). 
This is a rather curious relation; the expression on the left involves quotients of 
polynomials, while f,(x) is a polynomial for each r. 

2. Generalization of the Mirimanoff and Euler polynomials and a related 
formula. Set 
fa(x, m, k) = k* + (k + m)*x + (k + 2m)*x? +--- 


(20) 
+ (k + (p — 1)m)exr, 


We now consider 
— 


(21) = y* + x + y =) 


Differentiate this expression a times exponentially with respect to y and set 
y =1. We then obtain (20) on the right; on the left we differentiate in the form 


k(1 — 
— yx 


and we then obtain 


(23) Sn(x, m, k) = (1 — x?) (mod 9). 


We now set 


o 


We now seek a recursion formula for this function. We have 


(25) 


= y* + (y* + + eee + kt (p—1) m) = 
x 


(*) This result was, obtained by Dr. A. M. Mood, following a suggestion by the writer. 


4 
al 
4 
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Differentiate this relation m times exponentially and put y=1. We obtain 
(26)  [(f(x, m, k) — m)" = xf,(x, m, k) + (k — m)*(1 — x”) (mod ). 
Now (24) with (23) gives 

1 


— xP 


(27) In(x, m, k) = (— 1)” H,(x, m, k) (mod p), 


which, applied to (26), gives 

(28) - [((H + m)" = xH, + (m — 2). 

The first three H’s given by this recursion formula are 
(m—k)\(x—1)+m k1— x) 

[(m — k)(x — 1) + m]? + m*x 

‘ (x — 1)? 

e [(m — k)(x — 1) + m]* + m*x*(4m — 3k) + m*x(m + 3k) 

(x — 1)8 


Now (28) is not a direct extension of (12). To obtain such an extension of 
the latter formula we use 


A, 


Hs 


k+m m 


1 


which, differentiated » times with y=1, gives 


(29) fala, m, k) — — 2°) — [=( (mod ?). 


dy*\1 — xy” 


Putting 
a” k+m 
we then obtain 
1 — x? 
H,(x, m, k) (mod p). 


(31) —fn(x, m, k) — — x?) = (— 1)*x — 


Using this in connection with (26), we find 
(32) +m)" = «H, + (— k)*(1 — 2). 
For k=0, m=1, this reduces to (12). 
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3. Bernoulli numbers. Set 
= + 1" + 29 + (p — 1)%; 0° = 1, 


where ? is a prime. If n<p—1, it is known that S,(p) =0 (mod p). We then ° 
write under this restriction 


(33) Sn(p) = pan (mod 9%), 


where a, is some integer. 
Consider 


We now differentiate exponentially with respect to x, using Leibnitz’s theo- 
rem. We obtain 


(35) Cu = + + + + prx?, 
in 


Restrict n to be greater than 1. Now (35) can be written 


<p) 


Setting x =1, we have 


(37) = Sal) + 9", 


which, in view of (33) and of the fact that n>1, is then 
(38) = pa, (mod p?). 
i=0 


Dividing through by ~, we may write in symbolic form 
(39) [(a + 1)" = a, (mod 9). 

Now consider the recursion formula 
(40) +1)" =b, 


for n<p—1. If we determine by, bz, - - - , 5,1 in turn with the use of this, each 
denominator of the fractions so obtained will be prime to p. In view of (39) 
we may also obtain a, in the same manner. Consequently, we may write 


(41) S,(p) = pb, (mod p?). 


It is known that S,(p) =0 (mod *) if m is odd, greater than 1, and less than 
p—1. Consequently, 


E 
5 
4 
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pb, = 0 (mod ’), b, = 0 (mod #) 
for any p>n-+1; hence. 
b, = 0, for m odd and greater than 1. 
4. We have, obviously, 
x? —1 git) — 1 


42 = ane 
(42) x-1 x-1 


which may be written 
(1+ 2+ st+--- + +27! 


Differentiating this relation exponentially m times with respect to x and col- 
lecting the terms whose coefficients are divisible by »*, we obtain 


(43) 


(k) 


(44) [(f(x) = fala) + (a) + + p P(x) — fo (2), 


where P(x) is a polynomial in x with integral coefficients. Put x =1; we then 
obtain 


(45) [(S(p) + = Sa(p) + + 


where W is an integer. We employ (41) in connection with (45) for each S 
occurring in the expansion of the left-hand member and for each S occurring 
in the right-hand member; after dividing the resulting expression through 
by ~, we obtain the relation 


(46) [(b + = by + mSy-1(k) (mod 


As none of the terms in this congruence depends on p, we obtain the Bernoulli 
summation formula 


(47) + — by = mSp-1(k). 


With (46) as a base we shall now prove the formula(* ') 


(48) [(mb + sm + — [(mb + = (k + im). 


Consider 
(49) =  ghtm 4... 4 
— (xt + ghtm ght), 


(#*) Due to Glaisher, Quarterly Journal of Mathematics, vol. 31 (1900), pp. 193-199. For 
another proof by the writer see American Mathematical Monthly, vol. 36 (1929), pp. 36-37. 
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where the k and m can be in any ring including the rational field. Employing 
the concept of generalized exponents used by the writer (Vandiver(*)) the 
exponential differentiation with respect to x gives 


[(f(2™) + (sm + — [(f(x™) + 
(50) = npmx?™( + (k + 
+ (k + (s — 1)m™")x™) + p?P(x), 


from which we easily obtain (48), after using (41). 

Various arithmetical results not involving explicitly the Bernoulli num- 
bers may be derived by the exponential methods we have been employing. 
For example, if a is an integer such that 


a* = 1 (mod p*), 
then 


(51) — = Ca 1)‘a‘4, 
t=O 
Differentiating exponentially, with respect to x, k times for k<m, we find 


(52) P(x)(xa* — 1)"-* = 1)‘a‘4, 


where P is a polynomial in x. Put x =1. Then we obtain 


(53) — = 1)fa‘4, 
t=O 


whence 
(54) > = 0 (mod 
t=O 


for k<n. Putting 
d=p-—1, 


we have Fermat’s theorem. 

5. Generalized Bernoulli numbers of the first order. In (48) set s=, a 
prime. Then expand the left-hand member according to powers of p. The re- 
sult can be expressed in the form 


2m 
Sni(m, k, p) = Cal (mb + +Ca,s [cms + 
(55) 
r+1 - n 


A 
4 
n 
a= 1, n= 1, 
) 
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From this we may show that for p>2 and (mb+k)®*=1 
(56) Sn(m, k, p) = [(mb + k)"p (mod 7). 


To obtain a proof by induction assume that in (55) for i<m—1,[(mb+k)‘ may 
be expressed as a fraction with the denominator prime to p. Also for r>0 
and ~ odd we have 


(57) a 0 (mod 9), 


since p’>r-+1 for p odd, as is seen from 
2 (1+ 21+ 22. 


Hence (55) gives (56). For p even and =2, (56) also holds, since we may 
verify that 


(58) 2(mb + k)? = S2(m, k, 2) (mod 2). 
For brevity set 
hy = [(mb + k)*. 


Now for n odd, p odd, and m prime to p, the expression or on the left of (56) 
is divisible by , for m is not-a multiple of p—1 since p—1 is even, and for 
m0 (mod p), S,(m, k, p) is obviously =0 (mod p). Hence h, does not have p 
as a factor of its denominator, except possibly when p= 2. 

Now for p=2 (57) holds for r>1, so that 


for r>1. Hence (55) gives for p=2, n>1 and odd, 


(59) >> (sm + k)” = 2h, + ic ,2h»-12? (mod 2), 


+ (m + = + (mod 2). 


Since k" =k (mod 2), for m odd we have 

(60) 1 = 2h, + (mod 2), 
and for m odd, n even, we have 

(60a) 1 = 2h, (mod 2). 


Now from this we cannot have both h, and h,_; with 2 in the denominator 
for m odd. Also for m even 2 will not appear in the denominator for m either 
odd or even. Now since 2 is in the denominator of he for m odd by (58), hs is 
integral from (60). Hence (60) and (60a) give h, integral for m odd and greater 
than 1. 


513 
| 


514 H. S. VANDIVER * 
Consequently, 
[(om + 
is integral except when m=1 with m odd, and also 
(61) S.(m, k, 2) = (mod 2) 


for even. 
Consider 


S,(m, k, p) 


where the #’s range over all the distinct primes less than or equal to n+1. For 
a particular p, say p’, of this type the fraction 


S.(m, k, p’) 
may be expressed with a denominator prime to p’ by (56) and (61), and the 


remainder of the expression in (62) obviously has the same property. Hence 
(62) must have no primes in its denominator and is therefore an integer. Also, 


S,(m, k, p) = 0 (mod p) 


(62) hn - > 


bn 


for m prime to p and »#0 (mod p—1), and obviously also holds for m=0 
(mod p). For n=0 (mod p—1) and m prime to p 


S,(m, k, = ~ — 1=— 1 (mod 9), 
whence the theorem follows(**). 


THEOREM I. If m and k are integers, then if n is even and greater than 0, 


int Pi 
where po, - , are the distinct primes which are prime to m and such that 
n=0 (mod ~;—1), A, being some integer. If n is odd, then [(mb+-k)* is an in- 
leger except when n =1 with m odd. 


6. In another paper(!*) the writer obtained the formulas 


(*) This theorem was first stated by the writer without proof in Proceedings of the National 
Academy of Sciences, vol. 23 (1937), p. 556, and the present proof was there briefly indicated. 
Another proof was given in Duke Mathematical Journal, loc. cit., Theorem III. A third proof 
is given in §7 of the present paper, but the ordinary von Staudt-Clausen theorem is assumed 
therein. 

(*) Vandiver, Annals of Mathematics, (2), vol. 27 (1926), p. 174 (10); p. 175 (13). 
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— 1)(x? — 1)(x™ — 1)F 


— axm(x™ — = (mod 9), 


and 


(64) F,(p) = (n — t PCO). 


Applying the second formula to the si dividing the first through ah x and 
setting x = 0, we find 


k-1 


1 — p? 


where 2, indicates summation over all the mth roots of unity except unity, 
and indicates summation over all the distinct roots of unity; and where 


When k2m, (m, p) =1, m>1, the relation (65) may also be given in the form 
— 
+m > (k — sm) (mod 
This is a companion formula to (47), but the latter is not obtainable(*) from 
(67), as (67) does not hold for n=1. Using (8) and (13), we find 
(68) = x(1 — (mod p). 
Applying this to (67), we find the equality 
— 1)*tiphtt 


In the relation (65) suppose that m>zk. Then the last term on the right 
becomes zero, so that we obtain(") . 


(1 — »)” (p — 1)” 


(67) t,(m,k) = 


(69) t,(m, k) = 


(70) ta(m, k) = 


(#) Relations (65) and (67) were given without proof i in another paper by the writer, 
Proceedings of the National Academy of Sciences, vol. 25 gate 200. 
(*) Frobenius, loc. cit., p. 827. 
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7. Application of some relations due to Frobenius(™). We have . 
m m—1 
(71) — = Ls", 
1 
and from (69) 


m"t,(m, k) BY +I 
(72) 


sot) pH +1, 


where I is an integer. The expression on the right is a polynomial in p with 

integral coefficients and when summed over all roots of unity except 1 will 

be an integer, as p+p?+ --- +p”-!'=—1. Hence m"t,(m, k) is an integer. 
To show that m((mb+k)"—b,) is an integer we note that 


7 + 0°] 


is an integer; expanding this, we obtain 


m 


(73) — — + + m(R)] = — K. 
Since (73) is an integer, the fractions with denominators prime to m will can- 
cel out and we shall be concerned only with primes in the denominators which 
divide m. By the von Staudt-Clausen theorem these appear only to the first 
power, hence in (73) m(R) is an integer. 
Let d denote the denominator of b,; then 


U 


m 
(74) — (K) 
n 


is an integer in which m’=(m", nd). But mn is divisible by m’, since prime 
. factors of d occur only to the first power; hence we can replace m’ by mn in 

(74) and obtain the desired result. 

We shall now show that [(mb+k)* is an integer for n odd and greater than 
1 as in Theorem I. First note that m[(mb+k)* is an integer, since b, is zero 
for m odd and greater than 1. Now if [(mb+k)* were a fraction, it would 
have a denominator which divided m. Hence, since every term of [(mb+k)* 
contains m except the final term k", we see that [(mb+k)* is an integer, 
except in the case when »=1 and m is odd. In the latter case we have 
mb+k= —(1/2)m+k. 

8. We shall now give another proof of our Theorem I, using the von 
Staudt-Clausen theorem in the expansion of [(mb+k)", that is, 


& 

‘Al 
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(75) [(mb + k)” = + nm™"b, ik 
and obtaining 


(76) [mb + 


where the m;, are integers less than r;. Now 
m|[[(mb + k)” — b,] = Ii, 


where J; represents an integer. Hence, 


1 
(78) ml + may + — = 
t 


or 
(79) 


where J; represents an integer which combines mI, ma,, and terms wherein q; 
and r; divide m. Now in (79) no q; or r; divides m, hence 


must be an integer J;; therefore no r; is different from some g; and vice versa, 
and hence 


> m +1 
qt 


Since each term in this sum must be an integer and since | m,| <q:, we obtain 
m;=—1. Thus, we have proved Theorem I. 

9, Illustration of our congruence methods. In order to illustrate our con- 
gruence methods further we show how a known property of the generalized 
b’s may be easily derived. By direct expansion we find that 


= T3. 


(k + sm)" = 

Now let n+1 <>; using (41) we find that 

(80) p| (nb + m= mod 2), 


whence 


m—1 p—1 


mp—1L 
(ms 5 + = S.(mp) = mpd, (mod 


s=0 
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Consequently 


(81) ¥ [(mb + i)” = mb,, 
i= 


10. We now develop some congruences of a novel character involving the 
Mirimanoff polynomials, and leading to congruences of a new type relating 
to the Bernoulli numbers. Obviously, 


(x* — 1) 


whence, for p an odd prime, 
— 1)fpi(x) — + — + 
= (x? — 1) Ste! (mod 9), 
or, if [u] is the greatest integer in u, “4 
— hfy-o(x) + + +++ + 


x— xP 
= (x? — 1) + (a-* — 1) ——— (mod 9) 
lel 1—<x 


— — — 1) (x — 2?) 
+ 
1—z 1—2z 
— (x? — 1)(xP-* + (mod ?), 
m1 — — (x? 1)(x?-* + xP thi (mod 
where we understand that the second member is zero if [k/p]=0. Assume 


p>n-+1, replace k by kr and multiply by r?-!~", let r take on 1,2,+-+ , p—1, 
and add. We have, after dividing by (1—x?) 


1— x? rel] 1 — x 
1— x 


(44) Kummer, Crelle’s Journal, vol./40 (1850), pp. 119-121; Blissard, Quarterly Journal of 
Mathematics, vol. 4 (1861), p. 288. There are also later references. 
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Let x =p, an mth root of unity different from 1, (m, p) =1 and let )>’ indicate 
summation over all p’s¥1, and set k=2. We obtain, modulo p, 


(83) 


o=(p+1)/2 
Let m<(p—1)/2 and (m, 2)=1, p>2 and m>2, and consider the expression 


(p+1)/2 
and we shall determine the terms in which the exponents of p are =0 (mod m). 
If / is one such, then 


p — lk = 0 (mod m), 


where / is in the set (p+1)/2,---, p—1. From the above congruence 
(p+m)/2 is a solution, but (p—m)/2, although it satisfies the congruence, 
is not in the set mentioned. Hence the solutions we need for [p/m] odd are: 


ptm pt+3m =p + 


2 2 2 
For [p/m] even, it is replaced by ([p/m]—1) in the above. 


p—1 


s=(p+1)/2 e=(p+1)/2 


+ vm 


where h= [p/m] or [p/m]—1 according as [p/m] is odd or even. 
Now 


b+ jm 


(mod 


so that the last term on the right is congruent, modulo p, to 


where h is defined as above. 
If in (83) we employ (67) where the & used in the latter congruence equals 
zero, we obtain new relations involving Bernoulli numbers in view of (66). 
11. Bernoulli numbers of the second order. We employ the identity(**) 


(*) Vandiver, Annals of Mathematics, (2), vol. 29 (1928), p. 171. 
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j-1 
zim y* 
= 
(x — 1)(y — 1) 


where a, = [nk/j], 6: = [1j/k], [u] is the greatest integer in u, j and k are posi- 
tive integers, x and y arbitrary. Multiply by (x7—1)(y?—1), where p is a 
prime greater than n, set x =xz", y= zi, divide by 2*, differentiate exponen- 
tially a times with respect to z and set z= 1. We then have, reducing the right- 
hand member, modulo p*, and where h(x) is the fa(x, m, k) of (20), 


(85) 


(x’ — y’) [cane + = y'(x? "he" (y) 


k—an (dren) 


i-1 
aka” "phos (9) 
n=0 


2, 


j-1 
+ Cask xy hae 
n=0 


—bz , (k, dy) 


k-1 
l j—b k,d1) 


k-1 
p> (x) (mod 9’), 
0 


where c, denotes the least positive or zero residue of nk, modulo j, while d; 
denotes the least positive or zero residue of lj, modulo k. Now set x = xz* and 
differentiate once with respect to z; we then have, modulo #’, after setting 


hjxi|(hj(x) + if(y))* + (x4 — y*) [Di + 5f(y))? ont 
n=0 


j-1 
n=0 n=0 


k—1 
° l=0 


plus terms of the form g(x), where each g is divisible by some h,(x). 
Setting x= y=1, dividing through by p*, and using 
p(rb + = + (r + 5)" + (27 +5)*+--- 


(88) 
+ ((p — 1)r + 5)” (mod p*), 
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which follows from (55) for p>n, we find, since the result is independent of p, 


j-1 
hj + kd + + kin [ ws + 
(89) n=0 n=O 


k—1 


a>, + — + d)-"(k — I), 
l=0 


or since by (81) 


k—-1 


(90) [ + Cn)* = jba; + = kba, 


n=O l=0 


we may write 


ail (a + jb’)* = jk(1 — — + a>, [ + 
n=0 


(91) 
+a>> (as + di). 
For h=2, j7=1, we find(!”) 
(92) 2[(2b + = 2(1 — a)ba — 4abe-1 + (26 + 
Now since (—b)"*=5* except for »=1, we have 
(93) [(kb — jb’)® = [(kb + jb’)* + 
whence from (91) 
kj [ — = — — + 
(94) j-1 k-1 
+ ad jb + + ad jl [cw + di). 
Setting j=k=1 in (91) and (94), we obtain the well known relations 
(95) [(b + b’)* = (1 — — 
and 
(96) — = (1 — 
Now for a odd we have 
(97) [(kb + jb’)® = akbi(jb)! + 


so that from (91) we have the formula 


(#7) Bell, these Transactions, vol. 24 (1922), p. 106. 


ea 
\ i 
i 
i 
| 
| 
4 


H. S. VANDIVER 


k-1 
+a>> (kb + 
l=0 


There is an analogous relation from (94). 
12. If his any integer, we have from (91) 


+ jb’ + h)* = Cae [cas + 
a=0 


= — jk >, 
a=0 a=0 


n n f—1 


n 


+> + di) 


G=1 


- slo + — jkn de 


k?j°n >, 
a=] 


n f-1 


+ > > [ws + 


ixl 


a=1 
where we have changed the notation employed in (91). m now takes the place 
of a and c; denotes the least positive or zero residue of ik, modulo j. Now 


(100) DY = [aca + 
a=1 


and 
(101) + = [(h +b)" — (h +b), 
and we have this theorem: 


THEOREM II. If h, j and k are integers, k>0O, 7 >0; c; represents the least 
positive or zero residue of ik (mod j);d, represents the least positive or zero residue 
of lj, (mod k); n>0; then 


Al 
4 n 
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jh[(kb + jb! + h)* = jk[(b + — jkn[(b + h)* 
+ jknh[(b + — kj2n[(b + 


(102) + i| +o+h™ 


k—-1 
+jn>, ca + di + 


Now since (—b)* =b* except for a=1, we have 
(103) [(kb — jb’ + h)” = [(kb + jb’ + + nj[(kb + 
This formula with (102) gives the following theorem: 
THEOREM III. If h, j and k are integers, n even and greater than 0, then 


(104) jk + jb’ =I —(1—n)jk>, 
imi Pi 
where the p’s are the distinct primes such that n=0 (mod p;—1), I being some 
integer. 


This is an analogue of the generalized von Staudt-Clausen theorem (I). 
Now for n odd, (102) and (103) give 


THEOREM IV. Jf (n-+-1) is odd, then for n greater than zero 
(105) (a + jb’ + = 1, + (n+ +—-h) 
2 2 int Pi 
where I,,1s some integer, k, j and h are integers, kj is odd and the p’s are defined 
as in Theorem III. 


It is not clear that this result is an analogue of any theorem involving the 
Bernoulli numbers of the first order. 
We also have from (102) and (103) the 


Coro.iary I. Any Bernoulli number of the second order can be expressed 
as a linear combination of Bernoulli numbers of the first order with coefficients 
whose denominators divide the integers occurring in the original number. 


II. The expression 
(106) jh + jb’ + h)” + jh(m — 1)[(6 + 
is an integer if nis even, j, k and h integers. 


‘The relation (102) gives, employing Theorem II of another paper(#*) the 
congruence 


(#8) Vandiver, Duke Mathematical Journal, loc. cit. 
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(107) jk[(kb + jb’ + h)" = 0 (mod 9), 


where n is odd, p prime, n—1= (r, p) =1, (p, =1, being any von 

Staudt-Clausen prime of order n—1. If n is even, this relation also holds if 

n=0 (mod p*), (p, g) =1, where g is any von Staudt-Clausen prime of order n. 
13. We shall now prove that 


(108) — j*) = 20 if us 
ind 


with a odd and c; denoting the least positive or zero residue of ik (mod /). 
Assuming (108) true for all values of k such that k<j, (k, j)=1, we have 
from (91) 


— + + 


= > ki [ we + + 25 [c+ + di)", 


(109) 


and also 
(110) — + — = [ ws + + j2(k? — 


using ¢;=C, where d;=d, with r=/ (mod (r, k) =1,7<k; whence, the result. 
14. Let p/=1; then 


p 


(111) [ we + ba + (— (mod 9), a>1; 


where >,’ indicates summation over all distinct jth roots of unity different 
from 1; then 


1 


np°"fa1(p) 
= + (= od 
or 
2 n=l p? 
(114) = >’ a even and greater than 1. 
p? 


The latter relation may be proved directly by noting that if (k, 7) =1, 
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(1 — p*)(1 — (p* — 1)(p-? — 1) 


(1 — p*)(1 — p”) (1 — p*)(1 — p?) 


fo-1(p) — p*fas(p) 
—p*)\(1—p”) (1—p*)(1 — 


(117) 


15. Take the obvious identity 
y x 
(x — 1)(y — 1) 
((85) reduces to this for k=1, 7 =1). We may then write 


(118) — = — — — (x). 


Set x =xz, y= yz, divide by z, then differentiate each member exponentially 
a times with respect to z, and reduce the terms, modulo ’; after setting z=1, 
we find 


(x — y) + = (2°? — + ) 


(ip) 


(119) + px yf (y) — — 1) (2) 


— ajpy’ (2) 


22 j 

— (2) (mod 9’). 
Set x ={, a kth root of unity, and y=p, a jth root of unity, let p be a prime 
greater than a, and then sum each member over all values of { and p except 
when ¢ and p are simultaneously 1. We obtain 


— 


We note that this is symmetric in j and k, hence we need consider only the 
first term on the right (call it 71) and obtain 72, the second term, by inter- 
changing j and k. First, in 7; we sum 1/({ —p) with respect to { for p#1. To 
effect this we employ the identity 


et 
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x*—1=(%— (x — 


where ¢ now represents a primitive kth root of unity. Ordinary differentiation 
of this with respect to x gives 
x*—1 


x-f 


Dividing by x*—1; putting x =p; and changing signs, we have 


which is the desired sum. Hence 


2 k ip) (ip) 
ak p So-1 (e) akfa-1 (1) 
(121) 
Now, using (71), we have 
(ip) (ip) 


> akfei(1) ak(k 1) fos (1) 

— 1) 2 p 

p 


1 
4 — -ak(k—1 
5 om ) 


= — 1)jba-: (mod 


for a< >. To transform the other term in 7; we employ the relation, with  >0, 


1)%f, (-) = fu(x) (mod 9), 


together with('*) 
In this way we obtain for a>2, modulo , 
— p*) (1 — p*)(p? — 1) 
(1 — p*)(p? — 1) 
, (@ — 1)j(— 
(4%) Vandiver, Annals of Mathematics, (2), vol. 27 (1926), p. 175. 
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that is, 


(o* — 1)(1 — p?) 
Using (122) and (123) in connection with (121), we obtain 
(o* — 1)(1 — 2 


and T; is obtained from this by interchanging j and k together with p and ¢. 
Add the quantity 


(123) (mod 


jbo (mod ), 


+ = [(6 + (od 9) 


to both members of (120); after employing. 


and the corresponding relation involving j, we then obtain (using (95)) 


[(kb + ba 
k 
a(a — 1) + a 
— 1)*f,_ — 1)*f,_ 
(p* — 1)(1 — p?) 4") 
where j>1, k>1, 2<a<p, with j, k and p prime each to each. Employing 
(68) for x =p, »=a—2, we obtain the following theorem: 


(125) 


(mod 9), 


THEOREM V. If j>1,k>1,a>2, with (j,k) =1, p a jth root of unity differ- 
ent from 1, { a kth root of unity different from 1, then 


—1 


+ 


ba 
a(a — 1) 2(a 


) 
pRa-2(p) 

= k>’ bay 


where the summations extend over each distinct value of p and {, respectively, and 
the R's are defined as in (13). 


(126) 


We shall now show how to obtain (91) from (125), but subject to the re- 
strictions on the latter relation. Using (71) we have 


J 


—1 


ip**, 
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and letting c; as before be the least positive or zero residue of ik (mod j), and 
employing (65), we have 


(127) 


a— 1)j(— jG - 1) 
= (jb — (mod 
(p* — 1)(1 — p”) 
with a similar expression for the other term in the right-hand member of 
(125); if we substitute in (125) we have (91), after noting that the resulting 
terms are independent of p. 
Using Theorem V, we obtain the corollary: 


COROLLARY I. The expression 
a(a — 1) 2(a-1 


) a 


is an integer with the restrictions on j, k and a given in Theorem V. 
We also have this corollary: 


Corouiary II. If j, k and a are restricted as in Theorem V, we have, 


if (jk, a(a—1)) =1, 
2[(kb + jb’)* + absi(k +7) + 2(a — 1)b, = 0 (mod a(a — 1)). 


These results indicate certain analogies between the properties of T, in 
(69) and the number expressed by the left-hand member of (125). 

16. Bernoulli numbers of higher order. Bernoulli numbers of higher order 
than the second, namely, numbers of the form 


+ + myb! + mo)” = by (my, Myr, Mo), 


(128) 
forr = 


do not have properties as simple as those of the first and second order, since 
other primes than the von Staudt-Clausen primes appear as factors in the de- 
nominators of such numbers. This may be illustrated in the case of the num- 


ber 
This may be reduced as follows. Consider first 
Then 
= (1 — — 
so that 


* 
ar 
a 
‘ 
‘ 
- 
4 
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[« + = — — 1b,-1) 


Now 

Also, 

(131) = >» = K + 


Now 
[b(b + = (1/2) [(b + + = (1/2) [(b + 0)’, 
so that 


(132) 


Also, 
f=l 


Hence, using (130), (131), (132), and (133) with (129), we have 


nN 


(134) [« = (1 *) [« +0)" 
We shall now prove, by induction on s, the formula (n >0) 


s—1 


(135) 


Assume for s >2 


then 
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r=0 


and by (144) 


r= 
or by previous methods this reduces to 


[ w 
= [w 


s—2 


nm s—2 
s—2s-—1 


— +--+ + bed)», 


which is the result. 
Employing (136), we find 


(139) [(b + + b”’)" = — 1)(m — 2)bn + — + n(m — 

Repeated application of (135) gives easily 

(140) [ +500)» n(n—1)(m—2) +++ (m—1) on 


where the o,; are the elementary symmetric functions of the numbers 
1,2,3,--+-,7, takeni at a time(”*). 


(**) This result is due to Lucas, Bulletin de la Société Mathématique de France, vol. 6 
(1877), pp. 57-68. The proof given here is due to Dr. A. M. Mood. The proof of relation (144) 
was found independently by the writer. 
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Suppose ” Sr in (140); then all the terms will be zero except the one for 
i=n, hence 


hence 


This gives another form for (148) as follows: 


(142) 


UNIVERSITY OF TEXAS, . 
Austin, TEXAs. 


ON THE STRUCTURE OF DIFFERENTIAL POLYNOMIALS 
AND ON THEIR THEORY OF IDEALS 


BY 
HOWARD LEVI 


In the first part of this paper a special class of differential ideals(*) is in- 
vestigated. The results of this section are used in the following one to derive 
some structural properties of differential polynomials. The last part of the 
paper is devoted to a special differential ideal. 

With the help of some conventions of notation, more precise indications 
of the scope of our work may be given. Let R denote the ring of differential 
polynomials, with rational numbers for coefficients, in the unknown y, The 
special class of differential ideals studied in Part I is composed of those gen- 
erated by y”, where p is a positive integer. These ideals are among the most 
simple ideals encountered in the theory of differential equations. Viewed as 
algebraic entities, however, they are by no means trivial. We denote the ith 
derivative of y by y;; R thus appears as a polynomial ring with infinitely 
many indeterminates y, 91, y2, - * - . Since the Hilbert basis theorem does not 
hold on R, one would expect almost any ideal in R to be unruly. By introduc- 
ing order relations into R we have been able to proceed despite the absence 
of the basis theorem and to obtain fairly comprehensive results concerning 
these differential ideals. In particular a simple criterion for determining the 
membership in such an ideal of an element of R is obtained which plays a 
fundamental role in Part II. This second part establishes the abstract coun- 
terparts of some results of J. F. Ritt concerning essential manifolds which 
figure in the decomposition of a manifold into irreducible ones. It has been 
found possible to present results which cover situations not discussed by him. 
The differential ideal discussed in Part III is that generated by uv, where u 
and v are unknowns. Among other properties, it is shown that this ideal has 
no representation as the intersection or product of two differential ideals, 
whose manifolds are respectively u =0 with v arbitrary, and v=0 with u arbi- 
trary. This result owes its interest to the fact that the manifold of the equa- 
tion uv=0 is evidently reducible into the union of the two manifolds just 
defined. 

In a narrow sense, this paper is independent of other literature; the argu- 


Presented to the Society February 22, 1941, under the title, On the ideal theory and structure 
of differential polynomials; received by the editors March 27, 1941. 

(*) For terminology and bibliography, see Semicentennial Addresses of the American Mathe- 
matical Society, New York, 1938, pp. 35-58. The basic reference for the abstract theory of ideals 
of differential polynomials is H. W. Raudenbush, Ideal theory and algebraic differential equations, 
these Transactions, vol. 36 (1934), pp. 361-368. 
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ments make almost no appeal to outside sources. Less strictly, however, the 
writings of J. F. Rittand H. W. Raudenbush, Jr., should be cited as furnishing 
both starting point and direction for this investigation. Indeed, the whole 
point of Part II lies in its connection with two papers of Ritt (more detailed 
reference is given in Part II). The congruence notation used in our work is 
that systematized by E. R. Kolchin(*). Brackets [ ] and braces { } mean 
respectively the differential ideal and the perfect differential ideal generated 
. by the set of elements they include. The congruences 


a=b [m,n,--- | 


a=b{m,n,---} 


mean, respectively, a—b is in [m, n,--- |] and a—b is in {m, We 
use the term “form” exclusively as an abbreviation for the term “differential 
polynomial.” 


Part I. THE DIFFERENTIAL IDEAL GENERATED BY yy? 
THE FORM y? AND ITS DERIVATIVES 


1. Let p be any positive integer and let A = y”. We investigate the differ- 
ential ideal 2 generated by A. Denoting the ith derivative of A by A; we see 
that consists of all polynomials - +E,A, where the E; are 
any elements of R. It is sometimes convenient to let y= yo, A =Ao. 

We shall discuss power products in y and its derivatives, and make a few 
definitions for this purpose. Let P= yf! - - - y? be such a power product, 
the p; being non-negative integers. The degree of P is defined as )_p; and its 
weight is defined as )-ip;. A power product P is different from a power prod- 
uct Q=y"yfi. - - y if some p;—4q; is different from zero. We understand that 
if ¢>r then’p,, the exponent of y, in P, is zero. If P is different from Q we say 
that P is higher than Q, and Q is lower than P, if the first nonzero difference 
Pi—Q: is positive. If P is higher than Q and R is any power product, then RP 
is higher than RQ. If P is higher than Q and Q is higher than R, then P is 
higher than R. A power product P will be called an a term, if pit+pisi<p; 
i=0,1,2,-+--+. Every factor of an a term is an a term. Every power product 
not an @ term will be called a 8 term. Every 8 term is divisible by an expres- 
sion With rsp. 

2. The polynomial A,, the ith derivative of A, is homogeneous of degree p 
and isobaric of weight 7. A; is a sum over j of terms h,;;P; where the h,; are 
positive integers, and the P; are power products of degree p and weight 1. 
Each power product P; of this weight and degree is present in A; with a coeffi- 
cient h,; different from zero. In particular if i=rp+s (r and s non-negative 
integers and s<) the term L;=y?~*y},, has the proper weight and degree 


(?) On the exponents of differential ideals, Annals of Mathematics, (2), vol. 42 (1941), p. 741. 
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and is present effectively in A;. It will be called the leader of A;. We show 
that it is lower than any other term of A;. It is certainly lower than any 
term involving a y?* with k<r, p.>0. Any term of A; lower than L; would 
thus be of the form yy", --- yi, with gSp—s. This would imply that 
atgt --+* +gq:2s. Thus the weight of such a term would be greater than 
qr+(qit +4+)(r+1) unless go, - - , g: were all zero. This last expression 
exceeds 7 if g<p—s. It follows that any term of A; distinct from L; must be 
higher than L;. 


REDUCTION OF POWER PRODUCTS 


3. We prove the following lemma. 


LEMMA 1.1. For every B term F of R there is a congruence 
F= h;P; 


where the P; are a terms of the same weight and degree as F and the h; are rational 
numbers (they may of course be zero). 


F is divisible by the leader L; of some A;. Let c; stand for the coefficient 
of L; in A;. Then c;L;=A;+(c;L;—A;), where the terms in the parenthesis 
are higher than Lj, or are zero (if 7 is zero or unity). If F=c;L;F’, then 


= F'(eLi Aj) [=]. 


All the terms of the right member of this congruence are higher than F 
and are of the same weiglit and degree as F. There may be some 8 terms 
among them. Each such term is likewise congruent to a sum of higher terms 
of the same weight and degree. In particular the lowest 6 term effectively 
present in (1.1) is congruent to'such a sum. This term may be repiaced in 
(1.1) by the appropriate combination of higher terms, yielding a new congru- 
ence for F free of this 8 term and all lower ones. Since there is only a finite 
number of power products of given weight and degree, this process eventually 
terminates; what remains in the right member is a linear combination of a 
terms with rational coefficients. 


(1.1) 


CANONICAL REPRESENTATIONS 


4. The above lemma will be complemented by the fact established later 
that no linear combination of a terms with rational coefficients is in 2 unless 
the coefficients are all zero. In addition, a canonical representation for the 
elements of 2 will be obtained, in the following sense. Every element of 2 
has a representation E,A + --- +£,A, but the same element may have dif- 
ferent representations. A simple example of this is given by the polynomial 
2y*y, which is in the ideal generated by y* and may be written 2y:A or yA. 
Our canonical representation will be obtained by choosing the coefficients E; 
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from a restricted set of polynomials, with the result that these coefficients 

are uniquely determined, while still furnishing representations for every ele- 

ment of 2. 

5. In securing the canonical representation for the elements of 2 we shall 
use forms H of the types 


H = EA,,Ai,: Ai, 


where E is any power product in the y; and the other factors of H constitute 
an arbitrary power product in A and its derivatives. It is convenient to write 
this latter power product as above, without using exponents, in such a way 
that SiS His homogeneous and isobaric. Its degree is the degree 
of E plus (s+1)p. Its weight is the weight of E plus i9+i:+ --- +4,. Evi- 
dently H is in 2 and conversely every element of 2 is a linear combination 
of such forms with constant coefficients. We order these forms in the following 
way: H is higher than H’'=E’A;,A;,--+- Aj, if either 

(a) AiAi,--- Ai, is higher than A;,A;,---Aj;, when both expressions 
are considered as power products in the A; and are compared by the method 
used for power products in the y;, or 

(b) r=s, (k=0, 1, , 5) and Eis higher than £’ in the sense pre- 
viously explained. 

It should be emphasized that what we order are the symbols used to de- 
note the forms rather than the forms themselves. For instance, for A = y?, 
criterion (a) implies that H=A-A is higher than H’=y?A even though H 
and H’ both denote the same form y*. Thus an expression H is to be consid- 
ered as different from H’ for purposes of ordering, if the set (to, i1, - + - , a) 
is different from the set (jo, j:, - - - ,j-) or if E is different from E’. We do not 
insist that the represented forms be different. On the other hand, equations 
connecting H, H’,---, are to refer in the usual way to the forms denoted 
by the symbols. 

Evidently, of two different expressions H, H’, one must be higher than the 
other. It is clear that our ordering is transitive. Furthermore, if H is higher 
than H’ and G is any power product in the y;, then GH is higher than GH’. 

6. We now introduce the notion of a y term. An expression 
H=EA,,Ai,-- + Ai, will be called a y term if both (a) and (b) below hold. 

(a) 4425p, 

(a1) if i,>sp then E is an a term in the letters y.41, Ye42, °°, 

(az) if i,=sp then E is any power product in the letters y,, y.4:, ° + - 

(b) If s>0 then i, >kp, R=0,1,---, 

7. The role of these y terms is revealed by the following lemma. 


Lemma 1.2. Every expression H is equal toa sum Yor: Ri, where the R; are y 
terms of the same weight and degree as H. The 1; are rational numbers. 
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This implies that every element of 2 is a linear combination of y terms 
with rational coefficients. We shall see later that such a sum is zero only if 
all the coefficients are zero. 

Our proof will consist mainly in showing that if H itself is not a y term 
it is a linear combination with constant coefficients of y terms and of expres- 
sions H’, H’’,---+, H; the expressions H‘* all being higher than H and 
of the same weight and degree as H. Once this is accomplished the proof can 
quickly be completed. By replacing the lowest H‘” by its linear combination 
of y terms and expressions H{® we obtain for H a new linear combination of y 
terms and expressions H{ which is free of that lowest H‘* and all lower ones. 
A finite number of repetitions of this procedure yields a linear combination 
of y terms for H. 

8. To devise methods for obtaining this sum of higher terms we consider 
the obvious equality yA1=pyiA and those obtained by differentiating both 
members of this equation 7 times, r=1, 2, - + + . We obtain 


r 


The symbols C;,; in equation (1.2) are binomial coefficients. This equation 
and the original equality together express yA, with c>0 as a sum )¢,sy:As—i 
where 7 runs through all positive integers not greater than s. An analogous 
expression may be obtained for, y,A,, where k and s are positive integers and 
where s>kp. Let r and k be positive integers with the property r+1—k>kp. 
By subtracting the coefficient of .A,4:-+ in the right member of (1.2) from 
its coefficient in the left member we obtain 


r! 
r+1—k/ 


This number is not zero, since r+1—k>kp. Thus under these circumstances 
¥rA+41-« is effectively present in (1.2). Equations (1.2) show, then, that y,A, 
with s>kp may be written in the form 


k 


where the d,; and ¢; are rational numbers which depend on s as well as on i 
and k. Observe that in the first of these sums the subscript of each A,-,; is less 
than s and in the second the subscript of each y,_; is less than k. 

9. We use these equations to derive a useful fact about expressions 
yrA;,Ai,:++* Ai, when s and k are non-negative integers with ks and 
im >mp, m=0, -.-- , s. We show that such an expression is equal to a sum 
of certain products F;G; where the F; are forms, and the G; are power prod- 
ucts in the A;. It will be seen that the degree of each G; in the A; does not 
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exceed s+1, and that each G; as a power product in the A, is higher than 
A;,:°+ + Aj,. For s=0, i9>0 we already know that yA ;, is a sum of such prod- 
ucts, namely ¢;,;y;A ;,-;. We establish the result for s>0 by induction. It fol- 
lows from equations (1.2) that y.A;,A;, - - - Ai, is equal to 


The terms in the first group meet our requirements since each contains a 
power product in the A; which is higher than A;,,A;,-- - A;,. Each term of 
the second group contains a factor y,-;A;, - - - A;,_,. Assume the result true 
for all integers less than s. Such a factor is then equal to a sum of products 
F;G; where the G; are power products in the A; which are higher than 
A;,: ++ Ai,_, and whose degrees in the A; do not exceed s. Consequently 
the G; are all higher than A;,A;, +--+ A;,_,Ai,. By letting F/ =e,;A;,,,F; it is 
seen that the terms in the second group are likewise equal to a sum of the 
required type. 

10. We are now in a position to carry out the proof. An expression H 
which is not a y term must fail to satisfy at least one of the conditions (a) 
and (b). We enumerate the various possibilities and show how for each one 
the required sum of higher terms may be obtained. It is both permissible and 
convenient first to discuss those terms H = EA,, - - - A;, which satisfy (b) but 
not (a), and then to give a complete discussion for those expressions which 
do not satisfy (b). We follow this plan. 

Suppose H satisfies (b), 7, >sp and (a:) is not satisfied. If E involves only 
the letters y.41, Ye42, ‘°°, it must be a 8 term. It must then be divisible by 
the leader Ly of some A,. As in the proof of Lemma 1.1, we have E=cE’A;+F 
where c is a constant and F is a form every one of whose terms is higher than 
E. Consequently 


H = cE’A;, A;,Ay + FA;, A,,. 


The first term in the right member of this equation is the product with c of 
an expression H’ which by criterion (a) above is higher than H. The rest of the 
right member of this equation consists of a linear combination with rational 
coefficients of terms H‘® all higher than H by criterion (b). We therefore have 
the required sum of higher terms. 

If i, >sp, if (a1) is not satisfied and if E contains effectively some letter y, 
with kSs, we first write E=y,E’. Because H is supposed to satisfy (b), we 
know that H’=y,A;,--- A;, is a sum of products F,G; as described earlier. 
It follows that H is a sum of products (E’ F;)G;. Since the G; are power prod- 
ucts in the A; whose degrees do not exceed s+1 and which are higher than 
A;, +++ A;,, it follows from criterion (a) that all the expressions H‘ in each 
product (£’ F;)G; are higher than H. This disposes of expressions H which sat- 
isfy (b) but not (a:). If an H satisfying (b) does not satisfy (a2) and is such 
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that 1,=sp, then its coefficient E must contain effectively some letter , with 
k<s. Let E=y,E’ and consider y,A;, - - - Ai,_,. It equals a sum of products 
FG; where the G; are power products in the A; of degree not more than s 
and which are higher than A,, - - - A;,_,. What is important for us, is that the 
G; are consequently also higher than A;,A;,--- A;,_,A;i, It follows that 
H=(A;,E’)y,Ai, Ai,_, is a sum of higher expressions of the required sort. 

There remains the case of an H which does not satisfy (b). Let r be the 
smallest integer for which 1, Srpso that if r>0theni,,>mp,m=0,--+-,r—1. 
Our procedure depends on whetheri, =rpor i, <rp. If i,=rp let EA;,,,° Ai, 
be expanded into a form F=)~h,E;, the h; being constants and the E; power 
products. We have H=()-h,E,)A;,--~- Ai, We consider the expressions 
H;=E,A;,- ~~ Ai,, noting that they all satisfy (b). Certain of the E; may be 
free of the letters y, y1,---, y--1. For these E; the corresponding H; are y 
terms and require no further discussion. If r =0, all the E; have this property 
and all the H; are y terms. On the other hand an E; which contains effectively 
some y; with k <r leads to an H; which is not a y term. Such an H; satisfies (b) 
but not (az). As we have seen, such an H; is a sum of terms g;H{" where the q; 
are constants and the expressions H® are all higher than H;. This of course 
does not itself imply that the H{ are higher than our original H. But by re- 
calling that the H{? must each contain a power product in the A; which is 
higher than A;,A;, - -.- A:,and whose degree does not exceed r+1, we see that 
the H® are actually higher than H by criterion (a). Our procedure for an H 
which does not satisfy (b) and for which i,<rp is the following. We note 
that r must be greater than zero, since i, is non-negative. Let the form 
EA,,Ai,,,° ++ Ai, be expanded as above into the form F=)_h,E;. The fact 
that i,<rp implies that every term of A;,, and consequently every term of F, 
contains effectively some with k<r. Then Ai,_, isa 
linear combination of expressions H;= E;A,,- - - Ai,_, which satisfy (b) but 
do not satisfy the requirement of (a1) which asks that E be free of y, v1, - - -, Yr. 
It is easy to see how the methods of the previous case apply here, and we omit, . 
the details of showing that H must be a sum of terms h; H{” where H! is 
higher than H. 

11. We have now carried out our program of showing that each H not a 
¥ term is a linear combination of expressions H;, those H; which are not y 
terms being higher than H. The remarks made at the outset of the proof 
suffice to establish the lemma. 


THE FUNDAMENTAL LEMMA 


12. We prove the following lemma. 


LEMMA 1.3. Let d and w be positive integers. The number n, of y terms of 
degree d and weight w does not exceed the number of ng of B terms which have this 
weight and degree. 
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It will be shown later that we actually have n,=n,. We remind the reader 
that in computing ”, one counts the number of distinct symbols which stand 
for y terms without considering whether or not the symbols stand for distinct 


forms. 


The proof will consist in associating a unique 8 term of degree d and weight 
w with each y term of this degree and weight. The association will be such 
that to different y terms there will correspond different 8 terms. 

13. We require a few more definitions. Let R; denote the ring of poly- 
nomials with rational coefficients in the letters y;, yi41,---,¢#=1,2,3,---, 
and let Ro denote our original ring R. Let ¢ be any non-negative integer. A 
form EA; where i2tp and E is a power product in y and its derivatives will 
be called an expression K, if the appropriate one of the following three condi- 
tions is satisfied by £. 

(i) If «=tp, E is any power product of R,. 

(ii) If tp<iS(t+1)p, E is any power product of Ry41. 

(iii) If (¢+-1)p <i, EZ is a special power product of Ry41. Let E= - - 
We ask that there exist an integer k for which E’ = yf, - - - yft, is an @ term, 
and in addition we require for this k that i1<(¢+k+1)p—(ai+ --- +a:). 

Under condition (iii) any a term of Ri: is acceptable as a coefficient E, 
for (t+k+1)p increases with k, whereas for large k the exponent a, is zero, 
so that a1+ - - - +a, remains unchanged. On the other hand under condition 
(iii) an admissible E need not be an a term. Once a suitable & is found, no 
restriction whatever is made on the letters °° 

14. We now describe a process by which each such expression K, deter- 
mines a B term F of R;. Let K = EA; be a definite expression K;. It comes un- 
der one of (i), (ii), (iii). 

If K comes under (i) we have i, =p. Let 


F = 


Clearly F is a 8 term of R; having the same weight and degree as K. 
If K comes under (ii) then tp<iS(t+1)p. Let b=(t+1)p—i. Then 3 is 
a non-negative integer and b< p. Let 


b p- 
F= 


F is a B term of R, obtained by replacing A; in K by the term y}y?;?. The de- 
gree of this term is p and its weight is (¢+1)p—b=i. Thus F has the same 
weight and degree as K. For this case E does not contain the letter y; so that 
the exponent of y, in F is b which is less than p. This distinguishes the F 
obtained from a K which comes under (ii) from that obtained from a K which 
comes under (i). However, for both cases the sum of the exponents of y, and 
¥t41in F is at least p. 
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If K comes under (iii) then (¢+1)p <7. We define 
$95 = (t + 1)p, 
so =(t+f+1)p— (ait--++a,), f=1,-+-,k. 
We have s;—sy1=p—ay, f=1,--+, k. By hypothesis yfi,--- yft, is ana 
term and in particular each ay, is less than p. Thus each p—a, is positive, so 
that s9<s,:< +++ <s,. Since by hypothesis is, there is an integer m which 
is such that 1m Sk and for which sn_1<iS5m. Let b=s,—1. Then bis a 


non-negative integer. Since b<Sm—Sm—1 and Sm—Sm1=DP—Gm we have 
b+amn<>p. Let 


a b b 


where G=yiti., Fis term of R,. In the transition from K to F 
the expression A; is suppressed, y;j, is replaced by yfjj-1, 7=1,---, m, and 
the term y},..¥?;-1 is introduced. G is carried over unchanged. The first oper- 
ation lowers the weight by 7 and the degree by p. The second lowers the weight 
by ai+ +--+ +a» and does not change the degree. The introduction of 
yh m¥em+1 augments the degree by p and the weight by (¢-+m+1)p—b. Since 


(1.4) (¢-+m+1)p —b = (Qi tan) —b= it (Qi + am) 


we see that the net effect of these alterations is to leave the weight and degree 
unchanged. Note that F contains the factor yf" -- + yft,_-1y}4m and that its 
other letters all have subscripts which exceed ¢-+-m. This factor is an a term, 
since b+an<p and yf' +--+ yff,—, is an a term by hypothesis. Since m is posi- 
tive, it follows that the sum of the exponents of y, and y,4: in F is less than p. 
This is a characteristic property of a term F obtained from an expression K 
which comes under (iii). 

15. We have described a procedure for obtaining from any expression K;, 
a definite 8 term F of R;. We shall investigate this procedure further in order 
to obtain two useful facts. The first is that by this process different 6 terms F 
are assigned to different expressions K. The second is that when ¢>0, then 
for any integer h such that (¢—1)p <A Si, the expression FA, is an expression 
K,-. In other words if F is obtained from any K;, in the manner set forth 
above, then, if t>0 and h is as above, FA, admits one of the three charac- 
terizations, (i), (ii), (iii), where the discussion is referred to the integer t—1 
instead of ¢. In deriving the first property of the term F we need only show 
that a 8B term F cannot be obtained from two different expressions K, which 
both come under the same condition of the three listed. This simplification 
is due to the fact that in describing the procedure it was pointed out how one 
could infer from a given F which of the three conditions governed the K which 
determined it. We now list the three possibilities for F and verify the two 
statements for each one. 
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16. Let F.be determined by an expression K = EA, which comes under (i). 
Then F=yE, so that given F one can find E. Since for this case 1 =tp, there 
is only one EA; which could lead to F. This proves the first statement. To 
prove the second, let 4 be any integer such that (t—1)p<A Si. We can easily 
verify that FA, is an expression K,_;, coming under (ii). In the case at hand 
i=tp, so that we have (t—1)p<hStp. In addition F is a power product of R,. 
These are precisely the requirements of condition (ii). 

17. Now let F be determined by K = EA;, K coming under (ii). We have 
with <p and with E free of y, , y+. Again it is obvious 
that F determines EZ uniquely and that the subscript i of A; can also be 
uniquely determined from the equation (¢+1)p—b=7. Thus only one expres- 
sion EA; can yield F by our procedure. Suppose that ¢ >0 and that h is some 
integer for which (t—1)p<h Si. If then FA is an expression K;_; com- 
ing under (ii), since F is in R,. If h>tp we show that FA, is also an expression 
K,-, but that it then comes under (iii). The inequality ssi =(t+1)p—) en- 
ables us to draw this conclusion. The a term required by (iii) is simply 4}; 
the integer & is unity. 

18. The case in which K = EA; comes under (iii) remains. The F which 
it determines is displayed in (1.3). We noted above that F contains as a 
factor the a term y? - - + y/%n_19}+m- In an obvious sense this factor is the 
“largest” a term which can be split off from F. More precisely, given an 
F=yy,- +--+ determined by an expression K; which comes under (iii), 
if one chooses the largest g such that y}*y})., - - - 94, is an @ term, this last 
power product will be identical with yf" - - - yf%,_19?4m. We recall that in pass- 
ing from K = EA; to F we divided the letters of E into two classes; the letters 
of one class were replaced by others, and the letters in the other were carried 
over unaltered. What we have just shown is that given an F determined by a 
K which comes under (iii) it is possible to determine exactly which letters 
were in each of the classes. The weight of the A; involved in K may be com- 
puted from 


i= (t+ m+ 1)p — (a1 +--+ + aq) — 


Thus, given such an F it is possible to reconstruct unequivocally the ex- 
pression K from which it was obtained. This establishes the first property 
for a K coming under (iii). Assuming now that t>0, we proceed to establish 
the second. Let 4 be an integer such that (¢—1)p<hSi. We show that FA, 
is an expression K;_;. lf h Stp, FA, is clearly an expression K;_; coming under 
(ii), since F is a power product of R,. If h>tp, we show that FA, is an ex- 
pression K;_; coming under (iii). To do this we must produce an a@ term and 
an integer k as described in (iii). Let F=~y!" - - - #4. Since our calculations 
are now based on the integer ¢—1, the integer k is required to have the prop- 
erty (¢+k)p—(bot --- +0:-1) 2h. Since h Si, we see from (1.4) that the a 
term and the integer m+1 have the required properties. 


4 
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19. The proof of the lemma may now be completed. Let H = EA,,Ai, - ++ Ai, 
be any y term of degree d and weight w. H satisfies conditions (a) and (b) 
defining a 7 term. We now show how these conditions make it possible to use 
the work immediately preceding to carry out our program of assigning a 6 
term to every 7 term. - 

Consider the form K“* = EA,.. If i,=sp then K“ is an expression K, com- 
ing under (i). If 4, >sp it is readily seen that K“* is likewise an expression K,, 
only in this case it comes under (iii). In fact condition (a1) requires E to be 
an a term of 8,4: and it was pointed out above that an integer k of the type 
required by (iii) can always be found under these circumstances. Thus by 
splitting off EA;, from a y term H we always obtain an expression K,. Let 
the weight of E be w, and its degree be d,. K“) determines a 6 term of R, by 
the procedure described above. Let it be denoted by E“). Its weight is w,+i, 
and its degree is d,+ p. If s =0 we associate this 6 term with H. It has the same 
weight and degree as H because it has the same weight and degree as K“*) and 
for this case =H. 

If s>0 consider the expression K“-) = E“)A,__,. It follows from the defi- 
nition of 7 term that (s —1)p <4;,_, S4,. This inequality permits us to conclude 
that K“-" is actually an expression K,1. K“~ determines a 6 term E“-» 
of R,-1 having the same weight w,+i,+7,1 and the same degree d,+2p as 
K‘*-»), If s=1 we associate this 8 term with H. It clearly has the same weight 
and degree as H. . 

If s>1 wecontinuein this way. We obtain asequence K“), K“"-»),---,K® 
and a sequence EE“, E“-"),.-- , FE), The sequences are obtained from H by 
successive applications of the procedure described for obtaining 8 terms from 
expressions K,. Each KY = EY+)A,. Each E” is the 6 term of R, deter- 
mined by K”. The weight of both K” and E™ is w,+i,+ --~- +4,. The de- 
gree of both K” and E” is d,+(s —f+1)p. The sequences are to be continued 
until K® and E are reached. E™ is a B term of R=Ro having the same 
weight and degree as H. We associate E with H. _ 

20. We now prove that if Hi=E,A;,A;,---A;, is a y term different 
from H, then the B term E® assigned to it in this way must be different 
from E®. H, determines the two sequences KY, KY~",---, K® and 

”) EY-»,..-, E®. We know that each E” is determined by at most 
one KY) = E+) A,,, We conclude that if E® = E®, then for every f for which 
the symbols are defined, E” = EY and K = KY. If s=r we have immedi- 
ately that H=H;,. Suppose s ¥r and, say, s<r. We show that it is impossible 
to have E® =E® under this assumption. This last equality implies that 
K” = that is, that EA;,=E¢tA,,. E¥*” is determined by Kft” and 
is consequently a 8 term. From the definition of y term E may only be a 8 
term if i,=sp. Thus j,=sp. This is impossible since H; is a y term and for 
such terms we have j;=fp only if f =r, whereas here we have j,=sp and s <r. 

We have shown that every y term determines a 8 term of R having: the 
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same weight and degree, and that distinct 7 terms determine distinct 6 terms. 
This proves the lemma. 


THE STRUCTURE OF THE IDEAL OF y” 
21. We can now prove the following lemma. 
_ Lemma 1.4. Let d and w be positive integers. Let nq, denote the number of 
a terms P; of degree d and weight w, let ng denote the number of B terms Q; of 


this degree and weight, and let n, denote the corresponding number of y terms Rx. 
Then ng=n,, and a relation 


¥ + =0 
kel 


where the p; and 1, are rational numbers implies that all the p; and 1, are zero. 


Let Q; be any 6 term mentioned in the statement of the lemma. By 
Lemma 1.1 we have 


Qs = puPs mg. 
Therefore by Lemma 1.2 we have 
(1.5) + puPs, my. 
k 


If n, were less than mg some linear combination of the Q; with rational co- 
efficients would be a similar linear combination of the P;. This is impossible, 
so that n,2n,. Applying Lemma 1.3 we see that n,=n,. 

22. Every R; is by definition a homogeneous isobaric polynomial, so that 
we have 


(1.6) Ri = k=1,--++, my. 
i 


Substituting the right member of (1.6) for R, in (1.5), we obtain the iden- 
tities Q;=Q,, j=1,---, mp. Thus |ra| - |b,3| =1 and it follows that both 
|r| and |b,| are different from zero. 

From (1.6) and the fact that | des| 0 we see that any linear combination 
of the R; with constant coefficients not all zero must equal a similar linear 
combination of the P; and Q; which involves some Q; effectively. If such a 
linear combination of terms R; were expressible as a linear combination of 
terms P;, we would have the absurd result that a linear combination of the Q; 
with constant coefficients not all zero was a linear combination of the P,. 


23. THEOREM 1.1. Let F be any element of R. F is expressible in the form 


pt 
» 
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where the P; are a terms, the R, are y terms and the p;, r, are rational numbers(*). 
For each F there is only one such expression. 


Let F be split up into a sum of homogeneous isobaric polynomials F; in 
such a way that any two such polynomials have either different weights or 
different degrees. Then 


F=)>F, 
h 


and the F, are uniquely determined by F. 
By means of equation (1.5) we have 


F, = Dd + rR: 
k 


where the d and w of Lemma 1.4 are the degree and weight of F;. By adding 
the F;, we obtain 


F= > D> + OD 


and this is the desired equation. 
24. To show that F does not have two distinct representations of this type 
we need only show that if 


i k 


then the p; and 7; are all zero. 

Let some 7; or 7, be different from zero. The term which possesses such a 
coefficient must be cancelled in (1.7) by a sum of other terms of the same 
weight and degree. This contradiction to Lemma 1.4 establishes our result. 


25. CoroLLtary. No linear combination of a terms with rational‘) coeffi- 
cients is in 2. 


Let d, w, n. be as in the statement of Lemma 1.4. The quantity m depends 
on d and w. 


CoROLLARY. The number of linearly independent (mod 2) elements of R 
which are homogeneous of degree d and isobaric of weight w is na. 


26. R may be considered as an abelian group with operators, where the 
group “multiplication” is ordinary addition, and the operators are rational 
numbers. Theorem 1.1 implies that R considered in this way is the direct sum 
of two groups. One of them is 2. The other is the additive group generated by 


(*) The same conclusion can be drawn if these symbols stand for any constants, or more 
generally if they are any elements of a domain of integrity which contains the rational numbers. 
(*) See the note to Theorem 1.1. 
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the totality of a terms. A linearly independent basis for the first group is the 
totality of ~ terms; the totality of a terms forms such a basis for the other. 

27. We now determine circumstances under which the , of the corollary 
to Theorem 1.1 is zero. If for a given d and w this number is zero, then every 
homogeneous isobaric element of R having this degree and weight is in . 
In settling this question we consequently develop a method for establishing 
the membership in 2 of certain elements of R based entirely on an examina- 
tion of the weights and degrees of their constituent terms. 

If d is less than p, every power product of degree d is an a term. To treat 
the case for which d is not less than p we write(°) 


§ is a formal infinite product whose status in this discussion is that of a visual 
aid. Let d be a positive integer and write d =a(p—1)+5 (a and b non-negative 
integers with 0<bsp—1). Let 


Sa=Y Ya 


Sais an a term of degree d. It is obtained by taking the first d letters of § and 
multiplying them together. We denote the weight of Sz by w(p, d). We have 


w(p, d) = a(a — 1)(p — 1) + 2a. 


w(p, d) is defined for all integers » greater than unity, and for all positive inte- 
gers d. Its values are always positive integers or zero. An easy calculation shows 
that w(p, d) satisfies the difference equation w(p, d)+2d=w(p, d+(p—1)), 
and this fact is used in proving the following result. 


28. THEOREM 1.2. Let d, w and n, be as in the statement of Lemma 1.4. 
A necessary and sufficient condition that na>0 is that w2w(p, d). 


In view of our earlier results this is equivalent to asserting that every 
power product of degree d and weight w<w(p, d) is in = and not every power 
product of degree d and weight w2=w(p, d) is in 2. 

29. The sufficiency proof is quickly disposed of. Sz is an a term of degree d 
and weight w(p, d). Let 


r 1 1 1 bl 
So = y" r>0. 


(*) In the remainder of Part I it is assumed that p exceeds unity. The two results enun- 
ciated there are seen to be trivially true for p equal to unity, if the weight function introduced 
at the end of §27 is defined to be plus infinity for p equal to unity and for all positive integral 
values of d. 


\ 
\ 


546 HOWARD LEVI [May 


S{ is an a term of degree d and weight w(p, d)+r. Therefore we see that for 
any integer d and integer w2w(p, d) there are a terms of degree d and 
weight w. 

30. We begin the necessity proof by observing that when d is less than p, 
w(p, d) =0. Consequently there are no power products of degree d<p and 
weight w<w/(p, d). If our theorem were false there would be an integer d2 p, 
and an a term whose degree was d and whose weight was less than w(p, d). 
We assume this to be the case and force a contradiction. 

Let d (2p) be the smallest integer for which there are a terms whose de- 
gree is d and whose weight is less than w(p, d). Let P be an a term of degree 
d and weight w, where w is some integer such that OS w<w(p,d). Let P=EP’, 
where E is that factor of P of degree p—1 which is higher than any other such 
factor. Then P’ is of positive degree and is an a term. Furthermore, since P 
is an a term the definition of Z insures that P’ is free of y and 41. Let the de- 
gree of P’ be denoted by d’ and its weight by w’. Clearly w’ Sw and d’ <d. 
Let P’’ be obtained from P’ by replacing each letter y, effectively present in 
P’ by y:-2. P’”’ is an a term whose degree is d’ and whose weight is w’ — 2d’. 
Our assumption about the minimal character of d, when applied to P’’ implies 


w(p, d’) — 2d’. 


Using the difference equation satisfied by w(p, d’) this last inequality 
yields w(p, d'+p—1) Sw’. Since d’+p—1=d and w’Sw we now have 
w(p, d) Sw. This contradiction completes the proof. 


THE EXPRESSION FOR A POWER PRODUCT IN THE IDEAL OF y? 


31. Having established the fact that certain power products are in 2 we 
may naturally inquire as to the number of derivatives of A needed to express 
them. This question may be precisely formulated in the following way. Let 
a power product P be in 2. It is a linear combination of y terms. Let the low- 
est of these be the y term EA,, - - - A;,. It is required to determine an upper 
bound for io. This question arises in the following section for a special class of 
power products. We gettle it now for this special class. 


Coro.uary. Let r be a positive integer, let d=(r+-1)p—1 and let w be a non- 
negative integer which does not exceed rd. Then every power product P of degree d 
and weight wis in = and is a linear combination, with forms for coefficients, of A 
and its derivatives of orders not exceeding rp. 


Let d’ =(r+1)(p—1)+1. Certainly d’ sd. We first extract from P a fac- 
tor P’ of degree d’ whose weight does not exceed rd’. This is made possible by 
the fact that the weight of P does not exceed rd. We then show that P’, and 
hence P, is in 2. Evaluation of w(p, d’) yields r(r+1)(p—1)+2(r+1) which 
exceeds rd’. This shows that P’ is in 2. Actually for large r the weight of P 
is considerably smaller than w(p, d). This additional restriction makes it pos- 
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sible to estimate relatively easily the number of derivatives of A required to 
express P, 

The proof is by induction. When r = 1, our assertion is that no more than p 
derivatives of A are required to obtain P. Any y term of degree 2p —1 is of the 
form A,;£E. If 4 is zero no discussion is required. If 7 is greater than zero, 
E must be a power product of degree p—1 in the letters 1, ye, ---. The 
The weight of £ is then at least p—1. If the weight of the y term is not to 
exceed 2p—1 it must be that 1. Assume now that the result is established 
for all integers less than some fixed integer r. Let G=EA;,A;i,--- Ai, beay 
term of degree d=(r+1)p—1 and weight not greater than rd. It is to be 
shown that 79 Srp. We need only consider the case in which 79>0. For this 
case E must be free of y, since G is a y term. Let E’ be obtained from E by 
diminishing by unity the subscript of each y,; which appears in E. If s>0, 
consider G’ = E’A;,_,- ++ Ai,-p. G’ is evidently a y term of degree d’=d—p 
and weight w’=w—i9—d+p. If io exceeded rp we should then have, using 
wsrd, w’ <rd—rp—d+p or w’ <(r—1)d’. Our induction hypothesis then ap- 
plies to G’ and shows that whence 7p. Since ip Si, the 
assumption i9>rp leads to a contradiction. If in G the integer s is zero, so. 
that G=EA,,, a different procedure is required. E must be an a term in the 
letters yi, of degree d—p and weight w—i9. Consequently E’ is an 
a term of degree d’=d—p and weight w’ =w—i)»—d+p. Again assume that 
io>rp. Using wSrd and i9>rp we have w’<(r—1)d’. Since d’ is rp—1 it 
follows as in the outset of this proof that the weight of EZ’ is too small for E’ 
to be an a term. The hypothesis ip >rp must then be discarded and the induc- 
tion is carried out. 


Part II. SOME THEOREMS ON THE STRUCTURE OF DIFFERENTIAL POLYNOMIALS 


~ THE LOW POWER THEOREM 


32. Let 3 be any differential domain of integrity which contains the ra- 
tional numbers. Throughout this section when we refer to a form in the un- 
knowns 4%, v, > ++ , w, we shall mean a differential polynomial in u, v,--- , w 
whose coefficients are in 3. Indeed the coefficients actually used are for the 
most part rational numbers. Our work involves auxiliary unknowns which 
may be specialized with great freedom, and it is with such specialization in 
mind that the above remarks are made. 


33. THEOREM 2.1. Let ; 


k 
(2.4) F = ry? — 
be a form in y, X, U1, +++ , Ue where p is a positive integer and the B; are power 
products in y and its derivatives of degree p+1. Then there is a positive integer s 
.and a form 


+ 
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where every term of H contains y or one of its derivatives effectively and where D 
is homogeneous of degree s in X, u1,-+- , ue and their derivatives, such that for 
some positive integer d, 


yD = 0 [F]. 


The questions as to how large d and s need be, and how many derivatives 
of F are required to obtain y*D are not answered precisely, but in the proof 
explicit upper bounds are given for each of these numbers. 

34. This theorem is the abstract counterpart of certain results obtained 
by Ritt. It might be appropriate to discuss this relation before taking up the 
proof. If y, \ and the u; are replaced by forms Y, L, U; in the unknowns 
* ,U,, then F and D go over into forms F’ and D’ in the and Y4D’ =0 
[F’]. Let us take Y to be an algebraically irreducible form whose order in v, 
is h, L to be a nonzero form not divisible by Y whose order in v, does not 
exceed h, and the U; to be any forms. Then, when 3 is a ring of analytic func- 
tions, the relation Y¢D’=0 [F’] shows that the general solution of Y is an 
essential irreducible manifold in the manifold of F’(*). A somewhat different 
result is obtained by specializing y as 1, \ as a form 1+L where L vanishes for 
v;=0,i=1,---,m, and the uw; as any forms in the ;. 3 is again a ring of ana- 
lytic functions. The relation o{D’=0 [F’] shows that the solution »;=0, 
i=1,---,, of F’ is not contained in any irreducible manifold held by F’ 
but not by 2:(’). 

35. We now take up the proof. Let r be the maximum of the weights of 
the B;. If r is zero or unity, each B; is divisible by y”, and F itself may be 
factored into a product y?(A+ AH) of the required type. Assuming now that 
r>2, let d be an integer such that the set of all power products in y and its 
derivatives of degree d whose weight does not exceed (r —1)d is in the differ- 
ential ideal generated by A = y”. The work of the preceding section proves that 
there are such integers d. Let these power products be denoted by P;, -- -, Pm, 
and let the weight of P; be denoted by wy, f=1,---, m. Suppose all the P, 
may be expressed as linear combinations of A and its derivatives of order not 
exceeding ¢. Then 


t 
Py = f=1,2,--+,m, 


where the C;; are forms in y. They are homogeneous of degree d—p and iso- 
baric of weight w;—j. Using the fact that \*+1A, is in the differential ideal 


(*) J. F. Ritt, On the singular solutions of algebraic differential equations, Annals of Mathe- 
matics, (2), vol. 37 (1936), pp. 555-560. 

(7) J. F. Ritt, On certain points in the theory of algebraic differential equations, American 
Journal of Mathematics, vol. 60 (1938), p. 9. This paper will be referred to as OCP. 
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generated by AA and that it is a linear combination of XA and its first g de- 
rivatives(*), we have for each P, 


t 
AHP, = o(AA) jo. 
j=0 
Here the symbol (AA);, means the (j—g)th derivative of \A, and L, is a 
homogeneous form in A of degree t. Referring to (2.1) we have for each P, 


i=0 i-o 


where (}>u,B,);-, means the (j —g)th derivative of the form inside the paren- 
theses. The right member of this congruence is a linear combination of forms 
T = C;,(B;)a, hj, whose coefficients are homogeneous forms in \ and the u;. 
These forms T are homogeneous of degree d+1, since the B; are all of degree 
p+1. The weight of each (B;), does not exceed +h, and therefore the weight 
of each T does not exceed w;—j+r+h. Using wy S(r—1)d and h Sj, it follows 
that the weight of each T does not exceed (r—1)d+r. The forms T are thus 
linear combinations of power products y.P; where again the Py; are power 
products in the y; of degree d and weight not exceeding (r—1)d. We need 
merely choose c2r if such a y, appears in a term of the 7, while if no such y, 
is present effectively, then for any choice of y, the statement is‘true. 
36. What we have shown is that 


= Ey;P; f=1,+++,m, 
j=l 


where the E,;; are forms in y, and the u;. E,; is homogeneous of degree ¢ in X, 
homogeneous of degree unity in the u; and homogeneous of degree unity in 
the y;. Transposing, we have a system of m linear congruences for the Py. 
In the ith congruence the coefficients of P; with j7#i is — Z;; while the coeffi- 
cient of P; is \‘— E;;. It follows that 


P,D = 0 [F], f=1,2,--+,m, 


where D is the determinant of the system of congruences. Clearly D is of the 
form \"‘'+) +H where H vanishes for y =0. Since y¢ is one of the P; we have 
our result. Observe that H is homogeneous of degree m(t+1) in \ and the u;. 

37. As a supplement to the proof the size of ¢ and d will be examined. 
Reference to the work of Part I reveals that if d=rp—1 then ¢ may be taken 
as (r—1)p. If, on the other hand, d=r(p—1)+1, the proof may also be car- 


(*) This is obvious for g=0. An easy induction establishes it for all positive integral values 
of g, for the product of \¢ with the gth derivative of A is a form \**1A, plus terms all of which 
contain a factor with i<q. 
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ried out with possibly a larger value of t. Note that this value of d is in gen- 
eral smaller than the previous one. 


GENERALIZATION FOR ONE UNKNOWN 
38. This theorem may be extended in the following way. Let 


(2.2) F=)y yt + 


be a form in y, \ and a finite number of unknowns u; where fo, pi, +--+, pr 
are non-negative integers with »,~0, and where the B; are power products 
in the y;. If the degree of each B; in the letters y,, y,41, - - - , exceeds p,, then 
Theorem 2.1 may be applied to F. It yields a relation 


where H vanishes for y,,;=0,7=0, 1, 2, --- . It is obvious that F admits the 
solution y =0. This relation shows that every irreducible manifold held by F 
which contains y=0 and is not held by y, must be held by the form in the 
outer parentheses. We are going to show how additional hypotheses on the B; 
make it possible to draw a stronger conclusion. 


THEOREM 2.2. Let the F be given by (2.2) and let the B; be such that for each 
integer f, f =0,1, - - - the degree of each B; in the letters yy, 
ceeds pytpyiit +++ +r. Then there is a positive integer s and a form 


D=M+H 


where every term of H contains y or one of its derivatives effectively and where D 
is homogeneous of degree s in \ and the u; and their derivatives, such that for some 
positive integer d 


yiD = 0 [F). 


The stronger conclusion drawn here is that if X is specialized as any non- 
zero element of 3, then the solution y=0 of F is contained in no irreducible 
manifold held by F but not by y,. 

39. The proof is by induction on r: For r=0 this result is practically iden- 
tical with Theorem 2.1. The only difference is that the B; may be of degree 
greater than fo+1 in the y;. However, it is easy to see that by incorporating 
superfluous factors of the B; into their coefficients we obtain a form for which 
Theorem 2.1 may be invoked. We assume the theorem established for integers 
from zero to r—1 inclusive and prove it for r. 

40. We introduce new letters \’, u/ and a new form F’ in y:, X’, uf in 
the following way. Let Q; be that factor of B; of degree po which is higher 
than any other such factor (if po is zero then Q; is unity). Let Bj be anne, 
by B;=B/Q;. Let 
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F’ goes over into F when }’ is replaced in F’ by \y”* and uj by u,Q,. It will 
be shown that F’ satisfies the induction hypothesis for r—1. To do this it 
suffices to show that for all integers f, f=1, 2, ---, 7, the degree of each B/ 
in exceeds - - - Suppose there were a B/ and anf 
for which this were not so. Because of the way B/ was defined, our hypothesis 
would then require that Q; be of positive degree in some y, with t>f. Since Q; 
is the highest factor of B; of degree po, it follows that B/ is free of y, y1, - - -, y—1- 
Thus the degree of B; is simply fo plus the degree of B/ in yy, yy4i,--- 
Clearly the statement that the degree of B/ in yy, y41, --- does not exceed 
brit bruit +++ +, conflicts with our assumption that the degree of B; ex- 
ceeds potpit 

41. Under our induction hypothesis there is a form D’ =\’'+-H’ and an 
integer d, such that 


yD! = 0 [F’] 


where H’ is homogeneous in \’ and the u/ of degree ¢ and vanishes for yi:=0. 
Let D’ become D, when )’ and the u/ are replaced as above. Then y*D, is 
in [F]. D, is of the form \‘y?*'+H; where H; is homogeneous in ) and the u; 
of degree t. Every term of H is of degree at least tp)+1 in the y;. 

It follows from Theorem 2.1 that there is a form D,=X”+ H2, Hz homo- 
‘geneous in \ and the u; of degree w and vanishing for y =0, and an integer k 
such that y*D,=0 [D,]. By the result stated in the footnote to Theorem 1.1 
we find that there are integers 4 and g such that y?D{=0 [D,]. This same re- 
sult used again shows that for sufficiently large d, y4D% is in [y“D,]. This com- 
pletes the proof, since y#D; is in [F], and the form D = D4 and the integer d 
have the required properties. 


A SPECIAL CASE 


THEOREM 2.3. Let p be a.positive integer, let A=y”, and let A; be the ith 
derivative of A. Let 


F=A— 


where i and j have some definite range and where the C;;are forms in y. Then there 
is a form D=1+H, where H is a form in y which vanishes for y=0, such that 


y?D = 0 [F]. 
The distinctive feature of this result is that the integer p is available as 


the integer d of our previous work. For p=1 this theorem is identical with a 
result obtained in a paper by Ritt and Kolchin(*). 


(*) J. F. Ritt and E. R. Kolchin, On certain ideals of differential polynomials, Bulletin of 
the American Mathematical Society, vol. 45 (1939), pp. 895-898. 
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The device of continued substitution used in the first part of our proof is 
borrowed from this paper. 
42. By hypothesis 


(2.3) Az [F]. 


If in the right member of (2.3) A;is replaced by the jth derivative of the whole 
right member, the result is a congruence 
(2.4) A= CinyiyiAr [F). 

t,i,k 
For each C;; of (2.3) which is different from zero, let the sum i+ 7 be com- 
puted. Suppose r is the largest of these sums. Then no sum 1+ j+& for which 
there is a nonzero C; exceeds 2r. If in the right member of (2.4) the th 
derivative of the whole right member of (2.3) is substituted for A., a new 
congruence for A is obtained. After s—1 iterations of this substitution, a con- 
gruence 


is obtained, where no sum 4;+%42+ - - - +4, with nonzero C;,...i,,, exceeds sr. 


If s=(r+1)(p—1)+1 then by our frequently used criterion, i,yi, +++ yi, 
=0[A ]. Thus 


(2.5) A = Di;A:A; [F] 


where D,; is a form in y. 

43. We now compute the sum 1+ for each D,; effectively present in (2.5). 
Let s be the largest of these sums. If (2.5) is differentiated s times, we obtain 
s+1 congruences, expressing Ax, k=0, 1,-+~-, s, as linear combinations of 
products A,A; whose coefficients are forms in y. Each product so obtained 
must contain an A; with iss, for the differentiation introduced an increment 
of at most s to the sums 1+ and they did not exceed s at the outset. We have 
shown, then, that 


Ac = KA; i=0,1,---,5, 
j=0 


where K;; vanishes for y=0. Transposing, we have a system of-s+1 linear 
homogeneous congruences for the A;. In the ith congruence the coefficient 
of A; with j#i is —K;; while the coefficient of A; is (1—K;,;). D, the determi- 
nant of the system, is of the form 1+H where H vanishes for y=0. Since 
A,D=0-[F];i=0, 1, - - +, s we have our result. 


GENERALIZATIONS FOR SEVERAL UNKNOWNS 


44. Our next result concerns systems of forms in the unknowns 91, - - -, Yn, A 
and a finite number of unknowns u;;. As is customary, we shall denote the jth 
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derivative of y; with the symbol y;; and the ith derivative of \ by \;. The sec- 
ond subscript of the u;; will not mean differentiation, but will simply indicate 
how these unknowns are displayed in rows and columns. 

45. Let s be any positive integer not greater than m. We consider subsets 
(i1, t2, ++, of (1, 2, ) where in each subset the numbers are all 
different. If the binomial coefficient C,,, is denoted by g, there are exactly q 
such subsets. We suppose a number j, j7=1, - - - , g, assigned in any univocal 
manner to each such subset. We shall consider the system 


Pis 


where the pj; are positive integers, and the Bj power products in yi, +--+, Yn 
and their derivatives. We call Ayf#yi? --- yf the first term of F;. For each 
form F; we make the following assumptions concerning the degree of the B,; 
in the unknowns y,---, y, and their derivatives. These assumptions de- 
scribe a relation whereby the B,; dominate the first terms of the F; and it 
should be understood that each B;; is qualified in this way only by the first 
term of that form F; which contains it. Let (4,, i, - - + , is) be any (proper or 
improper) subset of (4;, 72, - - - , i,). It is required of B,; that 

(1) either 

(1a) By be divisible by - - - 
or 

(1b) the degree of in the unknowns y;,, , ¥i,, in the unknowns 
yx not in the first term of F;, and in the derivatives of all these unknowns 
exceeds pytpat 

(2) the total degree of each B;; must exceed 


Pat + Pie 


THEOREM 2.4. Let = be the differential ideal generated by the F;. Then there 
exists a form D=)°+H, where H is a form in the y;, \ and the ui;, which van- 
ishes for y;=0, i=1,---, m, and an integer t such that for every form 


(2.7) =0 [2]. 
H is homogeneous of degree c in d and the uj;. 


46. Here, too, our result has considerable contact with Ritt’s work in 
differential equations. Before taking up the proof a few remarks might be 
made concerning the content of this theorem from the standpoint of differ- 
ential equations. The unknowns J and the u;; have been introduced as auxil- 
iaries to facilitate the proof. For purposes of illustration we may suppose \ 
replaced by unity and the u;; by any forms in the y;. Equations (2.7) then 
have the appearance 
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+ A) =0 


Obviously 2 admits the solution y;=0, i=1, --- , These equations show 
that any irreducible manifold held by 2 which contains y;=0,i=1,---+,m, 
must be held by the system V;, 7 =1,---+-, g. Each irreducible manifold in 
this latter system is found by letting some »—s+1 of the unknowns y; be 
zero, the remaining s — 1 unknowns being arbitrary. In one extreme case, with 
s=1, the manifold of the system V; is precisely y;=0,i=1,---, . The es- 
sentiality of this solution in 2 was shown by Ritt('*). He also treated the case 
s =n, obtaining(") the above conclusion as a consequence of an approxima- 
tion theorem. The intermediate cases, that is, those in which 1<s <n, appear 
here as new results, both from the abstract viewpoint and that of differential 
equations. The extreme cases owe their novelty to the fact that their proof is 
abstract. For the extreme case s=m, we reverse the procedure followed by 
Ritt. This result will be established first and then the analogue of Ritt’s ap- 
proximation theorem will be shown to follow from it. For s=n and \=1 we 
have a single form 


F = yn + >, 


Our hypothesis now reduces to the statements that for each & each B; is either 
divisible by y?* or its degree in the y,; exceeds p;. The total degree of each B; 
exceeds fi+ --- +,. The conclusion is that there is a congruence 


yn) (1 + H) = 0 


where H vanishes for y;=0, i=1,---, m. This special case of Theorem 2.4 
will be used in our later work. 

47. We prove Theorem 2.4 by induction on s, beginning with s=1 and n 
arbitrary. For this case our hypothesis states that 2 contains the forms 


Fy = + D =1,---,m, 


the B;; being power products in the y; and their derivatives whose total de- 
gree exceeds p;. 

Let r be the maximum of the weights of the B;;. We understand that the 
weight of yy is k. Let p be the maximum of the p;. Let d=n(r+1)(p—1)+1. 
Then every power product P, in the y;; of degree d whose weight w, does not 
exceed r((r+1)(p—1)+1) is in some [y#], for Py is of degree at least 
(r+1)(p—1)-+1 in at least one y;, and then our earlier result applies. We now 
follow the procedure used in the proof of Theorem 2.1. We first multiply each 
P, by ¢ so that the product is in some [)y}‘] and after substitutions and re- 


OCP, pp. 5-7. 
(4) OCP, p. 14. 
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arrangements similar to those used in the proof of that theorem we obtain 
the congruences 


WP, = EniPi [=], 


m being the number of P,. The only difference is that now the E,,; are forms 
in ¥1,° °°, Yn, \ and the uj which need not be homogeneous in the y;. It is 
still true that every term of each E;; involves some »; effectively. Ey; is homo- 
geneous of degree g—1 in \ and is homogeneous of degree unity in the 1;;. 
After transposing, we see that 


P,D = 0 h=1,-++,m, 


where D, the determinant of the transposed system, is of the type described 
in the statement of this theorem. Since y{, y3,---, y4 are all to be found 
among the P, we have our result. 

48. Continuing with the proof we suppose that the theorem holds for all 
values of s from unity to some fixed integer, and proceed to show that it 
holds for the next integer. We shall denote this latter integer by s. In our in- 
duction assumptions the only restriction on m is that it be sufficiently large 
to insure that the statement of the theorem makes sense, that is, ” is never 
less than s. It is otherwise arbitrary. 

Referring to (2.6) select all those forms F; whose first terms contain the 
letter y, effectively. Let p be the maximum of the exponents of 4; in the first 
terms of these F;. By multiplying certain of these F; by a suitable power of , 
we obtain a system of forms G; each of whose first terms contains the letter 
491 exactly to the pth power. The set of forms G;, being composed of some of 
these F; and multiples by a power of y: of the others, is certainly in 2. Fur- 
thermore the terms of the G; which are not first terms satisfy the conditions 
of our hypothesis relative to the first term of the form which contains them. 
We now introduce new letters \’, uj; and new forms G} in these letters and 
Yo, Ys, °° * Yn» The Gj will be defined so that their first terms will contain 
only s—1 letters. They will fulfill the conditions of our hypothesis, and will 
go over into the G; when appropriate replacements are made for \’ and the 
uy. We begin with 

The B,; are either the original B,; or multiples of them by a power of 4;. As 
a first step we divide the B,,; into two classes, those which are divisilsle by 
yz + - + y?* and those which are not. A B,; which is divisible by this term 
may be written as Li; y;"-- - y?". Our hypothesis reveals that the degree of 
Livin y1, - ++ , y, and their derivatives exceeds p. We now have 


k 


556 HOWARD LEVI [May 


where the second summation is performed over all those Bi; which are in the 
second class. We further subdivide the By; of the second class into those which 
contain a factor in y: and its derivatives of degree » and those which do not. 
For a By; of the first kind let Q,; be any such factor and let By;=Q,,Bi/ . For 
B,; of the second kind the total multiplicity of y; and its derivatives in B; is 
some number qi; <p. Let all these letters be split off from B,; and multiplied 
by any factor of Bi; which contains only the unknowns y,41,-- +, ya and 
whose degree in these unknowns and their derivatives is p —q:;. Our hypothe- 
sis permits us to construct such a product for each By, of the second kind. 
Denoting this product by Q1; we have in Q;; a power product in 1, ¥.41,°°°, 
yn and their derivatives of degree p. Here too we let By; = Q1;Bi,. Let 


Gi= aye DY Bu. 


When is replaced by and ui, by then goes over 
into Gi. 

49. It is readily seen that if (a, b,---, f) is any subset of (2, 3,---, 5s) 
then for each B,/ either 

(a) By is divisible by - - - 
or 

(b) the degree of Bi, in yo, Yn and their derivatives 

For a Bi, obtained from a By of the first kind this is part of our initial 
hypothesis, since in this case Bj, is the same as By, as far as the unknowns 
Ye, Ys, °° * » Yn are concerned. As for a By, obtained from a By; of the second 
kind, recall that B,,=(Q,,Bi, where Qi; is of degree p in y1, ¥o41, Yn and 
their derivatives and where Bi, is free of y; and its derivatives. Since B,, is not 
divisible by - - (because its degree in is less than our origi- 
nal hypothesis requires that the degree of By; in y1, ya, Yo, * Vf) Vests 
and their derivatives exceed +P1y. Since is of degree p 
it follows that the degree of Bi, exceeds piatput+ ++ +Py. Since in addi- 
tion Bi, is free of yi and its derivatives we have our result. To complete the 
task of showing that G; satisfies our hypothesis for the unknowns ys, - - - , Yn 
we must also dispose of the requirement that the degree of each By, in 
Yn exceed pitpist +h1.. Of the original By; the only ones 
which need not meet this requirement are those divisible by y}"--- y}™. 
These have been removed from consideration by our choice of \;. Thus, 
referring to the argument just given, if (a, b,---, f) coincides with 
(2, 3,- ++, s) the alternative (a) is excluded; alternative (b) is what was to 
have been established. 

50. Proceeding in this way we obtain a form Gj for each F; whose first 
term contains y; effectively. We have 


Gi = yi + 4 iB 
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where (iz, 73, - - -, 4.) isa subset of s — 1 distinct numbers of the set (2, 3, - - -, ”) 
and where each B;, is a power product in ys, ys, - + - , ¥, and their derivatives 
which dominates the first term of G} in the required way. Each G/ goes over 
into G; when }; is replaced by Ay?+)_upL» and the uj are replaced by upQy. 
Let the number of these forms be qu. 

51. We now introduce new unknowns \’’ and uy and new forms 


When in Gj’ the unknown ” is replaced by Aid2- + + Ag, and each uy by 

Let 2’’ be the differential ideal generated by the G/’. Under the terms of 
the induction hypothesis we conclude that there is a form D’’ =)’'"1+ Hj’ 
and an integer #;, such that for every form ¥i, we have 


Hj’ vanishes for y;=0,i=1,--- , ”, which is to say that every term of Hj’ 
contains some y;; effectively. H/’ is homogeneous of degree w; in \’’ and the 
uy. When d” and the uy are replaced in Dj’ by the forms indicated above, 
Dj’ goes over into a form 


Di = eee + Hi. 


Dj is a form in y1,--+ , Yn, M1, °**» Ag, and the u,. It is homogeneous of 
degree in the and the Nowin Dj be replaced by +) 
and uy by u4Qj:. Let p1= pwigi. Then Dj goes over into a form 


D, =X V1 H 1- 
D, is a form in y;, +++, Yn, \ and the u,. It is homogeneous of degree qiw; 
in \ and the u;;. We are going to show that the degree in the y;; of each term 
of H, exceeds p;. To this end we consider two types of terms of H;, those 
arising from Hj and those from L=(A, - - - A,,)”!. Each \; was replaced by 
y+) unl where the degree of each Ly in y1,---, yn and their deriva- 
tives exceeded p. Therefore the degree in the y;; of every term of L except 
Ay?! exceeds p:. This accounts for terms of H; arising from L. As for those 
arising from Hj recall that Hj is homogeneous of degree g:w; in the A; and 
the u,. Since each \, contributes at least p to the degree of Hj in the y;; and 
each u, contributes exactly ¢ to this degree, the 4; and u, contribute. at 
least p: = pw; = g:. Because each term of Hj was of positive degree in the y;; it 
follows that the terms of H; arising from Hj also have a degree in the yi; 
which exceeds ;. This verifies our assertion about D;. 
After these replacements are made, equation (2.8) becomes 


= O [2]. 
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Consequently, for every Vj=yiyi, 


V;'D, = 0 


By singling out all of the original F; whose first terms contain effectively y,, 


k=2, 3,-++,m, and repeating the above procedure for each k, we obtain 
finally forms 


Dy = + Ae, k= 1,--+,M, 
where H;, is homogeneous of degree g,w, in \ and the uj; and every term of H;, 


contains a power product in the y;; whose degree exceeds p,. There is an inte- 
ger ¢ such that 


(2.9) VD, = 0 k=1,2,+++,m;f 


Let w be the maximum of the numbers w,q, and let each D, be multiplied 
by A”-”*, Using the same symbols to denote the modified forms, we see that 
equations (2.9) still hold, and that now the D, are homogeneous of degree w 
in \ and the uj. What we have accomplished by this alteration is to obtain 
a set of forms D, =)” yf'+ Hi, k=1, - + + ,, to which we may apply our result 
for the case s=1. It follows that there is a form D=)*+H and an integer a 
such that 


(2.10) = 0 Ds, +++, Dal, 


Every term of H contains some y,; effectively, and H is homogeneous of de- 
gree ein \ and the u;;. (Actually the conclusion that the case s = 1 entitles us to 
draw is that D=(A”)’+H where H is homogeneous of degree 5 in \” and the 
coefficients of the H;. Since these coefficients are themselves homogeneous of 
degree w in \ and the u;, the above conclusion is justified.) 

52. We now show that there is an integer ¢ such that 


This will complete the proof, since D meets,all our other requirements. 
We know that for each D, there is a power of V; such that its product 
with D, is in 2. This is likewise true of any'derivative of the D,. We chose 
the integer / sufficiently large so that the product of V; with any D, or with 
any derivative of a D, which appears effectively in the right member of some 
congruence (2.10) shall be in 2. A single # serves for all j. Clearly 


The integer h+a thus has the required property; for every j, V}**D isin =. 
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AN APPROXIMATION THEOREM 


53. Our next theorem is an application of Theorem 2.4. Its statement and 
proof presuppose Raudenbush’s theory of perfect differential ideals. The co- 
efficient domain is an arbitrary differential field of characteristic zero. 


THEOREM 2.5. Let 2 be a prime ideal of forms in y1, ++ + , ¥n which does not 
contain V =yyy2° + y, and whichis such that every form of vanishes for y;=0, 
i=1,---,n. Letr bea positive integer and let us,--- , tn be unknowns. If in 
each form of 2, replaced by (uj);,4=1, +++ ,m, Z goes over into a system oa 
of forms in us, +++, Un. Let {a} be the perfect ideal generated by o and let it be 
the intersection of prime ideals {,, +++, Q,. Then there is an Q; which does not 
contain W +++ and every form of 2; vanishes for 


What this amounts to in the theory of differential equations is that the 
approximation theorem which holds for r=1 holds for any positive integral 
value of 7. In this form our theorem has been established by Ritt(*). What 
we shall prove is thus the abstract counterpart of Ritt’s approximation theo- 
rem relative to the rth roots of the functions constituting a solution of an 
irreducible system of differential equations. Our proof is indirect. We assume 
the theorem false and force a contradiction. 

54. If the theorem were false, every 02; which did not contain W would 
contain a form 1+B, where B; vanishes for u;=0,i=1, - - - ,m. Clearly Wis not 
in each Q; for then V would be in 2. Our assumption that the theorem is false 
implies that there actually are such forms 1+8B;. Let their product be 1+B. 
B vanishes for u;=0,i=1,--+,n,and W(1+B) isin {co}. Let F= W(1+B). 
There is an integer s such that F*=0 [o]. We work back from F* to a form 
of 2. 

The forms of ¢ were obtained from those of 2 by the transformation 
¥i3= (uj); Thus while a is not a different ideal it is closed with respect to dif- 
ferentiation. The inverse of the above transformation may be obtained from 
the formulas u;;=((uzya)/(ry:));1 where the subscript outside the paren- 
theses denotes differentiation. These formulas show that u;;,7=1,2,3,---, 
may be expressed as the product of u; with a polynomial (rational coeffi- 
cients) in yi/y; and its first j—1 derivatives. Each term of these expressions 
for the u;; is the quotient of a polynomial in u; and the y,;; by a power of 4. 
The total degree of the numerator in u; and y;; exceeds the degree of the de- 
nominator. 

55. We examine the effect of making the above replacements for the de- 
rivatives of the u; in a form in the u; no term of which is free of all the u,;. 
We obtain a rational function of the u; and the y;; whose least common de- 
nominator is a power product_yj'y? - - - yz". When the rational function is 
written in the form P/(yj'y?? - + - y2") with P a polynomial in the u; and the 


(#) OCP, pp. 7-14. 
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yi, then for each i for which p;#0 each term of P not divisible by y/* is of 
degree greater than p; in u;, y; and its derivatives. In addition, the total 
degree of every term of P in the uj, y;;exceeds pi+p2+ +++ +n. If, for some © 
k, p, =0, then P may be free of the letters uz, yj. 

Let us suppose these replacements made in F*. An expression W*(1+T) is 
obtained which involves the u; and the y;;. The expression T is a rational 
function whose numerator is a polynomial L in the u; and the y;; and whose 
denominator is a power product y{'yz--- yx". The remarks made above 
about the degree of P hold also for L relative to the exponents a, d2, ++ * , Gn. 
F* belongs to [¢] and is a linear combination of forms of ¢ whose coefficients 
are forms in 11, u2,+++*, un. When the above replacements are made in a 
form of ¢, what is obtained is a form in “4 and the y;; which, when 4; is re- 
placed by y;, becomes a form of 2. The fractions with which we deal are pro- 
duced only by the coefficients which figure in the linear combination. Let 
W*(1+T) be multiplied by the least common denominator of 
these coefficients. A form 


G = + K) 


is obtained. G is a polynomial in the u; and the ¥,;. It is a linear combination, 
with polynomials in these letters for coefficients, of polynomials in 4; and 
the ¥;;, these latter polynomials having the property that when 1 is replaced 
by y;in them, forms of are obtained. Each term of K dominates yi - - - yi 
in the same way that each term of L dominates yf'y? - - « yi. 

56. Let w be a primitive rth root of unity. Let G’, G’’,---, G™ denote 
the forms obtained by replacing u; by w*u;inG;k=1,---,r—-1;1=1,---,n, 
the replacements being made independently on all the x; in all possible ways. 
The product GG’ -- - G™ is a form in «#4 and the y;;. Our final substitution 
is to replace uj by y:;,i1=1,---, , in this product. We denote this form in 
the y; by P. We have 


P = yn’ + 
where H is a form in the y,;such that the total degree of every one of its terms 
exceeds git+q:+ +--+ +Qn. In addition, every term of H not divisible by yj 
has a total degree in y,; and its derivatives which exceeds g; provided that 


qi#0. Clearly P is in 2. We are going to show that its presence in 2 contra- 
dicts our hypothesis. 


Since 2 is prime and does not contain V we must have 


Let N denote the form constituting the left member of this congruence. We 
recall that every form of 2 vanishes for y;=0,i=1,---,m, and that H also 
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has this property. Consequently not all the exponents q; of the first term of N 
are zero. Renumbering the letters if necessary, suppose that gi, g2,-+*, 
are not zero, while g:41=@i42= =g,n=0. We have 1 Stn. We consider N 
as a form in y:,--~, y¢. It follows from Theorem 2.4 that there is a form 
1+R, R vanishing for y;=0,i=1, --- ,¢, and an integer a such that 


+++ + R) = 0 [N]. 


Since N and, consequently, - y:)°(1+R) are in 2 we have the follow- 
ing contradiction. 2 is prime, so it must contain either yry2- - + y; or 1+R. 
By hypothesis 2 does not contain y1y2 - - - y;. By hypothesis every form of 2 
vanishes for y;=0,i=1, +--+, m, and since 1+R does not Have this property 
it cannot be in 2. 


Part III. THE DIFFERENTIAL IDEAL GENERATED BY uv 
THE FORM uv AND ITS DERIVATIVES 


57. Let u and v be unknowns. We investigate the differential ideal 2 gen- 
erated by the form X =wv. For most of the discussion, the underlying ring 
will be that of forms in the unknowns u and v whose coefficients are rational 
numbers. Results obtained under these circumstances carry over readily to 
more general ones. 

Our arguments follow the pattern of those used in the discussion of the 
ideal generated by y?. We begin with some conventions concerning power 
products in u and v and their derivatives. We retain for power products in 
the u; alone the definitions concerning weight, degree and order already made 
for the unknown 4; and likewise for power products in the v,; alone. A power 
product P in both the wu; and the v; may be written in the form UV where U 
involves only the u; and V only the »;. The signature of P is defined as an 
ordered pair of numbers (d;, dz) where d; and dz are the respective degrees 
of Uand V. 

We can without fear of confusion describe as homogeneous a form all of 
whose terms have the same signature. The weight of P is defined as the sum 
of the weights of U and V. A power product P is defined as higher than 
P’=U'V’', and P’ as lower than P, if (a) U is higher than U’ or (b) U=U’ 
and V is higher than V’. Evidently if P is different from P’ it must be either 
higher than P or lower than P’. It is evident that our ordering is transitive. 
Furthermore, if P is higher than P’ and G is any power product, then GP is 
higher than GP’. A 8B term is defined in the following way. Let P= UV be of 
signature (di, d2). P is a 8 term if V effectively contains some », with k <q). 
This implies of course that d;>0. All other power products are called a terms. 
In particular unity, any power product in the u; alone and any power product 
in the v; alone are a terms. It will be noted that these definitions do not re- 
spect the symmetry of 2. 
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58. We prove the following lemma. 


LemMA 3.1. Let ds, do, w be any non-negative integers. Every B term P= UV 
of signature (d:, dz) and weight w is congruent mod Q to a linear combination 
with rational coefficients of a terms of this weight and signature. 


We need only show that P is either in Q or is a congruent mod 0 to a lin- 
ear combination with rational coefficients of power products of signature 
(d;, dz) and weight w, all of which are higher than P. Arguments identical 
with those used in the proof of Lemma 1.1 show how the proof may then 
be completed. 

59. The proof is by induction on d, with d, and w arbitrary, start- 
ing with d,=1. For this case P=u,V where k20 and V involves only the 
v;. The fact that P is a B term implies that » is effectively present in P and we 
have P=u,vV’. If k=0 then P is in Q and requires no further discussion. As- 
sume now that k>0 and consider X;, the kth derivative of X = uv. It is a form 


k 
uno + 


where the c; are positive integers. Thus 
P= (Xi — 
= — [9]. 


Evidently each term u,_@;V’ is higher than P and has the same weight and 
signature as P, so that the statement is verified for d:=1. Observe that in 
comparing the terms in the right member of this congruence with P, an ex- 
amination of their factors in the u; alone reveals that they are higher than P. 
We attach this fact to the induction hypothesis and assume that the lemma, 
with this additional restriction, is valid for all power products of signature 
(d;, dz) and weight w, and d2 and w arbitrary, provided that d; is less than some 
integer d>0. It will be shown that it likewise holds for power products of 
signature (d, dz) and weight w. 

60. Let P be such a B term. Then P effectively contains some » with k <d. 
Let‘u, be that derivative of u of highest order which is effectively present in P. 
If r=0, then P is in 2 and needs no further discussion. Assuming 7 >0, write 


P= 
Now the (r+£)th derivative of X is a form 


- 


k r 


where c, the c; and the c/ are non-negative integers. Certainly c and the c/ 
are different from zero and the c; are zero only if k=0. Thus 
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where the d/, d; are rational numbers. The terms u,_~,4;U’V’ are all of the 
same weight and signature as P and are all higher than P in the proper way. 
Consequently only the terms u,,-;,U’ V’ need be considered. Ignoring u,+; 
for the moment, consider the terms »%_;U’V’. Since U’ is of degree d—1 and 
d>k these are all 8 terms. The induction hypothesis applied to them shows 
that each is congruent to a linear combination of terms U’’V’’ of the same 
weight and signature, and with U’’ higher than U’. Since U’’ has the same 
degree as U’, and U’ involves only the letters u, u;,--- , u,, it follows that 
for some ¢ <r (¢ is a non-negative integer) the exponent of u,; in U’’ exceeds 
that of u,in U’, while for all non-negative integers s <¢ the exponents of u, 
in U’’ and in U’ are the same. We see then that each u,,;,U"’ is higher than U. 
Since in the congruence (3.1) each u,,~,-;U’ V’ may be replaced by a linear 
combination of terms u,,;U’’ V’’ of the proper weight and signature, the re- 
sult follows. 
CANONICAL REPRESENTATIONS 


61. A y term is defined to be a form 
G = EX;,Xi,--+ X; 


where E is an a term and X;,X;,-- - Xi, is any power product in the X; of 
positive degree. Let E be of signature (d:, dz) and weight w. The signature of 
G is defined to be (di+s, d2+s) and its weight to be w+i:+ --- +4,. G is 
actually a homogeneous isobaric form of this signature and weight. The fol- 
lowing lemma shows that the forms defined here as y terms are entirely analo- 
gous to those so defined relative to the ideal [y*]. 


Lemma 3.2. Let H be any homogeneous isobaric element of 2. Then H may 
be expressed as a linear combination with rational coefficients of y terms all of 
which we have the same weight and signature as H. 


H isa linear combination with rational coefficients of terms KX;,-- + X;,, 
K being some power product in the u; and »;. If K is not an a term Lemma 3.1 
asserts the existence of a congruence 


K= Dd [2] 


where the K; are a terms and the c; are constants. This congruence may be 
written as an equality 


K= p + Dd 
é 4,4 


where the c;; are constants and the K,; power products. If the right member 
of this equation is substituted for K in the term KX,,---X;, in ques- 
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tion, a linear combination of y terms plus a linear combination of terms 
Ki;X;Xi, + + + Xi, is obtained. These terms all have a degree in the X; which 
exceeds that of the original one. Repetition of this process a finite number of 
times in the finitely many terms of H must yield an expression for H of the 
required nature. 


THE FUNDAMENTAL LEMMA 
62. The following lemma is the counterpart of Lemma 1.3. 


Lemma 3.3. Let di, de, w be non-negative integers. The number of y terms of 
signature (di, de) and weight w does not exceed the number of B terms of this 
weight and signature. 


The plan of the proof is the same as that of Lemma 1.3. A definite 8 term 
of this weight and signature will be assigned to each y term of this weight and 
signature in such a way that different 6 terms are assigned to different y terms. 

63. We consider expressions EX, of the following description. If Z is an 
a term it may be completely arbitrary. If E is a 8 term it is restricted by h, 
the exact statement of the restriction requiring that E be written out ex- 
plicitly. In this case let 


where the a; and 5; are positive integers. We might state explicitly that the 
subscripts satisfy the relations i;< --- <i, and ji< +--+ <j,. Let ¢ be the 
smallest integer for which a;++-a2+ - +--+ +a,;> 1. Our restriction on E is that 

A procedure for associating a 8 term with such an expression will now be 
described, the 8 term to have the same weight and signature as EX,. The 6 
term will have the general appearance u.v,E where a+b=h. Thus require- 
ments of weight and signature will evidently be met. Some preliminary calcu- 
lations must be made before the 8 term can actually be produced. 

64. Let E be given by equation (3.2). Let e;=ai:+a2+ +--+ +a, 
i=1,---, 7. Let and fongi=ingiten, M=1,°++,7—1. Let fon=inten, 
n=1,---, 7. Finally let fe,41 be an integer which exceeds both h and fo. 
Obviously fi<fe< +--+ <fer4:. Then either 4 Sf; or there is a positive integer 
c such that f.<hSf.41. Three cases are treated, depending on the relation h 
bears to the f;. The cases are 

(i) hf. E’ is defined by 


E! = 


(ii) The integer c mentioned above is odd, say 2d—1, so that faa1<hSfoa. 
Then £’ is defined by 
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(iii) The integer c is even, say 2d, so that foa<h<feay1. Then E’ is defined 


by 


NoTE. We admit the possibility that EZ contains no 1; effectively so that 
the quantities e; cannot be computed. For this case the quantity fe,4: is 
simply f;, and the case is covered by (i). 

The problem now is to show that these assignments always lead to 6 terms 
and that distinct expressions are assigned to distinct 6 terms. It will first be 
shown that this procedure always leads to a 8 term, and then the following 
characterization of the u, and v, used as factors with the E will be obtained. 
The v will be shown to be such that no »; is effectively present in E’ with 
k <b. The u, will be shown to be such that for no k <a does the degree of E’ 
in U1, , exceed b. The three cases will be treated separately and for 
each one the validity of these remarks will be shown. 

65. For case (i) the fact that EZ’ contains the factor u,v proves that E’ 
is a B term. It is evident that E’ contains no » with k<b because } in this 
case is zero. Finally the fact that 4 Si, and a=h shows that E’ contains no u; 
effectively with j <a. 

66. For case (ii) it is desirable to write out the inequality fea1<hSfea in 
. full. It states 


(3.3) + az. 


(If d is unity this is to mean 4; <4 Si,+4,.) In this case E is multiplied by v» 
with b=h—i,. The degree of E’ in the u; exceeds that of E in the u; and the 
latter degree is certainly not less than ai+ --- +az4. It is a consequence of 
(3.3) that ai+ - is not less than so that the degree of EZ’ in the 
u; exceeds h—ig. Then E’ is a 8 term since it contains v, effectively with b 
less than the degree of E’ in the u;. To show that E’ contains no »% with k<b 
observe that then £ would also contain this v,. Such an integer would be less 
than a,+ +a, and this fact with the supposition would 
mean that £ did not obey the restriction imposed on it. To show that the 
factor u, has the property described, note that it is a consequence of (3.3) 
that ai+ +--+ +a¢1<h—ig=b. Since EZ’ is identical with £ as far as the let- 
ters u, 1, *** , 4,1 are concerned and a is i, this inequality shows that for 
no k<a does the degree of E’ in u, u, - - - , uz exceed b. 

67. We now turn to case (iii). The inequality foa<h <feay1 written out in 
full becomes 


(3.4) +44 


(for d=r this is to mean i,+a:+ --- +a,<h). 
The factor v; used with E is in this case defined by b=a;+ --~- +a4. Since 
the degree of E’ in the u; exceeds that of EZ, and since this latter degree is at 


= 
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least b, it follows that E’ is a 8 term because it contains », effectively. To show 
that E’ contains no » effectively with k<b observe that then Z would also 
contain this »;. It follows from (3.4) that ig+<h and since b=a,+ --+ +a4 
>k the restriction imposed on E could not be satisfied. We now show that u, 
is such that for all k<a the degree of E’ in u, 1, - - - , uz does not exceed b. 
This degree is the same as that of E in these letters. The integer a is defined 
as h—eg. It follows from (3.4) that i4<h—e€aSiay:1. The degree of E’ in the 
letters u, with k<a is thus a,;+ - - - +-ag. This number is precisely 6, which 
verifies the statement. ° 

68. It can now be shown that this procedure assigns distinct 8 terms E’ 
to distinct expressions EX,. Let E’ be any 8 term. It must contain some of 
the »; effectively. Let b be the smallest subscript for which », is effectively 
present in E’. Since E’ is a B term its degree in the u; exceeds b. Let a be the 
smallest integer such that the degree of E’ in u, 11, +--+ , u, exceeds b. Then 
if EX, led to E’ by the method described above, it must have been that 
E’=u,.v,E, h=a+b. Thus given E’ there is only one possibility for EX,. 

We need the additional fact that if EX, determines E’ as above, and if g 
is any non-negative integer such that g<h, then E’X, is also an admissible 
expression. This means that if & is such that the degree of E’ in u, u1,- ++ , Ue 
exceeds ¢ and », actually appears in EZ’, then k+t2g. It has already been 
shown that a and b are the smallest relevant integers and since a+b=h it 
follows that a+b2g. 

69. We are now in a position to describe the way in which 8 terms may 
be associated with y terms. Let G=E,X;,X;i, +--+ Xi, be a y term (it is as- 
sumed that 4:57.53 --- Si, and that r21). EZ, is an @ term, so that EX;, 
is an expression of the type considered and determines a 6 term E,_; of the 
same weight and signature. If r=1 this 6 term is associated with G. If r>1 it 
has been shown that £,1:X;,_, is also an admissible expression and deter- 
mines a 6 term E,_2. E,-2 has the same weight and signature as E,X;,X;,_,. 
If r=2 then E,_2 is associated with G. If r>2 we continue. In this way a se- 
quence of terms E,2, +--+, Eo is obtained where each E;_; is the 
term determined by E;X;,. Eo has the same weight and signature as G. We 
associate it with G. 

It will be shown that if G and G’ are y terms associated with Ey and Ey, 
and if = Eg , then G and G’ are the same. Let G’= E/ Xj, Xj,.G’ andG 
are to be considered as identical if and only if E,=E/,r=s and (i, ++ ~ , tr) 
js). Suppose Ej. Ey was determined by E£,X;, and Eg by 
E{ X;,. Because of the uniqueness property. of the procedure used, it fol- 
lows that E,=E{ and i,=j,;. Suppose rss. Then by reconstructing 
E,X;, it follows that Ef and i,=j, for k=1,---, 7. Now 
E, is an a term, so that E/ is also an a term. The only power product in the 
sequence Ej, Ej,---, E/ which is an @ term is Z/. It follows that s=r 
and thus G=G’. 
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It has been shown that every term determines a 6 term having the same 
weight and signature and that distinct y terms determine distinct 6 terms. 
This completes the proof. 


THE STRUCTURE OF THE IDEAL OF uv 


70. We now. can prove the following lemma. 


Lemma 3.4. Let di, dz, w be non-negative integers. Let n. denote the number 
of a terms A; of signature (d;, dz) and weight w, let ng denote the number of B 
terms of this signature and weight, and let n, denote the corresponding number of 
¥ terms G;. Then ng=n,, and a relation 


ny 
2) 8G; = 0 
f=1 


where the a; and g; are rational numbers implies that all the a; and g; are zero. 


The proof of this lemma is identical with that of Lemma 1.4, so that no 
further argument will be given. It will be noted that if the a; and g; are ele- 
ments of any differential domain of integrity which contains the rational 
numbers and over which u and v are unknowns, the same conclusion can be 
drawn. 

71. The above lemmas combine to yield the following theorem. 


THEOREM 3.1. Let 3 be any differential domain of integrity which contains 
the rational numbers. Let F be any differential polynomial in the unknowns u 
and v. Then F is expressible in the form 


F= DG, ai, 3, 


where the A; are a terms and the G are y terms. For each F there is only one such 
expression. 


For the proof of this theorem the reader is referred to the proof of Theo- 
rem 1.1. ; 


CoROLLARY. Let d;, dz, w be as in the statement of Lemma 3.4. Let the 5 con- 
sidered above be a field. Then the number of linearly independent (mod Q) forms 
with coefficients in 3 which are homogeneous and isobaric of this signature and 
weight is Na. 


Coro.iary. No linear combination of a terms with coefficients in 3 is in &. 


INDECOMPOSABILITY OF THE IDEAL OF uv 


72. The preceding work enables us to indicate a striking difference be- 
tween ordinary (algebraic) ideals of polynomials in a finite number of un- 
knowns and differential ideals of such polynomials. This difference is 
manifested by the differential ideal of uv, as we proceed to show. The mani- 


568 HOWARD LEVI 


fold of this ideal is reducible into the union of two irreducible manifolds, 
namely u=0 with v arbitrary and v=0 with u arbitrary. Nonetheless we are 
going to show that the differential ideal [uv] has no representation as the 
intersection or product of two differential ideals whose manifolds are respec- 
tively the first and the second just described. Let 2; be any differential ideal 
of differential polynomials in the unknowns u and v whose manifold is u=0 
with v arbitrary. Then(") 2, contains some power of u, say u’. Again if 2. 
is a similar differential ideal whose manifold is v=0 with u arbitrary, then 
some power v‘ belongs to 22. Suppose that the ideal [uv] had a representation 
as the intersection or the product of 2, and 2:2. Since 2 contains v’‘, it con- 
tains some power v}, and the form u’v} is in the product and intersection of 2; 
and 2». This form is an a@ term and is thus not in [uv]. This proves our con- 
tention. 


THE POWER PRODUCTS IN THE IDEAL OF uv 


' 73. THEOREM 3.2. Let di, dz, w, Ma be as in Lemma 3.4. A necessary and 
sufficient condition that na >0 is that w2dids. 


This is equivalent to the assertion that every power product of signature 
(d1, de) and weight w<dyd, is in Q and not every power product of this signature 
and weight w2=dd, is in Q. 

We need only investigate the circumstances under which a terms exist. 
Let with h20. Then is an a term of signature (di, de) 
and weight w. This disposes of the sufficiency condition. We now show that 
there are no a terms of signature (d;, dz) and weight less than did2. If did, =0, 
there are no power products with this property and certainly no a terms. If 
d,d,>0, such an a@ term would have to be such that every »; effectively present 
in it would have a subscript not less than d;. Since it must have d2 such let- 
ters v, its weight is at least dids. 

74. It might be pointed out that this discussion of 2 applies to more gen- 
eral ideals, in that the X; need not be the ith derivative of uv. If each X; is 
a homogeneous isobaric polynomial in the u; and »; of signature (1, 1) and 
weight i, and is such that every term of this signature and weight is present 
in X; with a rionzero coefficient, then the whole discussion applies verbatim. 
The coefficients of the X; must be confined to some field and may otherwise 
be arbitrary. 


(3) Raudenbush, loc. cit. 
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TOPOLOGY IN LATTICES 


BY 
ORRIN FRINK, JR. 


1. Introduction. Many mathematical systems are at the same time lattices 
and topological spaces. It is natural to inquire whether the topology in such 
systems is definable in terms of the order relation alone. Sequential topologies 
of this kind are well known. For example, in the case of the Boolean algebra 
M/N of measurable sets modulo null sets, and of continuous geometries, the 
usual topology is that of a metric space, distance being defined in terms of a 
modular functional [5, pp. 70, 100]. In the theory of partially ordered linear 
spaces, the notions of sequential order convergence and star convergence, de- 
fined by Garrett Birkhoff and Kantorovitch [5, p. 49; 11] in terms of the 
order reiation, are of importance. 

However, the topology of many important systems cannot be defined in 
terms of the convergence of sequences. In this paper, various nonsequential 
topologies are studied which are definable in terms of the order relation in a 
lattice. One of these is the topology of Moore-Smith order convergence of 
directed sets, introduced by Garrett Birkhoff [5, 7]. Another is the interval 
topology, which results on taking the closed intervals of the lattice as a sub- 
basis for the closed sets of the topology. It is shown that in a lattice which is 
the direct product of chains, these two topologies are equivalent. With respect 
to its interval topology, any complete lattice is bicompact, but this is not true 
with the Moore-Smith topology. 

Modifications of these topologies are introduced for the complete lattice 
of all closed sets of a topological space, and the relation of these topologies 
to those of transformation spaces is considered. 

2. Definitions. Lattice meet, join, and inclusion will be denoted by 
xC\y, and x Sy. A system of elements {x.}, not necessarily distinct, is 
called a directed set if the subscripts are partially ordered in such a way that 
given any two subscripts a and 5}, there exists a third subscript c such that 
ac and b<c. By a residual set of {x,} is meant the set of all x. such that 
azb, for some b. A set A of elements of {x,} is said to be cofinal if, given any 
index 5, there exists an element x, of A such that a2b. A property is said to 
hold residually or cofinally if it holds for a residual or cofinal set of {x}. 

By a closed interval of a lattice is meant either the entire lattice or a set 
of elements of one of the three types: (i) all x 2a, (ii) all x $3, (iii) all x such 
that asx3sb. A collection K of closed sets of a space is said to be a basis 
if every closed set of the space is an intersection of sets of K, and K is said to 
be a subbasis if finite unions of sets of K form a basis. The notions of a basis 
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and a subbasis for the open sets of a space are defined dually. The interval 
topology of a lattice is that which results on taking the closed intervals of the 
lattice as a subbasis for the closed sets of the space. 


THEOREM 1. Any lattice is a T; space with respect to its interval topology. 


Proof. A set made up of a single element a is a closed set, since it is a closed 
interval consisting of all elements x such that a $x Sa. The other conditions 
for a T; space hold automatically. 

A directed set {x.} of elements of a lattice L is said to converge to an ele- 
ment x of L in the Moore-Smith order topology if there exist monotonic di- 
rected sets {ua} and {v0} such that (1) #.S%eS%2, (2) sup u. =x =inf v,, and 
(3) if ab, then u.Su, and v,2%. This notion of convergence in a lattice, 


- denoted by x.—x, was introduced by Garrett Birkhoff [5, 7]. If the suprema 


and infima involved exist, as they will in a complete lattice, we may also 
define 


lim sup x. = inf (sup te), lim inf x, = sup (inf we). 


It is easy to see that lim inf x, Slim sup x., and x,—x in the Moore-Smith or- 
der topology if and only if the two are equal. 

The closure A of a set A of elements of a lattice L in terms of Moore- 
Smith convergence is defined as follows. An element x of L is in A if and only 


if there exists a directed set of elements of A converging to x. It can be verified 
that this closure operation has the two properties: (1) AV B= AUB, (2) a set 
made up of a single element is closed. On the other hand it is not always true 
in the Moore-Smith topology that closures are closed, that is, that A =. 
Hence a lattice with this topology is not necessarily a T; space. 

Two methods of topologizing the same set of elements will be called equiva- 
lent if they lead to the same definition of closure. It will be shown later by 
an example that the Moore-Smith order topology of a lattice is not always 
equivalent to the interval topology. 


THEOREM 2. The lattice operations x(\y and x\y of a distributive lattice are 
continuous in the Moore-Smith order topology. - 


Proof. As Garrett Birkhoff has remarked, it is sufficient to show that the 
operations are continuous in the variables separately [5, p. 30]. Suppose that 
Xa—x, where Ug Ua and v, are monotonic, and sup u,=x =inf Then 
if y is any element of the lattice, u./\y Sxa/ \y Sva/ \y, and it must be shown 
that sup (wo \y) =(sup u.)(\y, and inf (v./\y) =(inf v.)/\y. The second of 
these equalities holds in any lattice, and the first is a form of the infinite 
distributive law. The other half of the theorem is proved dually. 

3. Topology of chains. By a chain is meant a linearly ordered set (some- 
times called a simply ordered set). It is natural to define the topology of a 
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chain by taking the open intervals, consisting of elements x such that a <x, 
or x <b, or a<x <b, as a basis for the open sets of the space. This gives what 
Garrett Birkhoff calls the intrinsic topology of the chain. 


THEOREM 3. Both the Moore-Smith order topology and the interval topology 
of a chain are equivalent to the intrinsic topology of the chain. 


Proof. That the interval topology and the intrinsic topology are equiva- 
lent follows from the fact that in a chain, the closed and open intervals with 
one end point are complementary. Suppose now that x,—x in the Moore- 
Smith topology, and u is the lower end point of an open interval containing x. 
Then 4 <x, and since sup u, =x, ultimately u <u, <x,. Likewise, if v is the up- 
per end point of an open interval containing x, ultimately x, Sv,<v. Hence x, 
is ultimately in any open interval containing x. Conversely, if every open 
interval containing x ultimately contains x,, it follows that lim inf x,=x 
=lim sup x., and consequently x,—x. | 

It should be noted that the sequential order topology of a chain is not al- 
ways equivalent to the intrinsic topology. For example, in the chain of all 
ordinal numbers less than or equal to ©, the first noncountable ordinal, no 
sequence of ordinals less than 2 converges to 2, although some directed sets 
of such ordinals do. 

4. Cartesian products and direct products. There are several equivalent 
methods of defining the cartesian product P of a collection of non-empty 
topological spaces (X,). The points x of P consist of selections (x) of one 
point x, called the a-coordinate of x, from each space X,. The topology of P 
is assigned by taking as a subbasis for-the neighborhoods of a point x of P, 
the collection of all sets of points of P whose a-coordinate is in some neigh- 
borhood U, of the a-coordinate x, of x. A basis for the neighborhoods of a 
point x consists of all finite intersections of such subbasic neighborhoods. 

If the topology of the spaces (X,) is given by the convergence of directed 
sets, an equivalent topology of P results on defining convergence of directed 
sets in P to mean coordinatewise convergence of the coordinates in the spaces 
Xa [15, p. 71]. Still a third equivalent topology, if the spaces X, are T; spaces, 
is obtained by taking as a subbasis for the closed sets of P the collection of 
all sets of points x of P such that for all a, the a-coordinate of x lies in a sub- 
basic closed set of the space X,. 

By the direct product L of a collection of lattices (L,) is meant the lattice 
whose elements x are selections (x,) of one element xq, called the a-coordinate 
of x, from each lattice L,. The elements x and y of L are ordered by the rule 
that x Sy if and only if x. Sy. for each a, where x, and y, are the a-coordinates 
of x and y. Garrett Birkhoff [5, p. 29] has shown that the sequential order 
topology of the direct product of a finite number of lattices is equivalent topo- 
logically to the cartesian product of the factors, each with the sequential 
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order topology. With the interval topology or the Moore-Smith order topol- 
ogy, this result can be extended to the product of an infinite number of factors. 


THEOREM 4. The cartesian product P of any collection of lattices (La), each 
with the interval topology (Moore-Smith order topology), is homeomorphic to the 
direct product L of these lattices, also topologized by the interval topology (Moore- 
Smith order topology). 


Proof. Since P and L have the same elements, it remains to show that 
their topologies are equivalent. For the interval topology this follows from 
the fact that the same system of closed sets can be taken as a subbasis for 
both P and L, namely the system of all sets of elements x of P or L whose 
a-coordinate x, is in a fixed closed interval of L, for each a. 

In the case of the Moore-Smith order topology, the result is most easily 
seen by using the definition of cartesian product in terms of coordinatewise 
convergence of directed sets. The theorem then follows from the fact that be- 
tweenness, monotonicity, and suprema and infima are defined coordinatewise 
in the direct product of lattices. 

5. Some examples. It follows from Theorems 3 and 4 that the interval 
topology and Moore-Smith order topology are equivalent, in lattices which 
are direct products of chains, both to each other and to the cartesian product 
topology based on the intrinsic topologies of the chains. Many important 
lattices are of this type. 

Let R stand for the lattice of all real numbers ordered by magnitude, and 
K for the lattice of all complex numbers, ordered as follows: a+bisc+di if 
and only if aSc and bSd. Then Risa chain and K is lattice-isomorphic with 
R?. The usual topology of R and K is clearly equivalent to the interval topol- 
ogy and the Moore-Smith order topology. If a is any cardinal number, then 
the generalized euclidean or cartesian spaces R* and K* are partially ordered 
linear topological spaces isomorphic with the space of all real- or complex- 
valued functions defined over a set A of cardinal number a [2, 16]. Considered 
as lattices, these spaces are isomorphic to the direct product of a lattices, each 
isomorphic to R or K. 


THEOREM 5. The topology of the generalized euclidean spaces R* and K*, 
considered as cartesian products of a spaces each homeomorphic to R or K, is 
equivalent to both the interval topology and the Moore-Smith order topology of 
these spaces, considered as lattices. 


This follows from Theorems 3 and 4. The topology in question is, of course, 
that of pointwise convergence of directed sets of functions. In many subspaces 
of R* and K°, the two lattice topologies are also of importance. If the elements 
of R* are represented as real-valued functions f(x) defined over a set A of 
cardinal number a, then the subspace consisting of all elements f(x) such that 
|f(x)| <m is the so-called Tychonoff cube J*, the cartesian product of a inter- 
vals J, each of the form [—m, m]. 


W 
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THEOREM 6. The interval topology and the Moore-Smith order topology of the 
Tychonoff cube J*, considered as a complete distributive lattice, are equivalent to 
the ordinary cartesian product topology of J*. 


This follows from Theorems 3 and 4. It also follows that the space of all 
elements f(x) of R* such that g(x) Sf(x) ShA(x), for g(x) and h(x) fixed, is a 
bicompact space homeomorphic to J* with respect to the lattice topologies. 
There are other subspaces of R* and K* in which the lattice topologies are 
significant. These include the spaces m and c of bounded and convergent se- 
quences, respectively, and M and C of bounded and continuous functions. In 
certain cases the lattice topologies are equivalent to the weak neighborhood 
topology of these spaces [1, 10]. 

6. Lattices of sets and Boolean algebras. An important subspace of R* is 
the space 2¢ of all characteristic functions f(x), that is, of functions taking 
only the values 0 and 1 over a set A of cardinal number a. The space 2° is 
homeomorphic and lattice-isomorphic to the complete Boolean algebra of all 
subsets of the set A, and also to the direct product of a two-element Boolean 
algebras. The usual topology of the space 2° is that defined by Stone [14], 
which is equivalent to its relative topology as a subspace of the Tychonoff 
cube J*. With this topology 2* is zero-dimensional and bicompact. 


THEOREM 7. The interval topology and the Moore-Smith order topology of 
the complete atomic Boolean algebra 2° are both equivalent to the Stone topology. 


This follows from Theorem 4. For the case of the Moore-Smith topology 
it was first proved by Tukey [15, p. 77]. 

Since 2* is a complete lattice, its Moore-Smith order topology may be de- 
fined ‘in terms of lim sup x, and lim inf x., where {x,} is a directed set of ele- 
ments of 2%. Since lim sup x, consists of all points cofinally in x., and lim inf x. 
of all points ultimately (residually) in x., these notions are a direct generaliza- 
tion of the notions of complete and restricted limit of a sequence of sets, 
familiar in set theory. 

Since any Boolean algebra may be imbedded in an algebra of the form 2 
[13], though only with preservation of finite sums and products, it might be 
expected that the lattice topologies of a Boolean algebra can be obtained by 
topological relativization from those of the enveloping algebra 2*, and are con- 
sequently zero-dimensional. Examples show that this is not the case. The fact 
that the space 2* is zero-dimensional (totally disconnected) is a consequence 
of the existence of atomic elements, which are not necessarily present in a 
sub-algebra. It would be interesting to study the lattice topologies of the com- 
plete Boolean algebra M/N of measurable sets modulo null sets, and of the 
complete Boolean algebra of the regular open sets of a topological space. In 
its metric topology, and in the equivalent sequential order topology, the alge- 
bra M/N is a complete metric space, but it is not bicompact. In its interval 
topology, however, M/N is bicompact, as will be shown. 
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7. Bicompactness. A space in which closures are defined is said to be bi- 
compact if there is a point common to the closures of any collection of sets, if 
any finite number of the sets have a common point. In a 7; space, an equiva- 
lent condition is that there be a point common to all sets of any collection of 
basic closed sets, any finite number of which have a common point. 


THEOREM 8. A 7; space T is bicompact, if there exists a subbasis S for the 
closed sets of T, such that there is a point common to the members of any collection 
of sets of S, any finite number of which have a common point. 


This was proved by J. W. Alexander [3]. It can also be proved by means 
of a complicated argument due to H. Wallman [17, pp. 123-124]. The follow- 
ing proof is simpler. 

If K is any collection of basic closed sets of the space T having the finite 
intersection property, extend K to be maximal by Zorn’s lemma [15, p. 7] 
and call the extended collection M. Since S is a subbasis, any set m of the 
collection M is the union of a finite number of sets s, of S. At least one of the 
sets Ss, is also a member of M, since M is maximal. The elements s of S which 
are also in M have the finite intersection property, hence by hypothesis there 
is a point common to them all. The point # is also in every set of K, since 
each such set is the union of subbasic sets s,, at least one of which is in M. 
Hence the space T is bicompact. 


THEOREM 9. Every complete lattice is a bicompact space in its interval topol- 


ogy. 

Proof. A lattice L is said to be complete (or continuous) if all subsets of 
its elements have suprema and infima. Since the maximal and minimal ele- 
ments J and O exist in a complete lattice, the closed intervals [x, y] with two 
end points form a subbasis for the closed sets of the interval topology of L. 
Suppose a collection {J,} of closed intervals [x., ys] is given, every finite 
number of which have a common element. Then for every pair of indices a 
and b, we must have x.y», since otherwise the intervals J, and J, would 
have no common element. Since L is complete, sup x. and inf y, exist, and 
sup x. Sinf y,. Either of these elements is clearly common to all the intervals 
{J.}. Hence, by Theorem 8, L is bicompact. This completes the proof. 

8. Unsolved problem number eleven. The following is the eleventh of a 
list of seventeen unsolved problems given in Garrett Birkhoff's Lattice Theory, 
p. 146. 


Is every complete lattice topologically bicompact? Is it true that if the inter- 
section of any family of subsets of a complete lattice is void, and if the subsets 
are closed relative to Moore-Smith convergence, then there exists a finite subfamily 
having a void intersection? 


As we have just seen (Theorem 9), for the interval topology of a complete 
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lattice, the answer is affirmative. With the Moore-Smith order topology, how- 
ever, the answer is negative. Consider the complete lattice F of all closed sets 
of a compact metric space. For simplicity, consider a space S consisting of a 
point x, and a sequence of points x, converging to x. The lattice F of closed 
sets consists of finite sets and of infinite sets containing x. Consider the sets 
Rn consisting of all x, such that »2m. Each R, may be thought of as con- 
sisting of elements of the lattice F, each made up of a single point. 

There is an element common to any finite number of sets R,,, but no ele- 
ment common to them all. It remains to prove that these sets are closed rela- 
tive to the Moore-Smith order topology of F. Suppose {x.} is any directed 
set of elements of a particular set R,,, which is not ultimately constant. It is 
easy to see that lim inf x, is the empty set. However, lim sup x. =inf v., where 
v, is a monotonic directed set of non-empty closed sets of a bicompact space. 
Hence lim sup x. is not empty, and the directed set {x.} does not converge. 
Since the only directed sets of elements of R,, which converge are ultimately 
constant, R,, is closed in the Moore-Smith topology. Hence F is not bicom 
pact. 


THEOREM 10. In the complete lattice of all closed sets of a compact metric 
space, the interval topology is in general distinct from the Moore-Smith order 
topology. 


THEOREM 11. There exist complete lattices which are not bicompact with re- _ 
respect to the Moore-Smith order topology. 


9. Comparison of the two lattice topologies. Of two methods of topologiz- 
ing the same set of elements, that is, of assigning closures to subsets, one will 
be called weaker than the other if it assigns larger closures to the same sets. 
In the weaker topology there are fewer closed and open sets. Alexandroff and 
Hopf [4, p. 62] use the terms weaker and stronger in exactly the opposite sense. 
In the case of the lattice F of closed sets of a space, we have seen that the in- 
terval topology is sometimes weaker than the Moore-Smith topology. This 
is true in general. 


THEOREM 12. The interval topology of a lattice is weaker than or equivalent 
to the Moore-Smith order topology. 


Proof. Suppose the directed set {x.} of elements of a lattice L converges 
to an element x in the Moore-Smith order topology. In order to prove the 
theorem, it is sufficient to show that every neighborhood of x in some subbasic 
system of neighborhoods for the interval topology contains a residual set 
of {xa} . Sets consisting of all elements x not < 3, or all x not 2 c, being com- 
plements of closed intervals, form a subbasis for the neighborhoods of the in- 
terval topology. Since x.—x, there exist monotonic directed sets {u.} and 
{va} such that u.S3%.S., and sup u, =x =inf v,. Suppose x is not S$ b. Then 
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it must be shown that ultimately x, is not s b. If this were not true, then 
%a cofinally. Then since u.Sx., we would have cofinally, and since u, 
is monotonic increasing, “7.35 for all a. It would follow that sup u.=x 3, 
which contradicts the assumption that x is not <b. Likewise by duality, if x 
is not 2c, then ultimately x, is not 2c. This proves the theorem. 

10. Tychonoff’s theorem. As J. W. Alexander has remarked [3], Ty- 
chonoff’s theorem on the bicompactness of cartesian products is an easy con- 
sequence of Theorem 8. 


THEOREM 13. The cartesian product of bicompact T; spaces is a bicompact 
Ti space. 


Proof. As a subbasis for the closed sets of the product space P we can take 
the system S of all closed sets of P of the form F=II,F,, where F, is an arbi- 
trary closed set of the component space £,. Since there is clearly a point com- 
mon to the sets of any subcollection K of S which has the finite intersection 
property, the space’P is bicompact by Theorem 8. 

11. The lattice F of closed sets. We have seen that in the lattice F of all 
closed sets of a topological space, the Moore-Smith and interval topologies 
are not always equivalent. In this case, however, neither of these topologies 
is satisfactory. In the first place they do not specialize, in the case of metric 
spaces, to the metrie and sequential topologies of Hausdorff [4, p. 111; 9, p. 
145]. In the second place they do not specialize by topological relativization, 
for the subspace consisting of closed sets made up of single points, to the top- 
ology of the original space, as would be desirable. However, slight modifica- 
tions of these two lattice topologies which are also definable in terms of the 
order relation alone, turn out to be much more useful for the special lattice F, 
and will now be considered. They will be called the neighborhood topology and 
the convergence topology. 

12. The neighborhood topology of F. An analogue of the interval topol- 
ogy, called the neighborhood topology, is defined as follows. Two types of sub- 
basic open sets (neighborhoods) of elements of the lattice F will be considered. 
Neighborhoods of the first type will consist of all elements x of F such that 
x is not S a, where a is any element of F. These are also neighborhoods in the 
interval topology of F. Neighborhoods of the second type will consist of all 
elements of F not meeting a fixed element 3 of F, that is, of all x such that 
x(\b =O, where O is the empty set, that is, the zero element of the lattice. 
The collection of all finite intersections of neighborhoods of the first or second 
type is taken as a basis for the open sets of F in the neighborhood topology. 

13. The convergence topology of F. In the case of the lattice F of closed 
sets, a more useful limit topology than the Moore-Smith order topology is 
obtained by retaining the definition of lim sup x., while replacing lim inf x, by 
a different kind of lower limit. We define LL x, (which can be read the lower 
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limit of x.) to be inf (sup A) for all cofinal sets A of elements of the directed 
set {x}. It is clear that LL x.Slim sup xa, since lim sup x, is by definition 
inf (sup B) for all residual sets B. We write x,—x, and say that the directed 
set {xa} converges to x in the convergence topology of F, if and only if 
LL x.=lim sup x. =<. 

Neither the neighborhood topology nor the convergence topology is self- 
dual. The dual definitions, obtained by reversing the order relation and inter- 
changing sup and inf, can be used to define topologies of the lattice dual to F, 
consisting of all open sets of the space. The definition of the convergence to- 
pology was given in the form above in order to show that it depends on the 
order relation alone. Actually, however, the convergence topology is a simple 
generalization to directed sets of the notion of topological limit (upper and 
lower closed limit) of a sequence of sets, due to Hausdorff [9, p. 147]. 


THEOREM 14. If {xa} is a directed set of elements of the lattice F of all closed 
sets of a T; space S, then lim sup xq is the set of all points p of S such that every 
neighborhood of p contains a point of all the elements of some cofinal set of ele- 
ments of {xa} , while LL xq is the set of all points p of S such that every neighbor- 
hood of p has a point in common with all the elements of some residual set of 
elements of {xa}. 


Proof. If every neighborhood u of a point » has points in common with 
every element of a cofinal set of {x,}, then every closed set which contains 
every element of some residual set of {x,}, contains p. For if a closed set f 
contained a residual set of {x.} without containing p, then the complement 
u of f would be a neighborhood of » not meeting all the elements of any cofinal 
set. It follows that p is in lim sup xa. 

Conversely, if p is in lim sup x., then every closed set which contains a 
residual set of {x.} contains p. It follows that every neighborhood of p con- 
tains a point of every element of some cofinal set of {x}. For if there were a 
neighborhood u of p which did not, then f, the complement of u, would con- 
tain a residual set of {x.} without containing p. 

The second part of the theorem states that p is in LL x, if and only if 
every neighborhood of » has points in common with all elements of a residual 
set of {x,}. This is proved in the same way as the first part, interchanging 
the words cofinal and residual. 


THEOREM 15. In its neighborhood topology, the lattice F of all closed sets 
(1) of a Ti; space is a T; space, (2) of a regular T; space is a Hausdorff space, 
(3) of a bicompact T; space is a bicompact T space. 


Proof. If a and bd are elements of F and a is not S }, then a is a member 
of the neighborhood of the first type consisting of all elements x of F such 
that x is not < 6, but d is not a member of this neighborhood. If p is a point 
of b but not of a, then b is a member of the neighborhood of the second type 
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consisting of all elements x of F such that x/\p=O, but a is not a member. 
This shows that F is a 7; space in its neighborhood topology. 

Now suppose S is a regular 7; space, and a and 6 are distinct closed sets 
of S such that a is not S 5. If p is a point of a but not of b, there exist disjoint 
open sets u and v of S, containing p and 5, respectively, since S is regular. 
If u’ and v’ denote the complements of u and 1, respectively, then the neigh- 
borhood of the first type, consisting of all elements x of F such that x is 
not Sw’, is disjoint from the neighborhood of the second type, consisting of 
all elements of F such that x(\v’ =O. Since these neighborhoods contain a 
and b, respectively, the lattice F has the Hausdorff separation property. 

Finally, suppose S is a bicompact 7; space. If x and y are elements of the 
lattice F of closed sets of S, and x Sy, consider the set K(x, y) consisting of 
all elements z of F such that x(\z#O and zsy. These sets K(x, y), which 
correspond to the closed intervals of the interval topology, clearly form a sub- 
basis for the closed sets of F in the neighborhood topology. Suppose (K.) is a 
collection of such sets K(x., ya), any finite number of which have a common 
element. It follows that any finite number of the sets (y,) have a common 
point. Let y be the intersection of the sets (y.). Since S is bicompact, y is not 
empty, and it is clear that we have x,/\yO for all a. Hence y is common to 
all the sets (K,). It follows from Theorem 8 that F is bicompact. 


THEOREM 16. In the lattice F of all closed sets of a regular T; space S, the con- 
vergence topology 1s weaker than or equivalent to the neighborhood topology. 


Proof. Suppose every neighborhood of an element x of F of both the first 
and second types contains a residual set of the directed set {x.} of elements 
of F. It must be shown that x,—«x in the convergence topology. First it will 
be shown that x SLL «x,. Since every neighborhood of x of the first type con- 
tains a residual set of {x,}, it follows that if x. <u cofinally, then x <u, where 
u is an element of F. Hence x Ssup A, if A is any cofinal set of elements of 
{xa}. Consequently SLL x. =inf (sup A) for all A. 

Next it will be shown that x 2lim sup x,. Suppose on the contrary that p 
is a point of lim sup x., but not of x..Now S is regular; hence there exist dis- 
joint open sets u and v of S containing x and p, respectively. Since every neigh- 
borhood of x of the second type contains a residual set of {x,}, and x(\u' =O, 
where u’ is the complement of u, then ultimately x,(\u’ =O. Since p is in 
lim sup xa, then cofinally x.\\v#O, by Theorem 14. But this is a contradic- 
tion, since 

This proves that x 2lim sup x,, and it has been shown that x SLL x,. It 
follows that x =lim sup x. = LL x,, and consequently x,—«x in the convergence 
topology, which was to be proved. 


THEOREM 17. The neighborhood and convergence topologies are equivalent in 
the lattice F of all closed sets of a bicompact Hausdorff space S. 
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Proof. Since a bicompact Hausdorff space is regular, the convergence to- 
pology is weaker than or equivalent to the neighborhood topology of F by 
Theorem 16. It remains to prove the reverse. Suppose then that the directed 
set {x.} of elements of F converges to x, that is, x=LL x.=lim sup xz. If 
%au for a cofinal set A, then sup A Su, hence LL x,=inf (sup A) =x su. 
Hence any neighborhood of x of the first type contains a residual set of {x}. 

Now suppose some neighborhood of x of the second type does not contain 
a residual set of {x.}, that is, that x/\f =O, but x, contains a point ps of f for 
a cofinal set {xs} of {x.}. Since the space S is bicompact, the directed set of 
points {p,} has a cluster point p, such that every neighborhood of p in S con- 
tains a cofinal set of {,} [15, p. 36]. Since f is closed, p is in f. But by Theo- 
rem 14, p is in lim sup x.=x. This is a contradiction, since x/\f=O. This 
completes the proof. 


THEOREM 18. If D is any set of points everywhere dense in a T, space S, 
then the collection of all finite subsets of D is everywhere dense in the lattice F of 
all closed subsets of S, with respect to the neighborhood topology of F. 


Proof. Consider the collection K of all elements of F which are contained 
in an open set G of S, and have at least one point in common with each of a 
finite number of open sets G, of S, each contained in G. It can be seen that 
the family (XK) of all such collections K is a basis (not merely a subbasis) for 
the open sets of F in the neighborhood topology. But every such collection K 
contains at least one finite subset of the everywhere dense set D, namely a 
subset consisting of one point of D selected from each non-empty set G,. 
Hence the finite subsets of D are everywhere dense in F, which was to be 
proved. 

The following two theorems, which show the relation of the two topologies 
of F to other topologies, are easily established and will be stated without 
proof. 


_ THEOREM 19. The neighborhood topology and the convergence topology of the 
lattice F of all closed subsets of a compact metric space S are both equivalent to 
the Hausdorff metric topology of F. 


THEOREM :-20. The topologies of a Hausdorff space S obtained by topological 
relativization from the neighborhood topology and the interval topology of the lat- 
tice F of all closed sets of S, by considering the points x of S to be elements of F 
made up of single points, are both equivalent to the original topology of S. 


14. Transformation spaces. Since a transformation of a space X into a 
space Y is determined by its graph, which is a set of points in the product 
space X X Y, any definition of convergence of sets leads to a definition of con- 
vergence of transformations. 


THEOREM 21. If y(x) is a continuous transformation of a T; space X onto 
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a Hausdorff space Y, then the graph G of y(x) is a closed set of the cartesian prod- 
uct space XX Y. 


Proof. By the graph G of y(x) is meant the set of all points (x, y) of 
P=XXY such that y=y(x). If G is not closed, there is a point (a, b) of P 
which is in G, but not in G. Then d is distinct from (a), and there exist neigh- 
borhoods U and V of 6 and y(a) in Y which are disjoint. Since y(x) is continu- 
ous, there is a neighborhood W of a in X such that y(x) is in V if x isin W. 
The neighborhood UX W of (a, b) in P contains no points of G, since U and V 
are disjoint. Hence (a, 5) is not in G, contrary to assumption. 

15. Continuous convergence. A directed set {y.(x)} of transformations of 
a space X into a space Y is said to converge continuously to the transformation 
y(x) at a point c of X if for every neighborhood U of y(c) there exists a neigh- 
borhood V of c and an index 6 such that if x isin V and a2), then ya(x) isin U. 

The convergence is said to be guasi-continuous at c if for every neighbor- 
hood U of y(c) there exists a neighborhood V of c such that if x is any point 
of V, then there exists an index b such that if a2b, then y,(x) is in U. 


THEOREM 22. If {ya(x) } 1s a directed set of transformations of a T; space X 
into a regular T; space Y which converges pointwise to the transformation y(x), 
then y(x) is a continuous transformation if and only if the convergence is quasi- 
continuous at every point of X. 


Proof. If W is a neighborhood of y(c), then there is a neighborhood U of 
y(c) such that Us W. If the convergence is quasi-continuous at c, there is a 
neighborhood V of c such that if x is in V, then there is an index b such that 
ya(x) isin U if a2b. This is the neighborhood V required by the definition of 
continuity of the limit transformation y(x). For since the directed set con- 
verges pointwise to y(x) at each point x of V, y.(x) is ultimately in any 
neighborhood of y(x). But ya(x) is also ultimately in U, hence y(x) is in U 
and consequently in W. This proves that y(x) is continuous at x =c. 

Conversely, if y(x) is continuous at x=c and U is any neighborhood of 
y(c), then there is a neighborhood V of c such that y(x) is in U if x isin V. 
Then U, being an open set, is also a neighborhood of y(x), and there exists an 
index 6 such that y,(x) is in U if a2b, from the convergence. Hence the con- 
vergence is quasi-continuous. 


Coro.iary. The limit of a continuously convergent directed set of transforma- 
tions of a T; space into a regular T; space, is a continuous transformation. 


Note that it was not assumed that the transformations y,(x) were them- 
selves continuous. Suppose now that y,(x) and y(x) are continuous transforma- 
tions of a 7; space X into a Hausdorff space Y, and that G, and G are the 
graphs of these transformations in, the product space P = X X Y. Then we have 


THEOREM 23. If the directed set { ya(x) } of transformations converges con- 
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tinuously to y(x), then the directed set {G.} of graphs converges to the graph G in 
the convergence topology of the closed sets of the product space P. 


Proof. It is clear that GSLL G,, since every neighborhood of a point of G 
ultimately contains a point of G,, from the convergence. Suppose now that 
the point (c, d) of P is in lim sup Gz, but not in G. Disjoint neighborhoods U 
and V of the distinct points d and y(c) of Y exist. Since the convergence is 
continuous, there exists a neighborhood W of c and an index b such that 
ya(x) isin V, if x isin W and a2b. Since the point (c, d) is in lim sup G,, there 
is a point (x, ya(x)) in the neighborhood UX W of P for some index a2b. 
Since U and V are disjoint, this is a contradiction. 

The converse of Theorem 23 is not always true. However, if the spaces X 
and Y are bicompact Hausdorff spaces, we have 


THEOREM 24. The directed set { ya(x) } of transformations from a bicompact 
Hausdorff space X to a bicompact Hausdorff space Y converges continuously to 
the transformation y(x) if and only if the directed set of graphs {Ga} converges 
to the graph G in the convergence topology (or in the equivalent neighborhood to- 
pology) of the closed sets of the product space. 


Proof. The necessity of the condition follows from Theorem 23. Suppose 
{ ya(x) } does not converge continuously to y(x) at x =c. Then there is a neigh- 
borhood U of y(c) such that for every neighborhood V of c, y»(xs) is not in U 
for a cofinal set of indices b, where x, is in V. The directed set of points 
{x, yo(xs) } has a cluster point (c, d), since the product space is bicompact. 
Since U is open, the point d is not in U. But if GG, the point (c, d), since 
it is not in G, lies in a neighborhood containing no points of a residual set of 
{Ga} , contrary to the assumption that (c, d) is a cluster point. This contra- 
diction proves the sufficiency of the condition. 

Theorems 23 and 24 suggest that the topology of continuous convergence 
might be a suitable one for the semi-group of all continuous transformations 
of a topological space into itself [8]. 
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OPERATIONS IN BANACH SPACES 


BY 
MAHLON M. DAY 


The starting point for this investigation was an attempt to generalize the 
well known theorem of Silverman and Toeplitz [25](*) on regularity of a 
sequence-to-sequence transformation. This theorem may be stated as follows: 
If a transformation of sequences {t,} of real numbers to sequences { Sm} is defined 
from a matrix {amn},m,n=1, 2, , by the equations Sm= Omntn, the trans- 
formation is regular—that is, is defined everywhere and takes every convergent 
Sequence {tn} into another convergent sequence with the same limit—if and only 
af the matrix { Amn} satisfies the conditions (a) limm >on Omn=1, (b) litm =O 
for each n, and (c) there is a K such that zal Omn| <K for every m. In the special 
case under consideration, the fact that regularity implies condition (c) (the 
non-trivial part of the proof) can be derived from a theorem of Banach [3, 
p. 80, Theorem 5]: If A and B are Banach spaces, and if U,,n=1,2,---, are 
linear operators on A to B, such that lim sup, || U,(a)||< © for each a in A, 
then lim sup, || U,|| < ©. 

If the sequence of integers is replaced by a directed set X, it is known 
that A, B, X, and U, can be chosen for which the similar statement relating 
lim sup, || U.(a)|| and lim sup, || U,|| is false; sections 1-3 of this paper con- 
sider these cases in an attempt to solve the problem of boundedness: Charac- 
terize those Banach spaces A and B, and directed sets X such that choosing 
the linear operators U, on A to Bso that lim sup, || U,(a)|| < © for each ain A 
implies that lim sup. || U,|| < ©. Section 1 is a review of pertinent facts about 
directed sets and convergence (mostly due to Moore and Smith [19], G. Birk- 
hoff [5], and Tukey [27]). Section 2 studies the relations among three topolo- 
gies in the space of operators on A to B. In §3 the problem of boundedness 
is studied but not completely solved. 

The second part of the paper is concerned with certain special operators on 
some function spaces. In §4 the space is that of the totally measurable func- 
tions on a set Y to a Banach space B; a class of operators on this space is de- 
fined in terms of additive, real-valued set-functions and the relations among 
various topologies in this set of operators is given; this is used in §6 to give a 
general form to a theorem of Vulich [28]. In §5 the functions studied are the 
measurable functions on Y to B; the operations on this space are defined in 
terms of completely additive, limited, set-functions whose values are transfor- 


Presented to the Society in three parts, the first under the title Linear methods of summabil- 
ity on February 24, 1940; the second under the title Linear methods of summability. Il on April 
27, 1940; the third under the present title on September 5, 1941; received by the editors April 4, 
1940, and, in revised form, April 25, 1941. 

(*) Numbers in brackets refer to the bibliography at the end of the paper. 
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mations instead of real numbers. A corollary of the results obtained there is 
this: The real-valued, finitely additive set-function V has the property that 
di¥(E,) converges for every sequence {E;} of disjoint measurable sets if and 
only tf the total variation of V is finite. This has as a corollary the well known 
result that a completely additive, real-valued set-function is of bounded 
variation. 

Section 6 contains the applications of these theorems on Banach spaces 
to the problems which originally started the investigation beginning with two 
general theorems on regularity conditions. The first includes the Silverman- 
Toeplitz theorem and many others of the same type; the second generalizes a 
result of Vulich which says that a transformation defined by a matrix {damn} 
takes every convergent sequence of points of a Banach space B into another 
such sequence with the same limit, if and only if the transformation defined 
by {ama} is regular for real sequences. The section closes with some sample 
corollaries of these results. 

1. Directed sets and convergence. This section contains a short discussion 
of properties of directed sets which will be useful throughout this paper. A 
non-empty set Y of elements y is called directed by a relation > (read “fol- 
lows” or. “succeeds”) if the pairs of points 1, y2 for which the relation y1>ye 
holds are subject to the conditions (a) if y1>~ye and y2>~z then yi >~sz (transi- 
tivity) and (b) each pair of points y:, ye in Y has a common successor in Y; 
that is, there is a ys; such that ys>y1 and ys>~yz (composition). 

Probably the most used directed set is the set of integers ordered by mag- 
nitude. Other examples are (1) the neighborhoods of a point in a topological 
space ordered by inclusion, and (2) lattices. 

A subset Y’ is cofinal in Y if each y in Y has a successor y’ in Y’. It can eas- 
ily be shown that the cofinal subsets of Y satisfy the following conditions: (3) If 
yo is any element of Y, then the set(?) {y | y>-yo} is cofinal in Y and its com- 
plement {y | y>yo} is not. (4) If Yi: is not cofinal in Y and ¥2C Vi, then Y2 
is not cofinal in Y. (5) If Y: and Y2 are not cofinal in Y, then Yi+ Y¢ is not 
cofinal in Y. (6) If the order relation in a subset of Y is that imposed upon it 
by the order relation in Y, then every cofinal subset of Y is a directed set. 

If f is a real-valued function defined on a directed set Y, let lim sup, f(y) 
be the least upper bound of those numbers K for which {y| f(y) >K} is co- 
final in Y; let lim inf, f(y) = —lim sup, (—f(y)); if lim sup, f(y) =lim inf, f(y), 
then call this common value lim, f(y). The Cauchy criterion is a necessary and 
sufficient condition for existence of lim, f(y) and the limit defines an additive, 
homogeneous functional on those f’s for which it is defined. 

G. Birkhoff [5] first extended this definition of convergence to a topologi- 
cal space. Let S be a neighborhood space, satisfying, say, the axioms defin- 
ing a Hausdorff space [2]; if f is a function defined on the directed set Y with 


(*) €, C,and so on will have the usual set-theoretical meanings; {y| --- } will mean the 
class of those y satisfying the condition following the vertical bar. 


1942] OPERATIONS IN BANACH SPACES 585 


values in the space S, s =lim, f(y) if and only if for each neighborhood N of s 
there is a yy in Y such that f(y) EC N*if y>yw. If S is a complete metric space 
and if the neighborhoods of a point are the spheres about that point, then the 
Cauchy criterion is again necessary and sufficient for the existence of a limit; 
if S is a linear space with a uniform topology—that is, a topology in which 
addition of elements and multiplication of elements by real numbers are con- 
tinuous operations—then this limit defines an additive, homogeneous function 
over the linear set of f’s on Y to S for which it exists. In particular if S is a 
Banach space in any of the usual topologies, this is the case. 

Tukey [27] has shown the importance of certain directed sets (first used 
by Moore) and has defined an order relation among directed sets which will 
be useful in later sections. For any ordinal number v>0, let D’ be a set of 
power N,; the stack A’ is the directed set whose elements are the finite subsets 
6 of D’, where 56> 8’ means 6_- 6’; D’ is the base of the stack A’. It is clear that 
if two stacks have bases of the same power, then there is an isomorphism— 
that is, a 1-1 order-preserving correspondence—between the two stacks. 

A directed set X is a cofinal part of a directed set Y if there is an isomor- 
phism between X and a cofinal subset Y’ of Y. X and ‘Y are cofinally similar 
(symbol: X ~ Y) if there is a directed set Z of which X and Y are both cofinal 
parts. X follows Y (symbol: X > Y) if and only if there exist two functions, 
hon X to Y and g on ¥ to X, such that if y is any point of Y and x>g(y), 
then h(x)>y. Tukey showed that X>Y and Y>X if and only if X~Y, 
that > is a reflexive and transitive ordering among directed sets, and that 
cofinal similarity is a reflexive, symmetrical and transitive relation, the equiv- 
alence relation associated with >. 

The reader can easily see that w, the class of integers ordered by magni- 
tude, is a cofinal part of A®, the stack on a countable base, and that the stack 
A’ follows every directed set of power less than or equal to N,; also A’ >A+ if 
and only if v2y, so A’~A* if and only if v=. From this it follows that 
A°*>X if X is any countable directed set. If A°>X either X has a last ele- 
ment—that is, an x» such that x» >x for each x in X—or A°~X. In all of what 
follows the trivial case will be explicitly rejected; that is, no directed sets 
mentioned hereafter will have a last element. 

If X is a directed set, let A(X) be the smallest ordinal number yu such that 
a subset of X of power &, has no upper bound in X; that is, \(X) is the small- 
est ordinal yp not satisfying the following condition: If X’C.X and the power 
of X’<N,, there is an x» in X such that x» >’ for every x’ in X’. For example, 
\(A’) = 0 for every v; =0;A(Q,) for any integer if Q, is the set of all 
ordinals of power less than &%, ordered by magnitude. From the definition it 
can readily be seen that if X > Y, then A(X) SA(Y), so A(X) is invariant under 
cofinal similarity. The next lemma is useful in §3. 


Lemma 1.1. If X is a directed set, then \(X) =0 if and only if X >A°. 
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If X >A°, then 0SA(X) SA(A°) =0. If A(X) =0, a countable set } ex- 
ists with no upper bound; by induction and the composition property a se- 
quence {x,} can be defined so that xn41>%, and x,’ ; then {x,} has no upper 
bound and is monotone. Define 4 on X to w and g on w to X by letting 
g(n) =x, for each n in w; h(x) =n+1 if xn<xL£Xn41. 

The interested reader can also prove that no X can be chosen for which 
\(X) =w; this fact clarifies some steps of the proof of Theorem 3.6. 

2. Neighborhoods and convergence in operator spaces. This section con- 
siders relations among two Banach spaces(*) A and B and the space U=A:B 
of all linear(*) operators defined over all of A with values in B; Ul is also a 
Banach space if || U|| =supj)aj;s1 || U(a)|| for each U in U. In the special case in 
which B is Bo, the set of real numbers, A : By is the space A* of all linear func- 
tionals on A. There are three natural ways in which a topology can be im- 
posed on U; by analogy with the case in which A = B= Hilbert space(*) these 
will be called norm, s*, and w* topologies in U. It is sufficient (see Wehausen, 
[29]) to define the neighborhoods of 6(°); the neighborhoods of the other 
points of Ul are defined by translating the neighborhoods of 0. 


Norm: For any e>0 let N=N(e)={U | || U|| <e}. 

S*: For any integer k, any a1,+++,@,in A, and e>O let S=S(qi, +, ax; €) 
={U| || U(a,)|| <e for i=1,---, k}. 

W*: For any integer k, any a1,-++,@,in A, and ,B, in B* and any 
|B(U(a,))| 


The families N, S, and YW of these sets N, S, and W are, respectively, the 
norm, s*, and w* neighborhoods of @ in U; in the special case B= By both s* 
and w* topologies reduce to the ordinary weak* topology in A*(’). If X is any 
directed set and if U,EU, the notations Up=n—lim, Up=s*—lim, U, and 
U,=w*—lim, U, mean that U, converges to Us in the corresponding topol- 
ogy. 
The first half of the next theorem is used in §3. Two neighborhood systems 
MN’ and N”’ of 6 in A: B will be called equivalent (symbol: N’~%N’’) if each N’ 
contains an N’’ and each N”’ an N’. Clearly each W contains an S and each 
San N. A Banach space B is called finite-dimensional (symbol: fd) if there 
exist a finite subset ,, - - - , 5, in B such that every } in B is a linear combina- 
tion of these 


(*) A Banach space [see 3] is a complete normed vector space. In all that follows the trivial 
space consisting of just one point will be ruled out and all spaces considered will be at least one- 
dimensional. 

(*) Linear is used in Banach’s sense, to mean additive and continuous. 

(*) See J. von Neumann [20], for this case; others who have considered topologies in a 
Banach space are A. E. Taylor [25], and Alaoglu [1]. 

(*) @ will be used for the zero element of any linear space under discussion. 

(") See Taylor [25]. 
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THEOREM 2.1. N~G if and only if A is fd; S—>W if and only if B is fd; 
hence NW if and only if both A and B are fd(*). 


If A is fd, there is a basis a1,--- , a of linearly independent points of 
A with a =) ise tai:, ta; real, for each a in A. Since every two k-dimensional 
Banach spaces are isomorphic there is a K>0 such that ) vise |tos| SK if 
$1. Recall that || U|| || U(@)||; if VES(a:, , an; €/K), then 


Ke 
isk 


if l|al| <1. Therefore N(€)>S(ai, , ax; €¢/K) and when A is fd. If A 
is not fd and S=S(q, --- , a; €) is any s* neighborhood of @, there is an a 
in A* such that a(a;) =0 for each i<k, while ||a{| >0. If ||d|| ~0, the element 
U, of Udefined by U,(a) =na(a)b is in S for every n while || U,|| =n||al| |||] + 
as m increases, so S is not contained in any sphere. 

If B is fd, let B:,--- , 8, and b;,--- , b, be conjugate bases in B* and B, 
respectively; that is, choose them so that §;(b;)=1, 8,;(b;)=0 if i#j, and 
Bi, ---,B8,and 5, are linearly independent and are bases in their re- 
spective spaces; then any bin Bis of the form js j(b)b;. If S= S(ai, +, ax; €) 
is given, the w* neighborhood for which | Bx U (a;))| <e/(q sup; \|b,||) for every 
Sq lies in S since 


|| = | < 2 | | [loll <e 


if |B,(U(as))| <e/(q sup, ||d,||) for all i, 7; hence SMB. If B is not fd and if 
W=W(a,--+, ae; Bi,---+, Be; €) is given, there is a point b in B with 
B,(b) =0 for all i $k while ||d|| >0. If aA, if ||a|| #0 and if a is any element of 
A* for which a(a) #0, each U, defined by letting U,(a’) =na(a’)b for each a’ 
in A is in W since 6,(U,(a)) =na(a)B,(b) =0; || =n| a(a)| ||d|| +0 as 
increases so W cannot lie in any S(a, €) for which ||a | #0. 

3. The boundedness problem. The theorem of Banach [3, p. 80, Theorem 
5] already mentioned asserts that if { U,} is any sequence of elements of A:B 
such that lim sup, || U,(a)|| < «© for every ain A, then lim sup, || U,|| < ©. The 
boundedness problem is to characterize those triples A, B, X such that 
lim sup: || U,|| < © if lim sup. || U.(a)|| < for each a. Some unsettled ques- 
tions connected with this problem are collected at the end of this section. 

Consider the following conditions: 

(a) lim sup, || U.(a)|| < © for each a in A. 

(b) lim, || U.(a)|| =0 for each a in A. 


(*) Even in the unit sphere U1; in U, the s* and w* topologies are generally different; this 
can be seen from the result, more general than one of Alaoglu [1], that U: is bicompact in the s* 
topology if and only if B is fd, while Ui is bicompact in the w* topology if and only if B is re- 
flexive. 
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(c) lim U,|| = 
(d) lim, || = 
The first step in the solution of the boundedness problem is to show that 
the nature of B is unimportant. 


THEOREM 3.1. If A and X are given and if a B exists such that linear opera- 
tors U, can be defined on A to B soas to satisfy any combination of the conditions 
(a)—(d), then for any B’, UZ can be chosenin A: B' to satisfy the same conditions. 


If the linear operators U, on A to B are given, for each x let 8, be an ele- 
ment of B* such that ||6,||=1 and 


||U.|| = sup ||U.(a)|| $2 sup | 8.(U.(a)) |. 


Let a, in A* be defined by a.(a)=8,(U,(a)); then |a.(a)| S||U.(a)|| while 
|| U.|| <2||az|| so the a, satisfy those conditions which are satisfied by the U;. 
If B’ is any other space, let 6’ be any point in B’ for which ||b’|| =1 and define 
Uz by the equation (a) =a,(a)b’; then || U || =|]a{| and || U2 (a)|| =| a2(a)| 
so the U/ have the same properties. 

For any combination of the conditions (a)—(d) let $ with those subscripts 
be the class of all pairs [A, X], where A is a Banach space and X a directed 
set, such that a, in A* exist satisfying that set of conditions; for example, Bae 
is the set of all [A, X] such that a, in A* exist with lim sup, |a,(a)| < © for 
each a in A and lim sup, ||a,|| = «©. The problem of boundedness is to char- 
acterize $.-; related to this are the problems of characterizing the sets 
Baa, Boe, and Poa. There are several obvious relations among these classes; 
BraC PaaC Bac, BoaC Boe C Pac, and Pua; to be proved later (Theorem 3.7) 
is the fact that Baa= Poa. 

Consider first some “monotony” properties of these sets. A Banach space 
A’ will be called a linear image of a Banach space A if there is a linear 
operator U on A to B whose values fill up B. If U is such an operator and if 
Ao={a| U(a)=6}, then A’ is isomorphic to the Banach space A/Ao(*). 


THEOREM 3.2. If [A, V]E Bsa, Boe, OF Bac and X > Y, then [A, X] is in the 
same class. If A' is a linear image of A and if [A’, X]|EPsa, Boe, OF Bac, then 
[A, X] is in the same class. 


If X>Y, there are functions g on Y to X and hf on X to Y such that 
h(x) >vif x>g(y). If [A, Y]E Bsa, there exist a, in A* such that lim, | ay(a)| =0 
for each a in A and lim, ||a,|| = ©. Let as=ax:2); then for each a in A and 


(*) If Aoisa closed linear subset of A, the elements of A /Aoare the cosets E, = {a: | a—a,€A} 
where || Ea|| =inf.,é, ||a:||; with the usual definitions of the vector operations A/Ao is a Banach 
space. If A9= U-1(6), the elements of A /Aoare the sets E= U-‘(a’), a’ in A’; the transformation 
T on A/A, to A’ defined by T(U-(a’)) =a’ is linear and 1-1 so [3, p. 41, Theorem 5] it is an 
isomorphism. 
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e>0O there is a y, such that | ay(a)| <e if y>y.. Let x.=g(y.); if x >x,, then 
| =| <€ since h(x) so lim, |a(a)| =0; similarly lim, ||a|| 
= 0, 4 

If [A, Y]EPa- or Pee, let ay in A* have the corresponding properties. De- 
fine h; on X to Y as follows: Suppose that hy is already defined on a subset 
X’ of X so that (1) X’ contains every predecessor of each of its elements, 
(2) for each x’ in X’ there is a sequence {x,/ }CX’ such that x,/ >x’ and 
lim, = ©, and (3) h(x’) >h(x’) for every x’ in X’. If X'#X, let x be 
any element of X —X’ and let {xn} be any sequence of points of X — X’ such 
that xn41 >,» for each n while x: >x. Since lim supy ||a,|| = ©, for each m there 
exists a point in Y such that and >”. Let 
= X'+{x!"| an n exists for which x,>x’’}; for each x’’ in for which 
Iy(x’’) is not already defined let hi(x’’) =h(x’’); then is defined over X"’ 
with the properties (1)—(3). Starting with X’ equal to the empty set and 
applying transfinite induction defines h; over all X with the properties (2) 
and (3). From (3) and a repetition of the argument in the preceding para- 
graph it follows that the a, defined by a, =a, z) satisfy (a) or (b) if the a, do; 
(2) implies that a, satisfy (c). 

Suppose that the linear operator U maps A onto all of B, let Ap = U~+(6), 
and construct A/Ao. If a/ €A’*, define a, in A* by a,(a) =a; (U(a)); clearly 
the a, satisfy (a) or (b) if the a/ do. For each x ’ 


= sup ( | w2(a) | = sup ( | (U(a)) | 


For each €>0 there is an a’ of norm one such that a (a’) >|la/ || —€; if(*) 
E=T-‘(a’), ||E|| <||7-1|| so there is an a in E of norm less than ||7-l| +; 
hence > || for every €>0 or =||aZ||/|| 7-4]. 
Therefore the a, satisfy (c) or (d) if the a/ do. 

We now consider a case in which [A, X ] can be shown to be in the smallest 
of these classes. 


THEOREM 3.3. If A is not fd, if B ts any Banach space, and if ©, the s* 
neighborhood system of 0 in A:B, is directed by the relation S>S' if SCS’, then 
[A, 


If SEG, there is a least integer k such that S=S(ai, --- , ax; €). If A is 
not fd, by Theorem 2.1, S contains a point Us for which ||Us|| >&; then Us de- 
fined in this way have the properties (b) and (d). If aE A and €>0 is given, 
UsESCS(a; €) if S>S(a; €), so || Us(a)|| <€ if S>S(a; €) or lims || Us(a)|| =0. 
If S=S(ai, ae; €)CS’=S(ai,---, a; €’), then each a} is linearly de- 
pendent on the a;. For suppose that some a} does not depend on the a;; then 
[3, p. 57, lemma] there is an a in A* such that a(a;) =0 for all i while a(a}) =1. 
Take 60 in B and let U(a) =a(a)b; then kUES for every k, but if k||d|| >’, 
kU€S’; this contradicts the assumption that SCS’. If a{,---, a/ are 


\ 

4 

{ 

q 

| 

| 
| 

| 


590 M. M. DAY r [May 


chosen linearly independent, then S(a1, - - , 1/q) im- 
plies that k>q, so || Us|| if S>S(a{, , a4; 1/g), and lims || Us|| = ©. 

Banach’s theorem asserts that [A, w]¢§.. for any A; a converse of this 
is contained in the first half of the next theorem. 


THEOREM 3.4. A°>X if and only if there is no A for which [A, X] is in Pac 
(or Buc). A is fd if and only if there is no X for which [A, X] is in Pac (or Pra). 


If and A°>X, then [A,w]€ Bae, by Theorem 3.2; this contra- 
dicts Banach’s theorem. If A®°}> X, no countable subset of X is cofinal in X. Let 
A =¢o(X, Bo)(#*), where By is the space of real numbers, and define a, in A* 
in a way similar to that used in the proof of Theorem 3.3. Suppose that the a, 
have been defined on a subset X’ of X to satisfy the conditions (1) X’ con- 
tains every predecessor of each element of X’, (2) for each x’ in X’, there is - 
a monotone sequence {x, } CX’ such that lim, ||a,,,|| = ©, and (3) for each 
x’ in X’, az is defined by a,(a) =k,a(x’) for each a in A, and some constant 
kz. Then take any x not in X’ and any monotone sequence {x,} CX—X’ 
such that x;>x and for each n define az, in A* by a,z,(a@) =na(x,) for each a 
in A; define a, in A* for those predecessors x’ of any x, for which it is 1:0t al- 
ready defined by setting a, =0. As before, this and transfinite induction serve 
to define a, for every x in X so that lim sup, ||a,|| = ©. For each a in A the set 
E,= {x | |a(x)| >0} is countable, hence not cofinal in X; therefore there is an 
x. in X such that no x in E, follows x., so lim, a,(a)=0 for each a since 
a,(a) =0 if This shows that [co(X, Bo), X]EPs- unless A°>X. 

If A is fd, by Theorem 2.1, norm and strong neighborhoods systems are 
equivalent; using this fact it is clear that no [A, X]€s-. To show that no 
[A, X] can be in $.. requires only an application of the method of proof used 
in that theorem. If A is not fd, Theorem 3.3 asserts that an X exists with 
[A, xX ] in Boa. 

We turn now to a characterization of the nature of S considered as a di- 
rected set rather than as a neighborhood system. 


THEOREM 3.5. A is not fd if and only if for every B there is an ordinal num- 
ber v>0 such that A’ is a cofinal part of the directed set S of strong neighborhoods 
of 0in A: B; vis unique and depends only on A. 


Proof. If A is not fd, let A’ be a vector basis in A ; that is, a set of points a’ 
of norm one, such that no a’ in A’ is linearly dependent on any of the others, 
while every element of A is a linear combination of elements of A’. Let v be 
the ordinal for which the power of A’ is 8,. If B is any Banach space, we shall 
show that A’ with this choice of v is a cofinal part of S, the strong neighbor- 
hood system in A: B; clearly v does not depend on B but only on A. 

Let f be any 1-1 correspondence between the class of neighborhoods 
S(a;1),ain A’, and D’, the base of the stack A’; extend f to all of A’ by letting 


(°)This is defined before Corollary 3.3. 
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=S(f(d), + ,f(de); 1/k) if di, - , dy are the elements of 5. Then f de- 
fines a 1-1 correspondence between A’ and a certain subset ©’ of S. 

is cofinal in ©, for if - - - , az; €) ES, there exist a,;in A’ and real 
numbers ¢;; such that isk, Then S,, the neighborhood such that 
| U(ass)| <€/(Xosz | tas] ), is contained in S. If enough additional elements of A’ 
are used to make 1/k smaller than ¢/(>_4; | t,;|), Si contains some S’€@’, so 
©’ is cofinal in S. 

f preserves order between G’ and A’. Obviously f(5) >f(8’) if 5> 68’. Sup- 
pose that S=S(a;,--- 1/k) and are in S’ and 
that SCS’. By the argument used in Theorem 3.3, each aj is a linear combi- 
nation of the a,,i $k; hence each aj must be an a;,80 gSk and f-(S) >f-(S’). 

This shows that A’ is a cofinal part of © if A is not fd; v0 since A°>S 
if y=0 and no function on S to U can exist satisfying Theorem 3.3. v is unique 
since S and A’ are cofinally similar and (see §1) no set can be cofinally similar 
to two different stacks. If A is fd, 6~R~A!®, so no A’ with »y>0 can be a 
cofinal part of S in this case. 

If A is fd, let v(A) =0; if A is not fd, let »(A) be the ordinal greater than 0 
whose existence is asserted by this theorem. 


Coro.iary 3.1. If »(A) =min »(A’) where the minimum is taken over all 
non-fd linear images A’ of A, and if X >A), then [A, X]EPoa. 


Since the set of ordinals v(A’) is well-ordered by magnitude, there is a 
smallest one, so (A) is defined; let A’ be an image of A for which »(A’) =7(A). 
By Theorems 3.3, 3.5, and 3.2, [A’, ]€Pse, so, by 3.2, [A, 
if X >A), 


Coro.iary 3.2. If A=B?*t), [A, if X if A = 
[A, X if X 


This follows from Corollary 3.1 and this theorem: Let A be isomorphic to a 
conjugate space and let A, be the subset of A** consisting of all those points a. 
defined for each ain A by a,(a) =a(a) for every ain A*; then there is a projection 
of A** into 

If Y is any set of points y and B is any Banach space, there are certain 
easily defined Banach spaces of functions f on Y to B(*). Let m(Y, B) be the 


(31)B is defined by induction from BO = B, B@t+) = (Bm)*, 

(#2) This need only be proved if A = B* for some B; in this case reducing each a defined 
over B** to a function defined only over B; defines a transformation of A** into A: mapping 
back to A; by the usual method gives the desired projection. Phillips [23] has shown that @ is 
not the range of a projection of m=c/**; so some restriction on A is needed; it is not known 
whether A is isomorphic to a conjugate space if A; is the range of a projection in A**. 

(8) Most of the results given in this paragraph for these spaces of functions on Y to B can 
be adapted to the more general spaces of functions f on Y for which the value f(y) always lies 
in some fixed space B,; if all B, = B, this reduces to the case discussed in the text. For example, 
see [9] for one case where Y is countable. 


| 
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space of those f’s such that ||f|| =sup, ||f(y)|| < ©; for any p with 1S p< @ let 
1,(Y, B) be the space of those f’s for which ||f|] = (,||f(y) < (4); let 
co( Y, B) be the set of f’s for which {y | |f(y)| >} isa finite set for every e>0. 
In the special case Y =w, B = Bo, these spaces reduce to the well known spaces 
m, ly, and co. It may be noted that the conjugate spaces of co( Y, B), 1i( Y, B), 
and /,(Y, B) with 1<p<o are, respectively, equivalent to 14,(Y, B*), 
m(Y, B*) and 1,-(Y, B*) where 1/p+1/p’ =1. 

If Y’ is any subset of Y, let T be the operation which takes a function f 
on Y to B into the function 7f defined by 7f(y) =f(y) if yEY’, Tf(y) =8@ if 
y€Y’. Then it is clear that T defines a projection of norm 1 in each of the 
spaces m(Y, B),1,(Y, B) and co( Y, B) and that the range of T in these cases 
is equivalent to m(Y’, B),1,(Y’, B) and co( Y’, B). Also, if Y is an infinite set, 
the spaces m, I, and co are, respectively, linear images of m[Y, B],1,[Y, B] 
and co[Y, B]. 


CoroOLiarY 3.3 If Y is any infinite set and B is any Banach space, 
[m(Y, B), X], [l,(Y, B), X] and [co Y, B), if where B, 
is the power of the continuum. 


This follows from 3.2 and 3.5 since the power of a vector basis in m, I>, 
Or Co, is that of the continuum. 

The next result gives some conditions involving \(X); if A is not fd, let 
u(A) be the smallest ordinal such that a fundamental set(*) of power N, exists 


in A. 


THEOREM 3.6. If \(X) >u(A) >0 and if lim, U,(a) exists for every a in A, 
then there is an xo such that U,= Uz, if x >xo, so [A, X If MX) >v(A), 
{A, X]EBa. If MX) =y(A)>0, then [A, 


Let A’ be a fundamental set in A of power N,:4); if lim, U.(a) exists for 
each a, then for each a in A’ and integer k there is an xa, in X such that 
|| U.(a) — U.(a)|| <1/k if x, x’ >xax. If A(X) >p(A), for each k there is an x; 
which follows all xx so || U.(a) — Uz-(a)|| <1/k for all a in A’ if x, x’ >2x,. Since 
>0 there exists an x¢ following all so, if xo>x¢, U.(a) = U;z,(a) for 
all ain A’ if x >xo; hence U,(a) = U,z,(a) for all ain A. 

A similar argument if \(X) >»(A) and if lim sup, | w-(a) | < © for every a 
shows that there is an x» in X such that, for each a, a k,>0 exists with 
|as(a)| if x >xo. That lim sup, ||az|| < © follows from a theorem of Hilde-_ 
brandt [15] which has as a special case this theorem(*): If A is a Banach 


(*) If ¢ is a real-valued, non-negative function defined over Y, Y (y) is defined to be 
SUP, )_v€ ¥(¥), where the supremum is taken over all finite subsets nof Y. Hence the assumption 
that >) #(y)< © implies that {y | ¢(y)>0} is at most countable. 

(4) A set A’ is fundamental in A if the set of linear combinations of elements of A’ is dense 
in A. It is known [18] that u(A) = »(A) if and only if N, is at least as great as the power of the 
continuum. 

(#) Banach’s theorem is a corollary of Hildebrandt’s in its more general form; the reader 
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space, if X is a directed set and if a,€A*, then lim sup, \|cxel| < © if a sequence 
{xn} CX exists with the following property: For each a in A there exist integers 
ka and m, such that |a,(a)| <ka if x >xm,.- 

If \(X) =u(A) >0, transfinite sequences {x,}CX and {a,}CA can be 
defined as follows: (1) v ranges over all ordinals <w, 4), the first ordinal 
of power &, (4); (2) x, >x, if y>p and {x,} has no upper bound; (3) the sev 
{a, | v <w, a)} is fundamental in A. Let n(v) be the largest integer such that 
v—n is defined and define a, in A* so that a,(a,) =0 if p<v while ||a,|| =n(v). 
If QD={v| v<w, 4}, then [A, for if aE A, there is a sequence } 
of linear combinations of the a, such that ||a,/ —a||+0; hence there is a 
Va<,(4) such that @ is in the smallest closed linear manifold containing 
{a, | v<v.}; hence a,(a) =0 if y>v, so lim, a,(a) =0 for every a in A; clearly 
lim sup, ||a,|| = ©. Also X >Q, for defining g(v) =x, and h(x) =inf v such that 
x x, gives two functions with the desired properties. Therefore [A, X ]}€ PBs. 
when A(X) =y(A) >0. 


Coro.iary 3.4. If A=1,(Y, B) or co Y, B), if Y is uncountable, and if 
X>Q, the set of denumerable ordinals, [A, X|GPxs-. Under the hypothesis of 
the continuum |m(Y, B), X|EP». if X>Q, and Y is any infinite set. 


We conclude this section with a theorem giving some relationships among 
the sets 


THEOREM 3.7. If A exists for which [A, X ]©Pa, then MX) =0. If\(X) =0, 


[A, of and only if [A, X ]|EPoa, Baa= Poa. Boa. 


If [A, X]GPa, there exist a, in A* and a sequence {x,} CX such that 
llexe|| > if x>x,; if A(X) >0, then an x» must exist following all x, so that 
= which is impossible. If A(X) =0 and [A, X]E®.., let {x,} be a 
monotone sequence with no upper bound in X and let a, in A* satisfy (a) 
and (c). Define h on X to X so that h(x)>x for every x while || cxncey|| >n? 
if Xn<xPXn41; let A(x) =x if Let af if xn<xPXn41, 
aj =a, if xx; then lim, a/ (a) =0 for every a while lim, ||a,|| = ©. 

Since B,aCPBoaCPaeB a, Boa= Baa. If X is the set of denumerable ordinals, 
or any other set such that A(X) >0, [co(X, Bo), X ]EPs- by the construction 
in Theorem 3.4; by the first statement of this theorem [co(X, Bo), X]EBou. 


3.5. If [A, Bac, if X > Y, and if X>A°, then [A, X]EPoa. 


The major problem remaining here is to reduce the number of pairs whose 
class is unknown. Other problems are these: (1) Is $s. $a-? (2) A corollary 
of Theorem 4.2 is that if A’ is the range of a project’/m in A and if [A’, X] 
is in some class, then [A, X] is in the same class; is this true if A’ is any 
closed linear subset of A ? (3) A special case of (2) is to decide whether or not 


will note that the characterization sought in this section is not to involve the special choice 
of az; in that sense Hildebrandt’s theorem is a useful tool but not a result of the desired type. 
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there is an X such that [co, X ] is in some class while [m, X ] is not. This might 
also be settled by the answer to (4). Is [A*, X] in one of these classes if 
[A, X] is? 

4. Totally measurable functions and real operators. In this section let 
Y be an abstract set, let Y be a field(*”) of subsets of Y, and let B be a Banach 
space. If E is any set in TY, let oz, the characteristic function of E, be 1 on E 
and 0 on its complement. A function f on Y with values in B is called simple 
if there exist a finite number of sets E; in Y and points 5; in B such that 

f=Diisube,b;. Let V be the space of all functions f on Y to B for which there 
exists a sequence fa} of simple functions which converges uniformly to f; if 
\|f|| =supycr ||f(y)|], Visa Banach space. In the special case in which B = Bo, 
the space of real numbers, call the space V,. If Bi is any element of B* and 
the function Af defined by Af(y) =B(f(y)) is in V; and ; if 
V, and b€B, the function $b defined by $b(y) =¢(y)d is in V and 
fea =||¢I| ||o||; moreover these functions of the form $b, with ¢ in V, and 
in B, form a fundamental set in V, since every ¢zb is of this form. Also if 
CV, there exist 8 in B* and bd in B such that Bob =¢; in fact any choice 
such that 6(b) =1 will do. 

Let U be V:B, the space of linear operators on V to B. Gowurin [13] has 
shown that each U in Ul can be defined by means of a certain integral: For 
each EET define ®(£) in B:B by the relation @(Z)b = U(¢zb) for every 
in B; then (1) each” ®(Z) is a linear operator on B to B, (2) ® is additive; 
that is, ®(£;)+ = if and are disjoint sets in Y and 
(3) ® is limited; that is, 


W®(Y) = sup < 


where the supremum is taken over all choices of 5; with ||b,|| <1 and all parti- 
tions of Y into a finite number of disjoint sets Z,,---, EZ, in r(*). On the 
other hand each ® satisfying these three conditions defines a U in U by 
means of the Gowurin integral: If f=) let [fd ® =) P(E,)b;; then 
|| s 80 if ||fn—fnll 0. If FEV, let {fn} 
be a sequence of simple functions converging to f and let /fd®=lim, /fnd®. If 
U(f) =ffd®, then VEU, | U|| = W(Y), and ® is derived from U by the rela- 
tion U(¢zb) = &(£)b for every b in B. 

Some of these set functions are of the form ®(£) = V¥(Z)J where IJ is the 


(7) T is a field if finite sums of sets in Y are in Y, if YET and if complements of sets 
in Y are in Y. The reader is asked to distinguish between TY, used here, and T used later in this 
section, 

(38) It is easily verified that if is limited and additive and if W(Z) ~sup|[2cso@(2.)by, 
where the supremum is aye over all finite partitions of E into disjoint sets E;,--- , EZ, in T, 
and sequences of points b;, - - + , by of norm less than or equal to 1, then W@ is a bounded, real- 
every pair of disjoint sets in YT. 
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identity transformation in B and V is a bounded, additive, real-valued func- 
tion on Y. For such a © write U(f) = /fd¥ instead of {fd®; then || U|| = V¥(Y) 
=sup Dise| WV(Z,) | where the supremum is taken over all partitions of Y into 
a finite number of disjoint sets of Y. All the elements of V? are of the form 
T(¢) = for some bounded, additive real-valued defined on Y('*). The 
correspondence associating Uin V:BandrU=T in V+ if = for all 
¢ in V, and U(f)= Sfd¥ for all f in V is one-to-one and norm preserving be- 
tween V* and a subset Ul, of V: B. The reader can easily prove the following 
results: 

(1) If BEB*, VEU, and fEV, then B(U(f)) =r U(Gf). 

(2) VEU, if and only if U(f) is a linear combination of the values of f when- 
ever f is a simple function in V. 

Since U, is a subset of U1, the topologies defined in §2 impose three topolo- 
gies in U,. If N, S and W are the norm, s* and w* neighborhood systems of 8 
in U, let N,, S, and BW, be the intersection of these with U,; that is, N,-EN, 
if there is an N in 9 such that N,= NU,, and similarly for S, and ®,. 


THEOREM 4.1. N,~G, if and only if V, is fd; S,~, if and only if one 
of the spaces B or V, is fd. Hence N,~B, if and only if V, is fd. 


If V, is fd, there exist oi, ---,, in V, which form a basis in V,, so 
that for each e>0O there is a 5>0 such that ||T||<e if |T(¢,)| <8 for 
i=1,---+,k. Take 6; in B* and f; in V, say f;=,b;, such that 8,f;=¢; for 


i=1, ,k. If Visin W,= W.(fi, Br, Bx; 8), then U(f))| <6 
for all i, but 


| B(U(f)) | =| TBS) | =| Td | 


so || Ul] =||T||<¢ and UEN,(6); that is, if V, is fd, there is a W, contained 
in each N,, so N,~S,—>B,. 

If Bis fd, so S,~B,. 

If V, is not fd, consider two classes of neighborhoods S,(f:,---, fe; €), 
first taking all f; to be simple functions. Let f; = Distr, bis; then, for every B 
in B*, Bf; (bis), 80 the set of functions {Af; | 6 in B*,i=1,---, k} 
can all be expressed as linear combinations of the characteristic functions of 
the finite number of sets E,;. Hence the smallest linear manifold in V, con- 
taining all the Gf; is fd and therefore does not fill up V,; by a lemma of Banach 
[3, p. 57] there exists an T in V* such that T(f,;)=0 for all f; and 8, while 
>0. Let then B(U(f,)) = T(Bf)) =0 so U(f;) =@ for each while 
|| U|| =||t|]>0. For each K>O there is a point U’=KU/||U|| such that 
|| U’|| =K and U’ES,(f;, +++, fr ©. 

This holds if the f; are simple functions; if fi, --- , f, are any functions 
in V, there exist k sequences of simple functions {f,,} such that ||fi.—f;|| <<2-* 


(#) See Kantorovich and Fichtenholz [11], or specialize Gowurin’s integral. 
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for each i<k. Hence, for any UEU,, || U(fin—fi)|| <2-*|| For any K>0 
and e>0 take mo so that 2-" < €/4K; then in S(fing, , fino; €/4) there isa 
point U with ||U||=K. || <K2-"*<€/4 so ||U(fi)||<¢/2 and 
UES,(fr, + €) while || U|| = K. This construction can be carried through 
for any S, in S,;so no S, lies in an N, if V, is not fd. 

If neither V, nor B is fd, there is an fp in V such that no fd subspace of B 
contains all the values of fo; consider S,(fo; €) and any W,=W,(fi, >>>, fe; 
Bi, Be; 5). Let ++, be points of Y for which the k+1 points 
fo(y:) in B are linearly independent. Then k+1 numbers ¢; exist which are not 
all zero and which satisfy the k equations =0,i=1,---,k. 
Let U in U, be defined by U(f)=Dissesitif(ys); then UCW, since 
Bi U(f.)) tafi(ys)) =0, while || U(fo)|| >0 since 
the points fo(y:),--+, fo(yve41) are linearly independent. For every K, 
KUEW, but for K large enough KU€S,; hence SG, is not equivalent to @, 
in this case. 

One remark on the problem of boundedness may be made for such spaces 
and operations. 


CorOLLArRY 4.1. For any B, V, is a linear image of V; hence n( V) Sv(V,). 
If X>G, and V, is not fd, U, in U, can be chosen so that lim, || U,(f)|| =0 for 
every f while lim, ||U,||= ©. If V, is fd, then no X and U, in U, exist which 
satisfy these conditions. 


Note that V, is fd if and only if Y has only a finite number of distinct 
elements; V is fd if and only if both B and V, are fd. 
The next lemma is used in §6. 


LemMaA 4.1. If U,and and if T, =7 U,, then Up =w* —lim, Uz if and 
only if To =7 Up = w* —lim, 


U,=w* —lim, U, if and only if lim, 8(U.(f)) =8(Uo(f)) for every B in B* 
and f in V; that is, if and only if To(6f) =lim, T.(6f) for every 6 in B* and f 
in V. But the set of such ff fills up V,; so this is true if and only if 
To(¢) =lim, T.(¢) for every ¢ in V,; that is, if and only if T>=w* —lim, T,(”). 

5. A completely additive integral. That the class of totally measurable 
functions is rather limited is clear from the fact that the set of values of such 
a function f is a totally bounded subset of B; that is, for each ¢>0 there is a 
finite set of spheres of radius ¢ which together cover the set of values of f. If 
a measurable function is defined to be a function which is the limit of a point- 
wise convergent sequence of simple functions, then the class of bounded, 
measurable functions includes the class of totally measurable functions; the 
two classes are the same only if B is fd or if Y has only a finite number of 


(°) This lemma is a restatement of the fact that the equivalence 7 of V* and U, carries 3, 
into the set of weak* neighborhoods of 6 in V*. Note that the proof of (2) of Theorem 6.2 shows 
that the w* and s* topologies are the same in the unit sphere of U, although they are different 
in the unit sphere of U1 itself. 
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distinct elements. Birkhoff [4], Bochner [6], Dunford [10], Gelfand [12], 
‘Pettis [21], Phillips [22], and Price [24], among others, have defined and 
studied integrals of a Lebesgue-like nature for functions with values in a 
Banach space; Gowurin [13] and Bochner and Taylor [7] have considered a 
“Riemann-Stieltjes” integral; as far as I know, no attempt except in [24] has 
been made to define a completely additive integral similar to Gowurin’s. 

In this section Y is any set and B is a Banach space(?"); Y is further re- 
stricted to be a a-field(?*). A function f on Y to B will be called half-simple if 
it is bounded; that is, if there is a K >0 such that orl SK for all y, and if 
there exist a countable number of disjoint sets {£,;} in Y such that f has the 
constant value on E;. 


LemMA 5.1. %, the class of bounded measurable functions on Y to B, is the 
class of all functions on Y to B which can be uniformly approximated by half- 
simple functions ; hence is a Banach space if | =SUpy | f(y)|| 


Everv half-simple function is in 8; so every f which can be approximated 
uniformly by half-simple functions { fa} is in %; the construction of a se- 
quence of simple functions converging to f is as follows: Suppose that 
faly) =bin if and enumerate and {b;,} as single sequences { } 
and {bj}. For each j let Ey, be any enumeration of the disjoint sets obtained 
by intersecting all settle: combinations of the E/, i<j, and their comple- 
ments. Define f} by f} (vy) =@ on Y—) is; E/, f} (y) =by on Ey, where by is a 
b{ , i<j, for which supyez%, ||b/ —f(y)|| is a minimum; then the f} are simple 
functions and converge pointwise to f. If fE%, there is a sequence {f,} 
of simple functions such that Ilfn(y) —f(y)||+0 for each y in Y and ||f,|| </|f\|; 
enumerate the values of these f, in a sequence {b,}. For any e>0 let 
Ei ={y| |lfo)- <e};then >>; = Y and each E/ EY, because if 
and only if there is an ” such that, for every k>n, \lfe(y) — b,| <€; that is, if 
and only if where Exs={y | || fe(y) <€}. Each Ey; is in 
Y, so each E/ is also in Y; let = Ed , and define f, by 
S.Ay) =b; if yEE;. Since the EZ; are disjoint, are in Y, and cover Y, f, is half- 
simple; clearly ||f—f,||<«€ so every element of B can be approximated uni- 
formly by half-simple functions. 

From this lemma it is clear that the difficulties of defining an integral for 
functions in 8 are mostly concentrated in defining the integral of every half- 
simple function. Gelfand [12] calls a series }\; b; of points of a Banach space B 
unconditionally convergent if >>; | B(b;)| < » for every B in B*. If A° is the stack 
whose elements are the finite sets, 5, of positive integers, Alaoglu has shown 


(#4) Throughout this section we shall consider that B is imbedded in its second conjugate 
space B** by the usual transformation associating b in B with b, in B** if b,(8) =6(b) for every 
Bin B*. 

(**) Y is a o-field (sometimes called a Borel field) if Y is a field and if the sum of any 
countable collection of sets of Y is a set of T. 
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that >>; b; converges unconditionally if and only if lims ses converges 
for every 6 in B* and if and only if sups ||>> es 4|| < ©. Let the sum of the un- 
conditionally convergent series >; 5; be that point 6 of B** for which 
6(8) =lims B(bs) for every in B*, where bs => then ||b|| <lim sups 
If © is a limited, additive function defined over the o-field Y with values in 
B:B, if {E,} is any sequence of disjoint sets in Y, and if {b,;} is any sequence 
of points of norm not exceeding 1, then }>; (Z,)d; is unconditionally conver- 
gent because ||} < WH(Y) for every 5. is called completely 
additive (symbol: ca) if for each b in B and sequence {£;} of disjoint sets 
of Y, >>; &(E,)b = (>>; E,)b; complete additivity clearly implies finite addi- 
tivity. A theorem of Orlicz [3, p. 240, (3) ] asserts that if every subseries of a 
given series converges in Gelfand’s sense to a point of B, then the series con- 
verges in Orlicz’ sense; that is, lims = 0. Hence, if is ca, 


| - 


for every b in B and sequence {E;} of disjoint sets of YT. 

If ® is ca and limited and if f is a half-simple function with the values 5, 
on the disjoint sets E; of Y, let [fd® be the sum of the series }); (£,)b,; from 
the complete additivity of ® it is easily shown that this sum is independent 
of the decomposition { Z;} as long as f is constant over each set E;. The argu- 
ment used to show that )_; ®(£,)d; is unconditionally convergent also shows 
that || /fd || <||s|| WHY) if f is half-simple. If f is any element of &, let {f,} 
be a sequence of half-simple functions converging uniformly to f; then the 
points b, = /f,d® form a Cauchy sequence in B** and must converge to some 
point of B**; let [fd =lim, /f,d®. This value is easily shown to be independ- 
ent of the choice of the sequence {f, } converging uniformly to f. If U(f) = [fd®, 
then Uisa linear operator on V with values in B** and || U|| = W%(Y). 

In many cases it is desirable to have {fd® in B for every f in B. This is 
equivalent to requiring that /fd® be in B for every half-simple function f; 
that is, to requiring that }>; ®(Z,)b; be in B for every sequence {E,} of dis- 
joint sets of Y and every bounded sequence {5;} of points of B. By the theo- 
rem of Orlicz mentioned before, this is equivalent to requiring that }; ®(E,)b; 
converge in Orlicz’ sense for every such choice of {E;} and {b;}; © will be 
called convergent if this last condition holds. From this we have the following 
result. 


THEOREM 5.1. If ® is limited and ca, [fd ®CB for each f in B if and only 
if ® is convergent; hence [fd ®CB if B is weakly sequentially complete(*) or is 


(#) B is weakly sequentially complete if the existence of lim, 8(b,) for every 6 in B* implies 
that a bp in B exists such that lim, 8(b,) = 8(b,) for every 6 in B*. 


j 
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reflexive or if Bis of bounded variation(™) or if = VT where V is a real-valued, 
_ ca set-function and T is any element of B:B. 


THEOREM 5.2. If © is additive and convergent, W®(Y) < ©; if Dis ca, then 
E,) =lim, if is ca and convergent, then W®(E,) de- 
creases to zero for every decreasing sequence {E,} of sets of Y with empty inter- 
section. 


Suppose that @ is additive and convergent and that W®(Y) =  ; say that 
aset Y, of Y has property (A) if Y> has two disjoint subsets Y{ and Y¢’ such 
that W(Y{) = © and W(Y4’) = o. Then only a finite number of disjoint 
sets of Y can have property (A) for if an infinite number have this property, 
then there would exist a sequence {Y;} of disjoint sets of Y such that 
W®9®(Y;,) = © for each i. Choice of E;;in Y.and of norm not greater than 
one could then be made so that the series }\,,; ®(E;,)b:; reordered in any way 
as a simple series would have unbounded partial sums, thus contradicting 
convergence of ®. 

Therefore there exist disjoint sets Yi, --- , Y:, 21, whose sum is Y, such 
that EC Y, and W®( = © imply that W®(£) < ; let Yo represent any 
one of these Y;. Define the sequence {£;} CY of subsets of Yo as follows: If 
among the sets EC Yo such that W®(Y,)—E) = ~ there are any such that 
W®(E) +0, let » be the smallest integer such that such an E; exists with 
W(E;) >1/n; if E;, i<k, are defined and disjoint, let n, be the smallest 
integer such that a subset E, of has WH(E,)>1/m, and 
WH Yo— Ex) =O, 

If an mo exists such that W®(E,) >1/mp for an infinite sequence of these E,, 
then a series }.,; ®(Z;j)b;} could be found with partial sums not tending to 
zero which again contradicts convergence, so W®(E;)—>0 as i— ©. Consider 
Ei, and >); E;; by the definition of Yo either W#(E») or 
< If E,) < @, then = © since = 
hence there exist a sequence {E;,;} of partitions of Ey and a sequence {b,,;} 
of points of norm not exceeding 1 such that 


ian 


the partition {£,4:;} may be made a refinement of the partition {£,;}. By 
definition of Eo, if EC E,and W®(E,—E£) = ~, then =0, since other- 
wise E would have been chosen among the E; at some stage. Hence for each 
k there is a j, such that || ®(Z;,)|| = Oif so, letting Ef = Eys,and bf 
|| || >k and W(E/) = ©. Therefore and 
=0, 80 = for every k. It follows that || ®(Z/)b/ while 


(*) ® is of bounded variation if sup > ¢,|| (Z;)|| < © where the supremum is taken over 
all partitions of Y into a finite number of disjoint sets of T. 
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||o¢|| <1, but this is impossible since ®(E; ) is a linear operator on B, so 
W®(Ep) < 

This leaves the alternative hypothesis that W®()_; E,) = ~. A more care- 
ful repetition of the preceding argument, letting {£,;} be a partition of 
>> Ei, leads to a contradiction here. This shows that W®(Y») must be 
finite, but Yo was any one set in a finite partition of Y so W®(Y)< @ also. 

Next assume that ® is ca. Clearly the sets E; mentioned can be taken 
to be disjoint ; suppose then that 


> K = lim we 
ign 
then there exists a partition E', - - - , E* of }>; E; into disjoint sets of Y and a 
set of points b,, - - - , b, of norm not greater than 1 such that 
> K + 
isk 
for some e>0. By complete additivity of ©, m can be chosen so large that 


| — p> < 


for each j Sk, 80 ||) >K+e. The sets E,E/,isn, j<k, 


form a partitition of is, E;soK+e< isn E,) this contradiction 
shows that slim, E,). Since increases with E, 
the conclusion holds. 

The other conclusion is a simple consequence of these two; the assump- 
tions that W®(E,) | 2e >0 and that ®is ca show that there exists a sequence 
{k;} such that W(E,,—Ex,,,) > for every i; this contradicts convergence. 

If B= Bo, the space of real numbers, each ®(Z) is a real number and ® is 
convergent if and only if ds (E,)t; converges for every bounded sequence 
{t;} of real numbers and every sequence {E;} of disjoint sets of Y; that is, 
if and only if }>; | ®(Z,)| < © for each such sequence { E;}. 


Coro.iary 5.1. If and only if the real-valued, additive set-function V on Y 
has the property that )_; YV(E;) converges for every sequence { E;} of disjoint sets 
of YT, V¥(Y)<o. 


This is true since V¥( Y) = WYV(Y) in this case. Since a ca real-valued set- 
function has the property that 


Lil = WE’) + 


where E’ is the sum of those E; such that ¥(Z,;) 20, and E”’ is the sum of 
those E; such that V(E,) <0; from this follows a well known theorem. 


= 
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Coro.iary 5.2. A ca real-valued set-function is of bounded variation. 


If B is any fd space and the values of ® are in B: B, both these corollaries 
hold for such a ®, although V®(Y) and WY(Y) are no longer so simply re- 
lated. 


THEOREM 5.3. A linear operator U on V to B can be expressed in the form 
U(f) = ffd® where ® is ca and convergent if and only if U(f) =lim, U(f,) when- 
ever ||f,|| is uniformly bounded and f, converges pointwise to f. 


If f, converges pointwise to f, if Ein={y | ||f(y) —fm(y)|| >1/k if m>n}, 
then for each k, En | 0, 80 by the preceding lemma lim, W®(E;,) =0 for each 
k. Then 


For given take k>1/e and take so large that < €; then 
— < elf — fall + 


If U satisfies the last condition of the theorem, let ®(£) be the operator 
on B to B defined by ®(Z)b= U(@zb) for each b in B. Then ® is additive 
and limited since || U|| = W(Y). If f is a simple function, U(f) = ffd® is an 
element of B. If f is half-simple with values 5; on sets E,, 


but no matter in what order the sets E; are arranged lim, > isn U(¢2,b:) = U(f) 
so >; &(E,)b; is convergent in Orlicz’ sense and © is convergent. 


n ign ign iSn 
= 
so ® is ca. 


In case ® is equal to VJ, where ¥ is real-valued, this integral is consistent 
with, say, Dunford’s integral for bounded, measurable finctions. 

A desirable property for an integral is this: If f is in @ and T is in B:B, 
then T = {Tfd®, where Tf is the function in such that Tf(y) =7(f(y)). 
With this integral this does not hold for all T and f for two reasons, {fd ® may 
not lie in B, and T may not commute with all ®(£). The first difficulty can 
be avoided; if T is an operator on B to B, define 7*, the adjoint(*) of 7, to 


(*) Banach [3, p. 99] calls 7* the conjugate of T and represents it by 7. 
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be that operator on B* to B* such that 7*8(b) =8(Tb) for every b in B and 
Bin B*. Then (1) ||7*|] =||7||, (2) (7:72)*=7#T# and (3) if T** =(7*)*, the 
operator 7** agrees with T over B. 

THEOREM 5.4. If Dis limited and ca, T commutes with all ®(E) if and only 
if [Tfdd = T** [fd for every f in B. 

If there is an Z in Y such that ®(Z) does not commute with 7, let b be 
a point such that ®(E)T»b and let f then T** 
&(E)Tb=/Tfd®. 

If f is half-simple with values 5; on disjoint sets E;, 7f has values Tb; on 
the same sets E;. /fd® is that point 6 of B** for which 


6(8) = lim = lim 


T**b(8) = b(7*B) = lim - im al 


=lim >) 6(®(E,)Tb). 
6 - 


But {7fd® is the point 6; of B** for which 
= lim B(@(E) Tb.) = T**6(6) 
iEs 


for every 6 in B*. 
Since all the operators involved are continuous and since the half-simple 
functions are dense in %, the conclusion follows. 


Coroiary 5.3. If V is ca and real-valued, then T [fd¥ = [TfdW for every f 
in & and every linear operator T on B to B. 


In this case V¥(Y) < © so ffdWEB for each f in B. Every T in B: B com- 
mutes with multiplication by real numbers. 

This section closes with some examples. Let Y be the class of integers 
and let Y be the class of all subsets of Y; for every real-valued function f 
on Y and every set E in Y let &(Z)f=¢z2f; that is, ®(Z)f(n) =f(n) if nEE, 
O(E)f(n) =0 if EZ. If B is 1,=1,(Y, Bo), 1S p<, then O(E)fEB if f 
does, so each ®(E)€B:B as || a(z)|{ < 1 for every E. This function is ca since 
Di = for every b and sequence {£;} of disjoint sets in Y. 
However, W#(Y)= © so the theorem that a real-valued ca set-function is of 
bounded variation is not true if the words “real-valued” are deleted, even if 
“limited” replaces “of bounded variation.” 


= lim a( >> = lim > 
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If B=co instead of /,, each ®(Z) again defines a linear operator of norm 
less than or equal to 1 on B to B. Since W(Z) =1 on every non-empty set 
E in Y, this gives an example of a function such that W®(Y) < © while ® is 
not convergent. For example, defining 5; in B by b,(m) =1, b,(m) =0 if ixn, 
gives a sequence of points such that(*) >>, ((m))d, is in m instead of in co 
since the sum is that f for which f(m) =1 for every n. 

For one more example, take B =m and let © be defined by ®(E)b = af ob, 
where fo is the function for which fo(m)=1/n. Then ||®(Z)|| =W(Z) 
=sup,eEz 1/n, so ® is convergent, but ® is not of bounded variation since 
|| =n 1/n =o. 

A more general integral is easily defined with properties almost precisely 
the same as those discussed here. If B and B’ are two Banach spaces and if the 
set-function ® has values in B: B’, then limited, ca, and convergent set-func- 
tions © can be defined almost as before; in this case /fd® is a point in B’** or, 
if ® is convergent, in B’. An illustration is furnished by the last example above 
if the values of ® are interpreted as transformations of m into co. Theorem 5.4 
does not carry over to this case. 

6. General summability theorems. Silverman and Toeplitz and others 
have given conditions on a matrix {am»} of real numbers which are neces- 
sary and sufficient that it transform every convergent sequence {t,} into 
another convergent sequence {s,}, where Sm=).n Gmaln, Which converges to 
the same limit. The theorem has a great many generalizations; one of these 
arises naturally from using functions on a directed set instead of sequences, 
another from letting the values of these functions be points of a Banach space 
instead of real numbers. The form of the theorem to be stated is suggested by 
the fact that c, the space of convergent sequences of real numbers, is a Banach 
space if || {¢,}|| sup, |¢,| ; in fact it is a space of the form considered in §4 if 
the field is the smallest field containing all the finite sets of integers. 

Let Y be any directed set and B any Banach space; let A be a Banach 
space whose elements are functions f on Y to B with the property that 
lim, f(y) exists (in the norm topology) for each A. Define the operator L on A 
to B by setting L(f) =lim, f(y) for each f in A; then L is additive and homo- 
geneous but need not be continuous(?”). A set A’CA is dense in limit in A if 
for each f in A and ¢>0 there is an f’ in A’ such that ||f—f’||<e and 
-LY)|| <e. 

Note that in the simple case A’=c, above, the set A’ of sequences which 
are ultimately constant is dense in c, and hence dense in limit in c because L 
is continuous in this case. The conditions (a) and (b) of Silverman-Toeplitz 


_ (*) () is the set whose only element is . 
(2) The referee quite justly remarks that any additive homogeneous function L’ on any 
Banach space A to B could be considered with similar results; for example, letting L’(f) be the 
weak limit instead of the norm limit of f would give analogous results. 
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assure that every ultimately constant sequence will be taken into a sequence 
with the same limit. ° 

If X is a directed set, for each x in X let U, be a linear operator on A 
to B; the transformation { U,} thus defined on A to a class of functions on X 
to B is called regular on a subset A’ of A if lim, U.(f) = L(f) for every f in A’. 
Clearly if { U.} is regular on A’ and A’CA”, { U,} is regular on A”. 


THEOREM 6.1. (1) {U.} is regular on A if it satisfies the conditions (a’) 
there exists a set A’ dense in limit in A such that {U,} is regular on A’, and 
(b’) lim sup. | U,| <. (2) If L is discontinuous on A and { U,} is regular 
on A, lim sup. | U,]| = 0. (3) If A is fd,.if A°>X, if A(X) >u(A), or tf for any 
other reason [A, X | is not in Br. and if { U.} is regular on A, then lim sup || U,| 
< © and L is continuous. (4) If L.is continuous on A, {U,} is regular on A if 
and only if L=s*—lim, U,. (5) If L is continuous and X >A) or if for any 
other reason [A, X|CPue, there exists a {U,} regular on A such that 
lim sup. || U,|| = (im the first case { U,} exists such that lim, || U,|| = ©). 


(1) is a minor adaptation of a standard theorem on convergence of linear 
operators [3, p. 79, Theorem 3]. (2) is obvious since ||Z|| <lim sup. || U,||. (3) 
follows from various results of §3. (4) is a restatement of regularity on A. 
(5) follows from the definition of $,, and, for the last part, from Corollary 3.1 
and Theorem 3.2. 

In the special case in which A is a space V, as considered in §4, lim, f(y) 
can exist for a simple function if and only if f is ultimately constant; in par- 
ticular lim, ¢zb(y) exists if and only if either E or Y—E is not cofinal in Y. 
The properties of cofinality mentioned after the definition show that if Yo 
is a field of subsets of Y, and if Y is the subclass of those sets E of Yo for 
which either E or Y—E is not cofinal in Y, then T is also a field. Use sub- 
scripts to indicate the field involved. 


Lemma 6.1. If f can be uniformly approximated by functions simple Yo, and 
af lim, f(y) exists, then f can be uniformly approximated by functions simple TY. 


If e€>0 is given, there exists a function f, =) isk where the 
such that ||f.(y) —f(y)|| </3 for all y in Y. Also there is a y, in Y such that 
\|f(y) —bol| < €/3 if y>., where bo=lim, f(y). Let E’ E; where the sum is 
taken over those E; which contain a successor of y,. Define f{ on Y to B by 
fi (y) =bo if yEE’, fi (vy) =f.(y) if yEE’. Then Y—E£’ is not cofinal in Y so 
E'€Y;no £; disjoint from E’ can be cofinal in Y so the other E are also in Y. 
Hence f; is simple TY, but ||f/ —f|| <e. 

From this lemma it follows that for this section it suffices to assume that Y 
is a field of this special sort; that is, Y satisfies (C): for each E in Y either E 
or its complement is not cofinal in Y. In this case L is continuous on V, in fact 
||L|| <1. It is clear from the criterion (2) of §4 that LEU,. Since the simple 
functions are dense in V, the condition (a’) of (1), Theorem 6.1, for this 


} 

4 

i 

i 


1942] OPERATIONS IN BANACH SPACES 605 


special space can be replaced by (a’’) lim, U.(¢yb)=6b for each db in B; 
lim, U.(¢zb) = @ for each b in B and each E in Y such that EZ is not cofinal in Y. 
(2) of that theorem can not occur in this case; it is known that n(V) S»(V,). 

The special case in which A is a space V of this type while each U, is 
in U, presents a situation more general than one studied by Vulich [28]. He 
considers convergent sequences {b,} of points of a Banach space and trans- 
formations U, defined by means of a matrix of real numbers {am,} so that 
Un in Gmnb, and this series converges absolutely for each {b,} so 
that | mn < for each m. Vulich proves that Un({bn}) =lim, 5, for 
every convergent sequence {b,} of points of B, if and only if the matrix satis- 
fies the Toeplitz conditions; that is, if and only if the matrix defines a trans- 
formation regular on real sequences. 

From Lemma 4.1 we have, letting T=7U, as in §4. 


Lemma 6.2. If each U,EU,, {U.} is regular on V if and only if L=s* 
—lim, U.; {T.} is regular on V, if and only if L=w* —lim, Uz. 


We use this to derive the following extension of Vulich’s theorem. 


THEOREM 6.2. Let Y be a directed set, Y a field of subsets of Y satisfying (C), 
and V the Banach space of functions totally measurable with respect to this field; 
Let X be a directed set, for each x in X let U, be in Ul,, and let T, =r U;. (1) If 
{U.} is regular on V, {T.} is regular on V,. (2) If {T.} is regular on V, 
and lim sup, || U,|| =lim sup, ||T.|| < ©, then { U.} is regular on V. (3) If Bis 
fd and {T.} is regular on V,, then {U,} is regular on V. (4) If V, is fd, or if 
A°>X, or if (X)>u(V,), or if for any other reason [V,, X|EPBre, then 
lim sup, || U.||< © if {T.} is regular on V,, so, by (2), {Uz} is regular on V. 
(5) If neither V, nor B is fd and if X >A”"”, then U, can be chosen from Ul, so 
that {T.} is regular on V, while | U.} is not regular on V. 


(1) By (2) of §4, LEU,; if A=rL and L=s*—lim, U,=x*—lim, U,, then 
A=w*—lim, T,; clearly A@) =lim, for each ¢ in V,. 
(2) V, and then V and 


|| — L(6)|| sup | B(U — | 


sup | T.(8(b)¢) — A(8(b)¢) | 


=| T(¢) — A(¢)| sup | 6(6) | = | r.(¢) — |. 


Hence | U.(ob) —L(¢b)||0 for every ¢ in V, and d in B if {T.} is regular 
on V,. But the set of all $b is fundamental in V, so, by (1) of Theorem 6.1, 
{ U.} is regular on V. 

(3) is true by Lemma 6.2 and Theorem 4.1. (4) follows from Theorems 4.1, 
3.4 (the known half) and 3.6. 
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(5) If neither V, nor B is fd, s* and w* topologies in U, are different; 
hence there is a neighborhood S, of L which contains no w* neighborhood of L. 
For each w* neighborhood W of L let Uw in U, be in W,—S,; directing @, by 
inclusion gives L = w*—limw Uw while L can not be s*—limw Uy. Since the 
weak* neighborhood system in V,* is isomorphic to %&, as a directed set, 
in the usual manner if X >A”"»), { can be defined in terms 
of the { Uw} to have the same properties. 

As an example let us consider multiple sequences. Let Y be the set of 
n-tuples Jn Of positive integers, directed by y>y’ if y/, 
4=1,--+,m,n>1. Let B be any Banach space and let bc( Y, B) be the set of 
those bounded functions f on Y to B for which lim, f(y) exists. Then bc(Y, B) 
is a subclass of m(Y, B), which, since Y is countable, is a space ¥ of the sort 
considered in §5. Let X be the set of m-tuples x =x, --- , x, of positive in- 
tegers, directed as Y is, and for each x in X let ®, be a convergent, ca set- 
function defined over all subsets of Y. Then A®°>X and each ®, defines a 
linear operator U, on bc(Y, B) to B by the relation U,(f) = ffd®, using the 
integral of §5. 


THEOREM 6.3. Under these conditions { U,} is regular on bc(Y, B) if and 
only if (1) s*—lim, &,(Y) =I, (2) || Ue(fox)|| +0 if fEbc(Y, B) and if E is any 
set not cofinal in Y, and (3) lim sup, W®,(Y)< @. 


If B is fd, (2) can be replaced by (2’) s*—lim, ©,(E) =6 (or lim, || ®.(E)|| 
=0) if Eis not cofinal in Y. 

A smaller class of functions on this Y is the class rc(Y, B); let Y’ be a 
subset of Y which is directed by the same order relation holding in Y itself; 
then fErc(Y, B) if and only if limy f(y’) exists for every such directed subset 
Y’ of Y. Asimple investigation shows that any such Y’ has the following char- 
acteristics : 

(a) There exists a set of integers tp, OS pn, for 
all j=1,---, panda set of integers m, +--+, my, such that y;,<m; for every 

(b) The set Y’’ of those y in Y’ such that y;,=n,; for j7=1,---, p is co- 
final in Y’ while Y’— Y’’ is not. 

Define a slice Y’ of Y to be any set of the form {y | yi; =njfor j=1,---,p} 
for any choice of 0S p Sn, and i;Sm: for example, if nm =3, the slices obtained 
by fixing 3, 2, 1 and 0 elements of each y are, respectively, single elements, 
columns, layers, and all of Y. Then each slice is a directed subset of Y (in 
case ” elements of y are fixed we have the trivial directed set with one ele- 
ment) and the characteristics (a) and (b) show that Y’ is a directed subset of 
Y if and only if there is a slice Y’’ such that the intersection Y’’ Y’ is cofinal 
in both Y’’ and Y’ while Y’— Y”’ is not cofinal in Y’. Letting Y be the small- 
est field containing all the slices in Y, it is easily seen that rc( Y, B) is the space 
V associated with this TY. 


4 
i] 
i 
| 


1942] OPERATIONS IN BANACH SPACES 607 


Taking X as before to be the set of m-tuples x1, --- , xm, let ®, be any 
limited additive set-function on Y to B: B and define U,(f) = ffd®, for each f 
in rc(Y, B), using the Gowurin integral. 


THEOREM 6.4. Under these last conditions {U,} is regular on rc(Y, B) if 
and only if (1) s*—lim, ®.( Y) =I, (2) s*—lim, ®,(E) =6@ for every slice E not 
cofinal in Y, and (3) lim sup. W®,(Y) < @. 


The usual modification if © is real-valued can be made. 

These examples suffice to show something of the generality of the theo- 
rems of this section; Theorem 6.1 contains as special cases a number of 
theorems due to Toeplitz, Hamilton [14], Hill [16], the writer [8] and others. 
Its use is restricted by the requirement that the class of functions under dis- 
cussion is a Banach space under some norm adapted to the problem; this is 
not the case, for example, of the class of all convergent double sequences(?*). 
Further information about the problem of boundedness would also improve 
the results here. 
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THE RAMANUJAN IDENTITIES UNDER 
MODULAR SUBSTITUTIONS 


BY 
HANS RADEMACHER 


1. Introduction. In connection with his discovery of certain divisibility 
properties of the partition function Ramanujan [1](') stated the identities 


— 
Ila 


(1.1) +4)x'=5 


and 


Il (1 — x7™)3 II (1 — x7™)7 


Here, as always in the sequel, the index m in the infinite products runs 
through all positive integers. If these identities, for which various proofs have 
been given, are expressed in terms of the Dedekind 7-function 


(1.3) n(r) = (1 — ¥(r) > 0, 


they appear in a form which suggests certain group-theoretical considerations, 
similar to those employed by Hecke in his theory of modular forms. In this 
way we transform the identities into new ones which are noteworthy because 
of the occurrence of the Legendre symbol and which, by a simple further 
argument, lead also to a proof of (1.1) and (1.2). An analogous identity for 
the modulus 13, given by Zuckerman, can be treated in the same way. 

G. N. Watson and H. S. Zuckerman have also derived identities for the 
moduli 5? and 72. These will lead us to certain modular equations, which in 
turn will shed some light on those identities. 


(1.2) + = 7 


ParT I. IDENTITIES OF RAMANUJAN AND ZUCKERMAN 


2. We have known since Euler 


= 1 
(2.1) p(n)x" = Tla-= 


with =1, or 
1 
(2.2) = p(n)e2*inr, 
(7) n=0 
Presented to the Society, February 22, 1941; received by the editors April 25, 1941. 
(?) Numbers in square brackets refer to the bibliography at the end of this paper. 
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Hence we obtain 


4 1 4 00 
n=O 


( 


4 


n==0 
= 5e—*ir/60 > 
nz=4(mod 5) 
and therefore 
1 
> + 4)e2rilr = — 
5 


+ 

glk 
If we also express the right-hand member of (1.1) in terms of (7), through its 
definition (1.3), we get 


»( 5 ) 


as a restatement of (1.1). 
In a similar way (1.2) can be rewritten as 


(2.4) 
md 7 n(r)4 n(r)8 
3. We are now going to subject (2.3) and (2.4) to modular transforma- 
tions, of which we need to test only the generators 


11 0-1 
01 
The definition (1.3) shows that 


n(r + 24) = n(r). 


Consequently the range of the summation in the left-hand member of (2.3) 
can be replaced by “modulo 5.” Therefore S** produces only a cyclical ex- 
change of the terms of the sum and does not change the sum as a whole. It 
follows that S and S** have the same effect on the left-hand member of (2.3), 
and since S*5 means the replacement of (r+24d)/5 by ((r+24A)/5)+5, this 
effect is clearly the appearance of a multiplier e~**‘/!? in each summand. On 
the other side, the substitution S, that is, r—7r+1, provides the multiplier 


ty 
| 
[May 
if 
if 
bi 
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also on the right-hand side. Thus the equation (2.3) goes over into itself under 
the substitution S. 

Similarly we see that S and S® have the same effect on the left-hand 
member of (2.4), viz., multiplication of each summand by 


12. 


This same factor is taken up also, as (1.3) shows, by each term of the right- 
hand member of (2.4) so that the equation (2.4) also remains invariant under 
the substitution S. 

4. This is not so with 7. Through the substitution 


equation (2.3) goes over into 


(4.1) 


5r 


(4.2) 


with 
(4.21) AN = — 1 (mod 5), 
and 


(4.22) by = — (24°r0’ + 1)/5. 
Now for a modular substitution 
c>0, 
cd 
we have [8], 


a+ 
4.3) o( = exp(- so, 9 - er + 
where s(a, c) is the “Dedekind sum” 


| 
5 5 
T i 
The left-hand member, which we designate by Ls, can be rewritten as H 
-1 
1 4 24d 5 + by 
57 5 t + 
5 
i 
| 
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with 


« — [x] —4 « not an integer, 


(4.32) (@)- { 


0 x an integer. 


If we apply (4.3) on (4.2) and the right-hand member of (4.1) for the 
modular substitutions 
1 


by ) 
5 —24)’/’ 
we obtain after a few reductions 
T 


exp (— ri(s(r, 5) + _ 1 iG 


51/2n(57) hel 512 n(r)® 
n 
5 


(4.4) 


The Dedekind sums enjoy the following properties for 
(h, k) =1, hh’ = —1 (mod k): 

(4.51) 12ks(h, k) = h — hk’ (mod ), 

(4.52) 12ks(h, k) = 0 (mod 3), 

and, for k odd, 


(4.53) 12ks(h, kk) = kR+1— 2(—) (mod 8), 


with the Legendre-Jacobi symbol on the right-hand side of congruence (4.53) 
[9]. 
In our case k=5, (A, 5) =1, we derive from these congruences 


( (A, 5) (=) 
exp 2mri(—s(r, 5) + —(A — 


We remark that (A’/5) = (4/5) and obtain from (4.4) 


[May 
: 5 
1 
and therefore 
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r\s 
4.6 5-1/29(57)-1 — (=) ( ) = 5-1/3, 
(4.6) *n(5r) 5)" 
In virtue of (2.2) we can write for the sum on the left-hand side: 


a 


hel 


= ¢g—ir/60 > > (=) e(2id/5) (1—24n) 
A=1 5 


= 51/2g—rir/60 > 


where we have evaluated a Gaussian sum, and where for 5| (n+1) the symbol 
((n+1)/5) means 0,as customary. If we introduce this result into (4.6),apply 
(2.2) to its first term and finally replace e***/* by x we obtain 


which is the new identity we wished to derive. 
Incidentally, we can construct a formula which is free of infinite products. 
If we multiply (4.7) by (1.1) the right-hand side will appear as 


1 1 
5 ; 


These infinite products can be replaced by series by means of (2.1), so that 
we get 


nd l=0 


= 
n=0 n=0 


(4.8) 


Comparison of coefficients would yield certain quadratic relations among 
the p(n). 

5. The identity (2.4) can be treated in the same manner. We give only a 
few highlights. Replacing r by —7~—! in (2.4) we have 


(5.1) 


7r 
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Calling the left-hand member L; we rewrite it as 


(5.2) Lr 


with 

(5.21) dn’ = — 1 (mod 7), 

and 

(5.22) by = — (24-96dN’ + 1)/7. 

By means of (4.3) the formula (5.2) goes over into 


where we have 


M) = exp {ri 7)- » 


The congruences (4.51}, (4.52), (4.53) yield 
1 4)’ 
7) 


and therefore 


We introduce (5.2), (5.3), (5.4) into (5.1), carry out the modular transforma- 
tion on the right-hand side, and get thereby 


— ix 
(5.5) NF 


T 7 
n(r)4 n(r)® 


The sum over )’ can be expanded into an infinite series by means of (2.2): 


(5 6) > (=) n CS) = (=) p(n 


= 71/9 


7 7 


ml 


‘ 
[May 
7 96n’ 
7 +t — 96d’ 
if 7 
m 
7 
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this derivation ee the use of the Gaussian sum 


If we now insert (5.6) in (5.5), apply (2.2) and (1.3) in appropriate places, 
and finally change e**“” into x we obtain 


— (= p(n — 2)x" 


ay — a) 


6. Up to this moment we have taken the Ramanujan identities (1.1) and 
(1.2) for granted and have inferred the identities (4.7) and (5.7) as direct 
consequences. From another point of view, however, we can take these new 
identities as bases for proofs of (1.1) and (1.2). For that purpose we consider 
the Ramanujan identities in the forms (2.3) and (2.4), which we prefer to 
write now as 


3.7) 


= 7x 


and 


We shall refer to these equations shortly in the abbreviations 


Li(r) = R&(r); Lit(r) = 
respectively. 

We can show that L;*(r) and R;*(r) are both modular functions of “level 5” 
(“stufe 5” in Felix Klein’s terminology), that is, belonging to a congruence 
subgroup modulo 5 of the modular group. The subgroup in question is I'9(5), 
characterized by c=0 (mod 5); it is of index 6 in the full modular group. As 
generators of I'o(5) we can choose the substitutions (cf. [7, p. 147]) 


11 —-2-1 —3-1 
01 
and need to test the invariance of L;*(r) and R#*(r) only with respect to these 
3 substitutions. The discussion of S has already essentially been done in §3. 


The multiplier e~**“/!2, which is mentioned there, is exactly absorbed by the 
factor »(5r) by which (6.1) differs from (2.3). 


615 
| 


616 HANS RADEMACHER * 


As far as R*(r) is concerned we have, for V2, 
—2r-1 —2-5r — § 
5r +2 5r + 2 ) 
= exp {— ris(— 2, 1)}(— i(Sr + 2))"*n(57), 


in virtue of (4.3), and also 


—*) = exp {= nist 2, ir + 
Since s(—2, 1) =0, as directly seen from (4.31) and (4.32), and 
s(— 2, 5) = — s(2,5) = 0 
because of the property of the Dedekind sums 
s(h,k) = 0 

for 

h? = — 1 (mod &), 
we have 

R#(Ver) = 
Similarly we find 

(Var) = 


As a matter of fact, not only R#(r) but already its sixth root 9(5r)/n(r) is 
invariant with respect to V2 and V3, but not with respect to S. 
The expression L;*(r) goes over under V2 into 


In order to bring this back into the previous form we need modular substitu- 


( ) 
cd 


and a summation variable yu such that 


24 


1f/—-2r-—1 5 
5 57 + 2 t+ 
5 


+d 


4 [May 
t 
tions 
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A comparison of the coefficients of the linear functions of r on both sides 
leads to 


(6.3) a = 120A — 2, b = — 24*x(2 — A) — 19, 
c = 25, d = — 120(2 — d) + 2. 
We have therefore: 


+5 
L# (Ver) = > n(= 
And 5r +2 + 24(2 — d) 
5 
a, b, c, d being taken from (6.3). Application of (4.3) now shows that 


t+ 24(2 — 
5 


+d 


Li (Ver) = 


with the multiplier 


240 — 240 
My = exp { 2,25) = 


300 
Now we have 
s(120A — 2, 25) = — s(5X + 2, 25), 
and from (4.51), (4.52), (4.53) 
5A + 2 — (— 5A + 12) (mod 25) 
12-25s(SX + 2, 25). = (mod 3) 
25 + 1 — 2 (mod 8), 
from which we readily derive 
s(5X + 2, 25) = — #( — 1) (mod 2), 


so that 
= 1. 


Therefore 
Le&(Ver) = 
is proved. Reasonings of a similar kind verify the equation 
Le (Var) = Le(r). 
7. With L#(r) and R#(r) the difference 


{ 

{ 

| 
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Ds(r) = L#(r) — R#(z) 


belongs also to (5). If we now can show that D;(7) remains bounded in the 
whole fundamental region it must be a constant. Now in the interior of the 
upper 7-half-plane (7) is free of poles and zeros and D,(r) is therefore finite. 
The only parabolic points of the fundamental region of I'9(5) are the points 
7T=i0 and 7r=0. Now for it is readily seen that since L# and 
R# tend separately to 0, as their expansions in e?**, which can be taken from 
(1.3), show directly. 

In order to test D;(r) for 7 near 0 we carry out the substitution r->—7~" 
and study D;(—7~') for 7 near i«. This is now simple with (4.6), which in 
correspondence to (6.1) we shall have to write as 


(=) n(5r)—! — (+) (= any. 
6 
45) 


= 5-112 


Indeed, D;(—7~") is the difference of the two members of equation (7.1). In 
the uniformizing variable e***/5 both members have a pole of the first order 
atio. If therefore the two sides of (7.1) agree in their first term the difference 
D;(—7~') remains bounded also at 1 or D,(r) at the second parabolic point 
7=(. Instead, however, of comparing the coefficients of the first term of the 
members of (7.1), it is easier to do it with (4.7). This is equivalent since (7.1) 
is obtained from (4.7) through the multiplication by 


(1 — 2”), 


Now indeed both sides in (4.7) begin with the term 1. 

We have therefore proved that D;(r) is a constant, which can only be zero 
since D;(r)—>0 with ri © as we have mentioned before. This proves (6.1) 
and therefore (2.3) and (1.1). Mordell in [2] also proves (6.1) by testing its 
two members at the parabolic points of I'9(5). We used here for this purpose 
the independent theory of (7). 

8. We can discuss (6.2) in the same manner. First we have to show that 
L#(r) and R}#(r) are modular functions of level 7, belonging to I'o(7) with 
c=0 (mod 7). This step we could perform in analogy to the procedure in §6 
by testing the generating substitutions of I'9(7) which we can take as 


(cf. [8]). Such a procedure, howeyer, would not only mean a repetition of 
previous arguments but would involve a good deal of numerical work, for 


if 
‘ 
4 ‘ 
‘ 
a4 
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which, by the way, the congruences (4.51)—(4.53) would not quite suffice as 
a basis(?). We prefer therefore to discuss (6.2) on a more general ground, by 
taking recourse to the following theorems, in which p always designates a 
prime number greater than 3. 


THEOREM 1. The functions 


(8.1) = 


with 
(8.2) , r(p — 1) = 0 (mod 24) 


have the transformation equation 


(8.3) @,,(Vr) = (=) 


for the modular substitution 


ar+b 


cr+d 
of To(p), (a/p) being the Legendre symbol. 
THEOREM 2. The function 


24rx\-! 
(8.4) = ) 


is invariant under the modular substitutions of To(p) with c=0 (mod ). 


In order not to interrupt the present line of thought we postpone the proof 
of these theorems to Part III of this paper. 

For p=7 and r=4 and 8 the Theorems 1 and 2 show immediately that 
D,(r) = L?#(r) —R#(r) as taken from (6.2) is an invariant of T'9(7). We have 
now to show that D;(r) remains bounded in the fundamental region of this 
group. The only parabolic points of that region are again the points r =i 
and tr =0. For r—i © we have D;(r)—0, since L#(r) and R?#(r) tend separately 
to 0, in virtue of the factor e**/ before the infinite product in the definition 
(1.3) for 

Instead of investigating D;(r) directly for r—>0 we carry out the substitu- 
tion 7r=-—7~—' and then let 7 tend toi. But this substitution has been 
studied in §5. We have therefore D;(—7~—"') as the difference of the two 
members of the equation 


(?) Cf. Lemmas 1 and 3, §13. 
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(8.5) (=) 


n(r) n(r) 


which is obtained from (5.5) by multiplication with n(7/7) and which is the 
result of the transformation of (6.2). The application of (1.3) shows that each 
member of (8.5) begins with terms in e~‘**/7, or, in other words has a pole 
of the second order in the uniformizing variable e?**/’. If we can therefore 
verify that the two members of (8.5) have their pole terms, the first two terms, 
in common, then the difference D;(—7~') remains bounded also at r =i ©, and 
is bounded in the whole fundamental region. The comparison of the first two 
terms of each side of (8.5) is much easier to carry out in (5.7), which through 
multiplication by 


(1 — 2) 


goes over into (8.5). Now the first two coefficients of both sides of (5.7) are 
indeed in agreement, they are 1 and 0 for both. 

Since therefore D;(r) is bounded in the fundamental region it is a constant, 
and this constant is obviously 0, since D;(r)—+0 for r—i © , as mentioned. But 
D;(r) =0 means that the equation (6.2) must hold, and this is equivalent to 
a proof of (1.2) (cf. [2}). 

9. All these reasonings apply also to an identity which Zuckerman [4] 
has given in the form 


pel gldm)2j+1 


(9.1) p(131 + 6)x' = a;xi Il — 


where the a; are certain integers which are computed in Zuckerman’s paper. 
The procedure which we applied to (1.1) and (1.2) in §§4 and 5 leads here to 
the transformed identity 


— 135 (") — 


(9.2) 


— ym)2j+i 
> IT (i #*) 
— 
The numbers 13'~‘a; are integers. 

Our method yields now a direct proof of (9.1). We first express (9.1) and 
(9.2) in terms of (7). We have only to observe that x=e?** in (9.1) and 
x =e?" ‘7/13 in (9.2). Moreover we multiply the resulting equations by (137) 
and (7/13), respectively. 


ay 
| 
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For the proof of (9.1) we have first to show that 
( n( 
n(r) 


> 


=O 13 


belong to the group I9(13) with c=0 (mod 13). This is at once inferred from 
the Theorems 1 and 2 for p=13 and r =2. 
Secondly, we simply have to compare the first 7 coefficients of (9.2) since 


as well as begin with that is, have 
a pole of 7th order in the uniformizing variable e***/*. Now the comparison 
_ of the first seven coefficients of (9.2) yields without too much effort the fol- 
lowing seven equations, with b;=13'~‘a;: 

i= be, 

O=— 13b.+ bs, 

0= 11d, + bs, 

0 130d, 44), 9b, + bs, 

65b6— S5bs+ 9b4— be, 

+ 4845, 90b, + 7b + 3b; + bo. 

But these are exactly the equations by which Zuckerman (p. 104 of his paper) 


determines the coefficients which we here have called a;. His derivation of 
these equations is based on an entirely different argument. 


Part II. IDENTITIES OF WATSON AND ZUCKERMAN 


10. G. N. Watson [3] and H. S. Zuckerman [4] have derived identities 
analogous to those of Ramanujan, but corresponding to powers of 5 and 7 
as moduli: 


IIa — x*)* 


5 
(10.1) p(251 + 24)x! = b 


and 


14 1 4j 
The 6; and c; are integers, which are computed in [4] and which incidentally, 


in accordance with Ramanujan’s theorems about p(251+-24) and p(49/+-47), 
have the properties 25|b; and 49| c; From our present point of view we can 


(10.2) > + 47)! 
l=0 
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easily obtain a proof for (10.1) and (10.2). It may be sufficient to carry it out 
only for the first of these equations. 
If in (6.1) we replace r by (r+24yu)/5 we get 


5 


or 
24 r+ 
(10.31) ) = 5°W5,6(7) 
5 


with 


: ‘n(r) 
(10.32) V5,0(7) = ) 
5 ) 


Now W;,(7) belongs to the group I'o(5) as we infer from the following theorem, 
whose proof we defer to Part III. 


THEOREM 3. The functions 


n(r) 
(10.41) V,.(7) = 


p 
with r(p—1) =0 (mod 24) have the transformation equation 


(10.42) = (=) 


for the substitution 
ar+ob 
cr+d 
with c=0 (mod p), p being a prime greater than 3. 


T= 


We can therefore try to construct V;,6(7) as a polynomial in(*) 
5r) \° 
n(7) 


(*) The background of this possibility is, of course, the fact that (1) 4%, is univalent in 
the fundamental region, having only a zero of order one at r=i © and (2) Ws,6as well as %,,.are 
regular in the interior of the fundamental region. However. we do not need this remark, since 
the following arguments are self-sufficient. 


€ 
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For this purpose we determine coefficients 8; so that 
N 

j=l 


We need to verify this equation only at the two parabolic points of the funda- 
mental region of I'9(5), namely, at r =i and r=0. At the former point (10.5) 
is satisfied since both members tend to 0 as r—i © . Instead of discussing (10.5) 
directly for 7 =0 we subject it first to the transformation 7, which yields, by 
the device employed in (4.2), 


24n’ 


T 57 hal 


or, in analogy to (4.6), 


5 n(r) 


Here both members show poles at r= : the left-hand member begins with 
a term in e~2**, whereas the right-hand member begins with a term in 
e~* rN /5, We have therefore N =5, that is, a pole of order 5 in the uniformizing 
variable “7/5, 

If now the coefficients 8;, 7=1, - - - , 5, are determined in such a way that 
both members of (10.6) agree in their pole terms at tr =i, that is, in the 5 
first terms, then the difference of the members of (10.5) remains bounded 
throughout the fundamental region and is therefore a constant, which in par- 
ticular must be equal to 0. We rewrite (10.6) as 


n(r) 


+530 (= ) = 
5 5 
3 which, if we introduce e***/§ =x, and 


1 
Ta po(m) x” ’ pe(0) 1, 


leads to 
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> po(n) — po(n)x” + po( Sl + 4) x! 


We need to ensure only the agreement of the first 5 terms on each side, that 
is, the terms with x°, x, --- , x*. If we leave aside all unnecessary terms we 
have therefore to compute 1, 82, - - - , 8s from 


> (1 — = 14 


This is equivalent to 5 linear equations for 8;5~**+*, which are solved stepwise, 
beginning with 6,5—'?=1. These, however, are exactly the equations which 
Zuckerman solves on pp. 100, 101 of his paper, and which we do not need to 
repeat here. 

Therefore, the equation (10.5) is proved for N=5 and appropriate 6;, 
j=i,---,5. Comparing (10.5) with (10.31) we obtain 


This in turn is equivalent to (10.1) for b;=8,;, which therefore is proved. 

We remark that for the construction of a similar identity for the modulus 
5? the required step would be slightly different from that one described at the 
beginning of this paragraph. We should first have again to replace r by 
(r+24u)/5 which would lead to 


124 ¢ + 24r\-! 


™\ 45 


+ 


In order to have modular functions belonging to I'9(5) we should‘now have to 
multiply both sides by (57) (and not by n(r) as in (10.31)). As a matter of 
fact, we could prove by theorems analogous to Theorems 1 to 3 that the func- 
tions 


5 4 
= 
j=1 


r+ 24y\ 
5 ) 


and hence, in virtue of the preceding equation, 


124 + 
125 ) 


[May 
tg 
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belong to I'9(5) and therefore admit of a representation as a polynomial in 
%,,6(r). Watson [3], indeed, observes that in an induction from 5* to 5*+! two 
different kinds of procedures are required according to the parity of k. 

We could discuss and prove (10.2) in a manner completely similar to that 
applied to (10.1). We refrain from giving the details since no new ideas are 
involved. It is, moreover, clear that our method proves the existence of simi- 
lar identities for any power of 13 as modulus. 

11. In the preceding paragraph we have applied the substitution T to the 
right-hand side of (10.7) but not yet to its left-hand side. It is worth while to 
carry it out since it will lead to a modular equation. With r’ = —7~! we have 


24 + 24r\-1 24 24x7r — 1\7! 
25 hm 25r 
24n’ 


*) 1 4 25 
26, (\,5)—1 25 + 
25 


— 24)’ 
where AX’ = —1 (mod 25) and 
1 
= —(— + 1). 
by : rT + 1) 


The first sum on the right side of (11.1) can be taken from (4.1), the second 
admits the application of (4.3), therefore 


A=—0 


52 


A mod 25, (A,5)—1 


— 
My = exp {- 25) — =1 
12-25 


in virtue of the congruences (4.51), (4.52), (4.53). If we apply the substitu- 
tion T also to the right-hand side of (10.7) we obtain 
r\ 
(3) 


5 
= . 


25 


n(r)5 t+ 


1 
= 
S (Sr) mod 25,0,5)—1 25 


| 
\ 
| 
(11 
| 
| 
+ 24n\-1 
(==) 
25 

with 
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We could now, following the procedure of §§4, 5, introduce here infinite series 
with p(n) as coefficients and infinite products. Instead of doing that we write 


t + 24 t + 24r\—! 4 t + 24-5y\-* 
mod 26, (A,5)—1 25 25 25 


Here we apply (10.7) and (2.2), the latter with 7/5 instead of 7, so that (11.2) 
goes over into 


1. + 52 > 8, n(Sr)% 52 n(r)® LAB ) 


If we multiply by 59(r) and replace r by 57 we get 

(11.3) — 5*@(r) + B,(®(5r)i — = 0 

with 

(11.31) = = 


n(r) 
We have already found in §6, and again by means of Theorem 2, that ®(r) 
is a modular function of level 5. Therefore (11.3) is a transformation equation 
of level 5 and order 5. In the form (11.3) it is reducible. We put 
(11.4) 5-*O(r)—! = X, #(5r) = Y, 


and have then, after multiplication of (11.3) by XY, 
5 
— X4 =0, 


and after the exclusion of the factor 


5 
(11.5). 5*XY By; >, = 1, 

j=l 
This equation is of degree 5 in Y, as it has to be, because (57) belongs to the 
group I')(25) with c=0 (mod 25), which is of index 5 in the group I'9(5) of 
#(r). Therefore (11.5) is irreducible. 

Moreover the equation (11.5) is symmetric in X and Y. These two func- 

tions go over into each other by the substitution 


= — 
With these properties the equation (11.5) fulfills the definition of a modular 


/ 
Ps 
a 
‘ 
ry 
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equation (Klein-Fricke [5, vol. 2, pp. 56, 57]), it is a modular equation of 
level 5 and arder 5. 
There exists also an equation for 
5 
(11.6) = 
n(r) 


which in our notation is 
(11.7) 1/64 53x 3. 2/6y4/64 58/2 X1/6Y5/6— 


(cf. [6, p. 395, formula (23)], and [3, p. 105, formula (3.2)]). The function 
(11.6) does not belong to I'9(5), it is in fact a function of level 30. We can look 
upon (11.7) from our present point of view as on a modular equation of level 5 
in “irrational form.” By elementary algebraic processes the equation (11.5) 
can be regained from (11.7). 

12. Asimilar treatment of (10.2) leads to an algebraically different situa- 
tion. Instead of (11.3) we obtain this time 


7(@(77)-! — 72@(1r)) + (&(77)-? — 


(12.11) >> — = 0 
j=l 


with 

7 4 
(12.12) ®(r) = = (* 

n(r) 
Theorem 2 shows that is a modular function of level 7, belonging’ to To(7) 
and (12.11) is therefore a transformation equation of levelf7 and orderg7. 
Let us put 
= X, = Y, 


so that (12.11) can be written as 
14 

(12.2) (Y-? — + 7(¥-! — X71) + — =0. 
jm 


This equation can be freed of the factor Y— X. But then it would still remain 
of degree 15 in Y, whereas ©(77r) belongs to I'o(49) which is of index 7 in T'9(7). 
Therefore even after division by Y—X equation (12.2) cannot be irreducible. 
If we write it indeed in the form 


14 14 
(12.3) + + + C = + + 79S 
fmt 


it turns out by actual computation that for C=(1/4)7*-32145 and the c; 
which are numerically given in Zuckerman’s paper [4] we have 


{ 

| 

4 
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14 
+ 7X2 4+C04+ 7D ¢;Xi 
j=l 
(12.4) = + 7/2 + 82-74X + 176-75X? + 845-77X 
+ 272-79X4 + 46-74X5 + 4+ 74X72, 


a complete square. This permits the extraction of the square root in (12.3). 
The square root must be taken with the same sign on both sides so that the 
constant term disappears and a further division by X — Y can reach the degree 
7 of the equation which before that division is 


(Y-! — X-!) + 82-74(¥ — X) + 176-76(¥? — X*) + — 
(12.5) + 272-74 — X*) + — X5) + — 
+ 7(¥7 — X7) = 0. 


Multiplication by X Y and then division by Y—X establish an equation which 
is symmetric in X and Y and of degree 7 in Y and therefore irreducible, since 7 
is the index of the group Y in that of X, as mentioned above. This equation is 
therefore a modular equation of level 7 and order 7. Again, an “irrational 
form” of it is known for 
(12.6) = (@(r))'/4, 

n(r) 


It was given by Watson [3, p. 118, (5.2)] and appears in our notation as 
(12.7) + 74x + 3- + 74xX2/4y 6/4 + VEILED 
+ 75/2 + 5- 72X24y2/4 + = 1. 


The equation (12.5) has as roots the 4th powers of the roots of (12.7) and can 
therefore (disregarding the factor Y—X in (12.5)) be directly derived from 
(12.6). A control by numerical calculation shows indeed complete agreement 
in the coefficients. The function (12.6), by the way, is of level 28. 
ParT III. PrRooFrs FOR THE THEOREMS 1, 2, AND 3 

13. The proofs will be based on three lemmas, which occur as Theorems 
17, 18, 19 in [9]. 

Lemma 1. Let @=@, denote 1 for 3}k and 3 for 3|k so that @-k is either 
prime to 3 or divisible by 3. For (h, k) =1 we have 
(13.1) 12hks(h, k) = h® + 1 (mod O-&). 
Moreover 


(13.2) 12ks(h, k) = 0 (mod 3), 


4 628 [May 
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LemMaA 2. For odd k we have 
h 
(13.3) 12ks(h, kk) =kR+1-— 2(=) (mod 8), 


where (h/k) denotes the Legendre-Jacobi symbol. 
Lemma 3. If k is equal to 2*1, X20 and | and h are odd integers, then 


(13.4) 12hks(h, k) = h? + kh? +3k+1+4+ 2»(—) (mod 


We derive first two further lemmas about the “Dedekind sums” s(h, k). 
In the sequel # will always be a prime number greater than 3, and r is an in- 
teger such that 


(13.51) r(p — 1) = 0 (mod 24). 
The condition imposed on # will be used in the form 
(13.52) p? = 1 (mod 24). 


Lemma 4. Let a, b, c, d be integers with ad—bc =1, c>0, plc. Putc=p-a 
and 


12c 12c, 


Then with r satisfying (13.51) we have 


(13.62) Ce mat (=)} (mod 2) 


Proof. From (13.1) we obtain 
a+ 
120¢( =a?+1— a(a+d) = — bc (mod Oc), 


where @=@, is defined as in Lemma 1. If we then apply (13.1) with 
k=c/p=c, we have, after multiplication by 9, 


120¢( 1) — = pa* + p — pala +d) = — pbc (mod Oc). 


1 


It has to be remarked that © has the same value in both congruences, since c 
and ¢; have either both the factor 3 or not. With the definition (13.61) we 
obtain 

12acr G = r(p—1) bc = 0 (mod Oc). 
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For 3/c we have 12crG=0 (mod 3) as direct consequence from (13.2) and 
(13.51). Therefore 


(13.71) 12crG = 0 (mod 3c). 
Now let c be odd. Then Lemma 2 is applicable and yields for k =c 


12¢( 2(*) — (a + d) (mod 8), 


and for k=c/p=c1 
a+ a 
12c (sto, a) =c+p—2p (=) — p(a + d) (mod 8). 
12¢; C1 


We can replace (a/c:) by (a/c1)(a/p*) = (a/cp) = (a/c) (a/p), and get therefore 


12crG = —p)- ar(=) $4 (=)} + r(p — 1)(a + d) 
= + (moa 8, 


which implies 
(13.72) - 12crG = 0 (mod 8) 
for r even. For r odd the condition (13.51) necessitates p=1 (mod 8) and 


therefore 
_ —)= —{— m 
p 


so that (a/p) =1 leads also to (13.72). For r odd together with (a/p) = —1 
we find, however, 


12crG = 4 (mod 8), 
or 
(13.73) 12crG = 12c (mod 8). 


The congruences (13.71), (13.72), (13.73) prove (13.62) for odd c. 
For even c= 2y with y odd we make use of Lemma 3 and obtain for k=c 
and k=c/p=aq 


a 


=o + 3c — bc + (mod 2)+*), 
a 


= 
| 
| 
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and 


a+ 
120¢( (1) — = p+ — pa(a + d) 
12¢, p a 


2 
= — + 3c — phe + 2c (<) (2) (mod 
a/\a 


and hence 


120crG = (p — 1) + — 1)bc + 2rc (=)! 


ard (mod 244), 
a 
and therefore 


(13.74) 12crG = 0 (mod 2)+#) 


for r even, as well as for (p/a)=1, which for the case of odd r and thus 
p=1 (mod 4) is equivalent to (a/p) =1. 
For r odd in conjunction with (a/p) = —1 we have 


(13.75) 12crG = (mod 244), 


The congruences (13.71), (13.74), (13.75) establish (13.62) also for the case 
of an even c=2¥. This finishes the proof of Lemma 4. 


LEMMA 5. Leta, b, c, d be integers with ad—bc=1, c>0, p?| c. Then, with 
c= pce, we have 


a+ a+ 
(13.8) H= (s¢o (sto, — = 0 (mod 2). 


For Lemma 1 yields 
12a¢( c)— = a?+1— a(a +d) = — be (mod @c), 
and for k=c/p?=c2 
12a¢( = + 1) — pta(a + d) = — (mod 


Therefore 
12cH = 0 (mod @c). 


This congruence holds, modul6 3c, also if 3/c since then according to (13.2) 
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12cs(a,c) and 12cs(a, are separately divisible by 3, and so is (p?—1)a(a+d). 
Thus we obtain 

(13.91) 12cH = 0 (mod 3c). 

Now suppose, first, c to be odd. Then we infer from Lemma 2 


12¢( s(a,¢) - =c+i+ 2(*) — (a + d) (mod 8), 


a+ 2 2 ext — £2 
12¢( — a) =c+p?>+2p (=) p?(a + d) (mod 8). 


But since (a/c2) = (a/c) and p?—1=0 (mod 8) we find by subtraction 
(13.92) 12cH = 0 (mod 8), 


which together with (13.91) proves (13.8) for odd c. 
Secondly, in case we have c=2y, y and a odd, we obtain from Lemma 3 


at 
120¢ = e+e+3c+1 — a(a+d) 
a 


= + 3¢ — be + 2c (<) (mod 
a 
and 


a+ c Ce 
12ac\ s(a, c2) — *) = p'a? + — + 3c + p? + 2c (=) — p'a(a + d) 
a 


2 
— + 3c — + 2c (<) (mod 
a 


and therefore 


2 
12ocH = (p? — 1) + (p? — 1)bc = 0 (mod 2+), 


or 
(13.93) 12cH = 0 (mod 2'**), 


This together with (13.91) completes the proof of (13.8) for c even. 

14. Proof of Theorem 1. Here and in the following proof we treat the 
modular substitutions with c=0 separately. Since all of these are iterations of 
Sr =r+1, it suffices in this case to study only S. Now the definitions (8.1) and 
(1.3) show immediately 


+ 1) = (1) 


and 
4 
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which because of (8.2) amounts to 


$,,(7 + 1) = $,,,(7). 


This can be subsumed under (8.3) for a= 1. From now on we can assume that 
c>0, with c=0 (mod p). The formula (4.3) yields here 


,,(Vr) = My-,,(7) 


d 
1 


Application of Lemma 4 gives 


This can be written briefly as 
a Tr 
which proves Theorem 1. 
15. Proof of Theorem 2. We first consider the effect of S on L*(r). The 
definitions (8.4) and (1.3) show that in the sum defining L,4(r) it is only es- 


sential that \ runs through a complete residue system modulo ». We can 
therefore write 


with 


for any integer N. Hence we get 


7+ 24N + =)" 
p 


+1) = + 


1+24N+1+ 


If we choose here 
24N +1 = 


we obtain 


+1) = Lalor + 9) 
mo 
which is equal to L,*(r) in virtue of (1.3). Having thus disposed of the case 
c=0 we can suppose from now on c>0 with c=0 (mod ). 


| 
i 
a+ 
My =e ir| s(a,c) — 
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V= 

cd 

we have therefore necessarily a #0 (mod ). Since only a complete residue sys- 


tem of the index of summation was essential we can also write 


t+ (p? — 


= 
A=0 
We obtain therefore, with c= pci, 
(15.1) p(Vr) = ap +a) "Np 1)ad 


Proceeding here as we did in §6 for }=5 we wish to construct modular sub- 


Cc D 


A(r + + B 
15.2) + (p*— 
(8.2) na) 


where A, B, C, D and yu will depend on X. 
Comparison of coefficients shows that the equations 
a+c(p?—1)aX=A, 6+ d(p? — = pB + A(p? — 1)dp, 
pe =C, pd = pD + C(p* — 1) du 


are necessary and sufficient. It is clear that for any choice of \ and yu the num- 
bers A, B, C, D are uniquely determined through (15.3) and satisfy 
A B 


15.4 = 1. 
(15.4) CD 


We can now tie yu to A in such a way that B will become an integer, whereas 
A, C, D are obviously integers for any integers A, u. Since p divides c we have 


a = A (mod 9), 


such that 


(15.3) 


and therefore 
b — add = — ady (mod ), 
which implies already that B is an integer. Now 


1 = ad — bc = ad (mod ), 
and therefore 


y 
In 
4 
. 
We 
1 
. 
| 
y 
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The new summation index yu needs only to be determined modulo p and we 
can therefore, without loss of generality, put 


(15.5) 


This choice now completes the determination of A, B, C, D, which become 


(15.6) 
C = pe, D=d— c(p? — 1)d(A — 5). 
From (15.1), (15.2), and (4.3) we derive now 
t + (p? — 


with 


(sn 


From (15.6) it follows that 
a = A (mod ¢). 


This permits us to write 


C 
s(a, = s(A, = s(A, C2), C=—= = ¢}. 


Moreover the equations (15.6) show that (a+d)/12c, and (A+D)/12c differ 
only by an even integer. We can therefore write 


and obtain then from Lemma 4 
My = 1. 
If we observe that in (15.7) u runs with \ through a complete residue system 
modulo p we have proved 
= L;*(r), 
which finishes the proof of Theorem 2. 
16. Proof of Theorem 3. The proof is closely similar to that of Theorem 2. 


The same auxiliary substitutions are used. It is then only necessary to apply 
Lemma 4 instead of Lemma 5 for the computation of the multiplier M,. 


j 
| 
\ 
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THE STRUCTURE OF LOCALLY CONNECTED 
TOPOLOGICAL SPACES 


BY 
G. E. ALBERT AND J. W. T. YOUNGS 


INTRODUCTION 


0.1. This paper presents an investigation of the following problem. Ex- 
hibit a class X of topological spaces which contains all peano spaces and which 
has the following properties: (1) a cyclic element theory exists in each space 
of the class, (2) the abstract set consisting of all cyclic element of any space 
X of the class can be topologized so as to be a member of the class X, and 
(3) the hyperspace thus obtained is acyclic. Since the class P of all peano 
spaces does not satisfy the condition (2), it is clear that any solution of the 
problem lies in a generalization of peano spaces. (For cyclic element theory, 
see Whyburn [5](#), and [6], or Kuratowski and Whyburn [4].) 

One such generalization has been proposed by R. L. Moore [5]; another 
by one of the authors (Youngs [9]). Moore employed two primitive concepts: 
region and contiguity (compare this with satelliticity 4.8). Youngs used the 
notion of arc as primitive. In the following pages a solution is given which 
is based upon the usual concept of open set. 

0.2. The work is divided into four sections. The first of these is devoted 
to the definition and a brief discussion of the class X of spaces to be used 
in the remainder of the paper; namely, locally connected topological spaces. 
No separation or countability properties are assumed. Thus, in particular, a 
single point need not form a closed point set. The use of such a weak topology 
is not dictated merely by a desire for generality; indeed, it is shown in later 
sections that this weakness is fundamental in the consideration of hyper- 
spaces of peano spaces. 

The development of a theory of cyclic elements for spaces of the class X 
occupies the second section. In such spaces, the standard definitions of “cut 
point” and “cyclic element” (Kuratowski and Whyburn [4]) fail to yield cer- 
tain important properties of these concepts. However, the properties are 
easily recovered by generalizations of the definitions mentioned. The degree 
of similarity achieved between the cyclic structure of spaces of the general 
class X and of peano spaces seems remarkable in view of the weak topology 
assumed in the former. 


Presented to the Society in part on April 12, 1940 by the first of the authors under the title 
On contiguous point spaces and their applications, and in final form under the present title on 
April 12, 1941; received by the editors April 30, 1941. 
(?) Numbers in brackets refer to the bibliography. 
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The third section of the paper contains a discussion of the hyperspace of 
cyclic elements of any locally connected topological space. In particular, it is 
shown that the class of all such spaces solves the problem stated in 0.1. More- 
over, it is shown that the hyperspace can always be defined as the strongly 
continuous image (see 3.4) of the original space. 

0.3. It is easily seen that the solution offered for the problem of 0.1 is not 
unique. The concluding section of the paper is devoted to a discussion of cer- 
tain subclasses of X which also solve the problem. In this study a new con- 
cept, that of hereditary classes of spaces, arises naturally. Briefly, a subclass 
K of X is called hereditary if, whenever X is in 3, the hyperspace of X is in 
% and every true cyclic element of X is a member of 3%. The class P of all 
peano spaces is not hereditary. However, X is a hereditary class that con- 
tains P. It is interesting to note that there are highly restricted hereditary 
subclasses of X which contain the class P. For example, one such subclass is 
composed of all the locally connected topological spaces which satisfy the 
T» separation axiom, and which are, in addition, strongly continuous images 
of the closed unit interval of the number axis. This class of spaces yields con- 
siderable insight into the nature of the hyperspaces of peano spaces. 


I. THE SPACE X 


1.1. The symbol X will denote a class of elements (the space) ; elements 
of X, to be called points, will be denoted by small Latin letters; point sets 
will be designated by capital Latin letters. The usual logical concepts and no- 
tations will be employed in dealing with point sets. 

It will be supposed that there is defined in X a definite class D of point 
sets. A set will be called open if and only if it belongs to ©. The collection X 
is called a topological space if: 

A1. The class X and the empty set are open. 

A2. The product of any two open sets is open. 

A3. The sum of any number of open sets is open. 

Only spaces of this character will be.considered. 

1.2. A point set will be called closed if it is the complement of an open set. 

1.3. If A is a point set in X, the symbol A will denote the product of all 
the closed subsets of X that contain A. The set A will be called the closure of 
the set A. 

1.4. A space in which the closure A of an arbitrary set A is the primitive 
concept is called a Kuratowski space whenever the closure function satisfies 
the axioms: 


A+B=A+B, ACA, ACA, 


A topological space is completely equivalent to a Kuratowski space. The proof 
of this theorem is well known (Alexandroff and Hopf [1, p. 41] or Hausdorff 
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[2, p. 227]) and will not be reproduced here. The following consequence of the 
result will be used in the sequel without further mention. 

If p is a point and A is a set, then pA if and only if every open set that 
contains p intersects A. ; 

1.5. The symbol F(A) will denote the set 


— A) 


which is called the frontier of the set A. It is easily seen that the frontier of 
any set is closed. 

1.6. A point set E will be called connected if it cannot be decomposed into 
two nonvacuous sets A and B such that A‘-B=0=A-B. Any degenerate set 
(the empty set or any set consisting of a single point) is connected. If E is 
connected and ECCC E, then Cis connected. (For other results on connected 
sets in general spaces see Knaster and Kuratowski [3].) 

1.7. If S¥0 is a maximal connected subset of E, then S is called a com- 
ponent of E. 

1.8. The topological space X will be called locally connected if each com- 
ponent of any open set is open. This definition is equivalent to the usual one 
in peano spaces. 

In the remainder of the paper it will be assumed that X is a locally connected 
topological space. 


1.9. Lemma. If G, and open, disjoint point sets, then G,-G2=0=G,-Ge. 
and G,-G2CX —(Gi+G:). 


1.10. THEOREM. If E is a closed point set and S is any component of the set 
X—E, then F(S)CE. 


Proof. Let R be the sum of all the components of X — E which are distinct 
from S. Since S is open F(S)CX—S=X-—S. On the other hand, F(S)CS 
and SR=0 since S is a component of S+R. Therefore, F(S)CX—S—R=E. 


II. CycLic ELEMENTS 


2.1. In this section a definition will be given for a class of subsets of the 
space X which will be called cyclic elements. The concept as introduced here 
is easily shown to reduce to the familiar one in case X is a peano space. 

The structure of a locally connected topological space will depend only 
upon the structure of its individual components. Thus, there will be no loss 
in generality in assuming that the space X is connected and this will be done. 
The restriction will be removed in 3.18. 

2.2. A point p will be said to separate two points a and 6 if: (1) j=, and 
(2) the points a and 3 lie in distinct components of the set X —p. Any point 
of this character will be called a cut point of the space X. 

The exclusion of all points which are not closed from the class of cut points 
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is not an artificial condition. The reader will recall that in peano spaces the 
essential tool in the use of cut points is the property that the components of 
the complement of any cut point are open sets. This property would be lost 
here without the condition (1) on cut points. : 

2.3. Two points a and 6 will be called conjugate (denoted by a~b) if they 
are separated by no point of X. Conjugacy is reflexive and symmetric. 

Note that, as the term separate does not apply to a point p such that $¥p, 
two points a and b may be conjugate even though they lie in distinct compo- 
nents of the set X —p. 


2.4. LEMMA. If a~xy~ +++ ~x,~b, and the point z separates a from b, 
then 2=x; for somei=1,---,n(?). 


Proof. If the statement is false, then all the points a, x1, ---,%n,,blieina 
single component of the set X —z. 


2.5. COROLLARY. If a~x~b and #£#x, then a~b. 


2.6. COROLLARY. If a~xy~ + and all the 
points x1,°* +, Xny Ym are distinct, then a~b. 


2.7. A point set E will be called coherent if for every pair of points a and } 
contained in £ it is true that a~b(?). 

2.8. A point set EZ will be called complete if E contains every point z which 
is conjugate to each of two distinct points contained in E(*). 


2.9. LemMA. If E is any coherent set and x is any point such that =x, then 
the set E—x is contained in a single component of the set X —x. 


2.10. A point set N which is nondegenerate, complete, and coherent will 
be called an N-set. 


2.11. THEOREM. If a~b and a#b, then there exists a unique N-set contain- 
ing a and b. 


Proof. Denote by N the totality of points which are conjugate to both a 
and b. If x and y are any pair of distinct points in the set N, then by 2.6, 
x~y. Thus N is a coherent set. Suppose that z is a point conjugate to both x 
and y. Since x~a~y, it follows by 2.6 that z~a. Similarly, z~b. Thus z is 
in the set NV, and N is a complete set. By definition N is an N-set. 

If N’ is any other N-set containing a+), it follows directly from the com- 
pleteness of the sets N and N’ that they are identical. 


2.12. THEorEM. If Ni and are distinct N-sets, then N,- is either vacu- 
ous or a single point x which separates any point of Ni—x from every point of 
Ne-x. 


(?) The importance of Lemma 2.4 and the definitions in 2.7 and 2.8 were noticed first 
by Radé and Reichelderfer [8]. 
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Proof. By 2.11, the product N,- N2 is either vacuous or a point x. Let a;¥#x 
be in N; fori =1, 2. If #x, then by 2.5, a1:~az. If =x but x does not separate 
a; from a2, then by 2.4, a:~d2. In either case a,~a2~<x and thus by the com- 
pleteness of N; it contains a2. This contradicts 2.11. 


2.13. THEOREM. Any N-set is closed. 


Proof. Suppose that the point pC. Choose any point aE N. If there is a 
point x such that #=x and a#x#p, let S be the component of X —x contain- 
ing p. Now S is open by 1.8, and so contains a point of the set N. As N is 
coherent, S contains the point a. Thus p~a. If no such point x exists, p~a 
by the definition of 2.2. But the point a was arbitrarily chosen in N. Since N 
is nondegenerate and complete, pEN. 

Remark. In connection with the remarks of 2.2, the theorem of the present 
section would be false without the generalized definition of cut points intro- 
duced in 2.2. 

2.14, Consider any N-set, N. Define the subset k(N) of N by: the point x 
is in k(N) if and only if (1) «EN, and (2) for no component S of the set X —N 
is it true that x€ F(S). The set k(N) will be called the kernel of the set N. 

Clearly, by 1.10, N=k(N)+)_F(S) where the summation extends over 
all components S of the set X —N. 

2.15. A subset M of the space X will be termed a true cyclic element if: 
(1) it is an N-set, (2) the set S being any component of X — M, the frontier 
F(S) is a single point, and (3) the kernel k(M)is nqndegenerate. The symbol 
M will be employed as a generic notation for true cyclic element. 

2.16. If the space X is peanian, it can be shown that every N-set given by 
the definition of 2.10 is a true cyclic element under the definition of 2.15. 
Moreover, since every point in a peano space is a closed set, the definitions 
of cut point and conjugate points given in 2.2 and 2.3 reduce to the standard 
notions for such spaces. It follows readily that, for peano spaces, the definition 
of true cyclic elements given here reduces to the usual definition (Kuratowski 
and Whyburn [4]). 

2.17. A point which is not a cut point of the space and which is contained 
in no true cyclic element will be called singular. Cut points and singular points 
will be termed degenerate cyclic elements. It follows immediately that: 


2.18. THEOREM. The cyclic elements of the space X cover it. 


2.19. THEOREM. If M is a true cyclic element and x is a point of M, then 
x€M—k(M) tf and only if x is a cut point of the space X. 


Proof. Suppose x is a cut point of X. Using 2.9 select a component S of 
X —x'such that S-M=0. Then Sis also a component of X— M. But x= F(S), 
M—k(M). 

Suppose x© M—k(M). There exists a component S of X — M such that 
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x = F(S). If R denotes the sum of all the remaining components of X — M, it is 
easy to show by 1.9 and 1.10 that 


S:[(M — +R] =0=S-[(M — x) +R] 
and since X —x = [(M—x)+R]+S, the lemma follows. 


2.20. COROLLARY. If M is a true cyclic element and S is any component of 
X—M, then the point x= F(S) separates any point in S from every point in 
M-x. 

2.21. Lemma. If E is any closed set, then 


F(DS) = LFS), 
where the summation extends over any class of components S of X —E. 


Proof. Clearly }, F(S) CF (>_S), and as the frontier of any set is closed (see 
1.5), 


F(S) CF(LS). 


Suppose pE F( >>S) and pEX -> 'F(S). Consider U, the component of 
X—)>F(S) containing p. For some term S of )>S, U:S#0. Now U=U-S 
+(U—S). Since U-S is open (1.8), (U-S)-(0—S) =0. Also (U—S)-(U-S) 
=(U-S) -[U- S+F(U - S)]=(U—S) - F(U S)C(U—S) :[F(U)+F(S)] 
=(U-—S)-F(S)=0. This contradicts the connectedness of the set U (1.6). 
Thus F(>S)CSF(S). 

2.22. If M is a true cyclic element and if E is a subset of M, then E* will 
denote the set E+)_S where the summation is taken over all components S 
of X—M such that F(S)EE. 


2.23. Lemma. If M is a true cyclic element and the set E is closed in M, 
then the E* is closed in X. 
Proof. 


Be=E+>S=E+ > 


The various equalities follow easily from 2.21 and the fact that E is closed 
in X. 


2.24. COROLLARY. If M is a true cyclic element and the set E is open in M, 
then E* is open in X. 


2.25. Lemma. If the set E is connected in M, then E* is connected in X. 


The lemma follows at once from the fact that if E is connected in M it is 
connected in X by 1.6. 
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2.26. Lemma. If A and B are subsets of some true cyclic element M and 
A-B=0, then A*B*=0. 


Proof. If }>4S and >>2S denote the sums of all components of X —-M 
whose frontiers are in A and B respectively, then by 2.21 


(4455) #(8+55) 
+ 


A A 
since AB=0 and BCMCX-—).,S. 


2.27. THEOREM. If Z is a connected set and M is a true cyclic element, then 
MZ is connected. 


Proof. If MZ is degenerate, the theorem is obvious (1.6). Suppose 
MZ=A+B, where A¥0#B and AB=0=AB. Now if pCZ—M, suppose 
that S is the component of X — M that contains p. Clearly F(S)C MZ, for 
otherwise Z = (SZ)+(Z—S) would be a decomposition showing that Z is not 
connected. Thus p€(MZ)*. Hence ZC(MZ)* = A*+B*, and A*B* =0 = A*B* 
by 2.26. On the other hand ZA*#0+ZB*; hence the connectedness of Z is 
contradicted. 

The validity of this theorem seems surprising in view of the fact that the 
proof given for peano spaces (Kuratowski and Whyburn [4]) depended upon 
the metric and the fact that the number of components of an open set is at 
most denumerable. The consequences of this product theorem are as varied 
and important here as in peano spaces. 


2.28. CoroLLaRY. If x is a point such that =x and M is a true — ele- 
ment, then the set M —x is connected. 


The truth of this corollary follows from 2.9 and 2.27. 


2.29. THEOREM. A true cyclic element is a connected, locally connected, topo- 
logical space. 
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Proof. The connectedness follows from 2.27 and the fact that X is con- 
nected. Let G be open in a cyclic element M. It will be shown that each com- 
ponent of G is open in M. By 2.24 the set G* is open in X. Let S* be any 
component of G*. By 2.27,S*M is connected and nonvacuous. Using2.25,5*M 
is a component of G. But S* is open in X by 1.8; hence S*M is open in M. 
Using 2.25 it is easy to see that all the components of G are obtained in this 
manner. 

Finally the subsets of M which are open in M clearly satisfy A1, A2 and 
A3 of 1.1. 


III. THE HYPERSPACE 


3.1. Paralleling the notation in the space X, the symbol X; will be re- 
served for the abstract set composed of all cyclic elements (both true and de- 
generate) of the space X. Elements of the set X; will be denoted by small 
Greek letters; sets of elements in X; will be denoted by large Greek letters. 

3.2. It follows easily from 2.12 and 2.17 that, if x is any point of the space 
X, there exists a smallest cyclic element in X which contains the point x. 
This fact makes possible the definition of a single-valued transformation 
T(X) =X, from any locally connected topological space X to the class X; 
of its cyclic elements as follows: if x is any point of the space X, then T(x) =&, 
where the element — of Xn 1s the smallest cyclic element of X which contains the 
potnt x. - 

The following familiar conventions will be employed. 

If A is a subset of X, then T(A) =E;[=T(x), x€A] will be called the 
image of the set A. 

If A is a subset of X,, then T-1(A) = E,[T(x) EA] will be called the inverse 
of Ain X. Aset Din X will be called an inverse set if and only if there is some 
set A such that J7-1(A) =D. 

It is clear that the inverse of a single element of X; is either a degenerate 
cyclic element in X or the kernel of some true cyclic element in X (see 2.15). 

3.3. The transformation, T, will now be used to topologize the set X;, in 
accordance with the convention: a subset T of X; will be called open if and only 
if its inverse, T—(T), is an open set in the space X. 


THEOREM. The class of open sets in X satisfies the axioms Ai, A2, and A3. 


Proof. The theorem follows at once from the formulas 7~-'(T,-T:) 

The set X;, may now be thought of as a topological space. As such, it will 
be termed the hyperspace of X. 

3.4. A transformation from one senilaibiil space to another is said to be 
continuous if the inverse of an open set is open.-The transformation is said to 
be strongly continuous if, in addition, any open inverse set has an open image 
(Alexandroff and Hopf [1, p. 65]). 
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3.5. THEOREM. The transformation T(X) =X; is strongly continuous under 
the topologization of X» given in 3.2, and this is the only topologization which will 
make T strongly continuous. 


3.6. LEMMA. A set ® is closed in X; if and only if the set T-*(®) is closed 
in X. 

3.7. Lemma. If E is connected in X then T(E) is connected in X4. 

The first of these lemmas is obvious; the second is well known. 


3.8. It will be shown that the hyperspace X;,, is a locally connected topo- 
logical space. The proof requires the 


Lemma. If Ais any set in X;, and 2 is a component of A, then T-‘(Z) is the 
sum of certain components of the set T-*(A). 


Proof. Let x©7T-1(Z) and let S denote the component of T-1(A) which 
contains x. Now T(S) is connected by 3.7 and intersects 2. Thus T(S)C 2. 
Hence SC T-1(Z) and the lemma follows. 


THEOREM. The space X;,, is locally connected. 


Proof. If T is open in X, and 2 is a component of I’, then T-1(Z) is the 
sum of certain components of T-1(['). But, as T is continuous, the set 7-1(T) 
is open ; since X is locally connected, each component of T-'(I) is open. There- 
fore T-1(Z) is open by A3. But T-1(2) is an inverse set so 2 = T(T-'(Z)) is 


open by the strong continuity of T. 

3.9. Consider the results achieved so far. If X is any locally connected 
topological space, then by 2.29, so is each true cyclic element of X; and, by 3.3 
and 3.8, so is the hyperspace X,. Thus a type of permanence of form is ex- 
hibited by the class of all locally connected topological spaces. This remark 
will furnish the basis of the discussion of the final section of the paper (§IV). 
It has also been shown that the hyperspace X; is always related to the origi- 
nal space X by a strongly continuous, single-valued transformation, and that, 
relative to this property, the topology in X; is uniquely determined. 

To complete the solution of the problem proposed in 0.1 it remains only 
to show that the hyperspace X; is always acyclic. The proof of this result 
seems to be difficult. It will be accomplished through a sequence of lemmas of 
which the first four are concerned with the components of certain sets in X;, 
and the remainder deal with the relationship of conjugacy in X;. 


3.10. Lemma. A subset E of the space X is an inverse set if and only if, M be- 
ing any true cyclic element, E-k(M) #0 implies EDk(M). 


The proof is obvious (3.2). 


3.11. Lemma. If E is an inverse set of X such that for any true cyclic ele- 
ment M whose kernel is not in E the set E- M is degenerate, then any component 
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S of X—E is an inverse set, and if E is closed, then T(S) is a component of 
Xn—T(E). 


Proof. Consider any component S of X —E. Let M be any true cyclic ele- 
ment such that k(M)-S#0. Then E-k(M)=0 by 3.10. If E-M=0, then 
as M is connected (2.29). If E-M=x, then x€k(M) and (2.19). 
Hence M—x is connected (2.28), and lies in X—E£. Therefore, k(M)CM 
—xCsS. Hence, by 3.10, the set S is an inverse set. 

Now suppose E is closed. Let R denote the sum of all the components of 
X —E distinct from S. As above, Ris a sum of inverse sets and so is an inverse 
set. Moreover, S and R are open; hence 7(S) and T7(R) are open and have no 
points in common (3.2). Therefore, T(.S)- T(R) =0 = 7(S)-T(R) by 1.9. Now 
T(S)CXn—T(E) and is connected (3.7). Therefore T(S) is a component of 
Xn—T(E£). 


CorOLuarY. If M is a true cyclic element and S is a component of X — M, 
then S is an inverse set and T(S) is a component of X,—T(M). 


3.12. Lemma. With the hypotheses of 3.11, every component 2 of X,—T(E) 
is the image of some component S of X —E. 


Proof. The set J-'(Z) is a sum of certain components of X —E (3.8). By 
3.11, each of these components is an inverse set and their images are compo- 
nents of X,—7(E). However, these images all intersect = and therefore are 
identical to 


3.13. Lemma. If E is a subset of a true cyclic element M and Sis a com po- 
nent of X — M whose frontier is in E, then S is a component of X —E. 


Proof. Consider any ADS such that ACX—E. Let B=A-—S. Now 
B-S=0 and 5-B=[S+F(S)]-B=B-F(S)=0, as F(S)EE and BCX—E. 
Hence S is a component of X —E£. 


3.14. Lemma. If M is a true cyclic element in X and if a©& M—k(M) and 
a=T(a),B=T(k(m)); thena~B. 


Proof. Suppose that a is not conjugate to §; then there is some point 
£=£ in X,such that separatesa from. Let b€k(M). Thena+bCX 
and the components of X — T-1(£) that contain a and 5, respectively, must be 
distinct (3.7). Now T-1(&) cannot be a single point for if it were it would 
‘separate a and b, denying the fact that a~b as M is coherent. 

Then 7~1(£) =k( Mo) for some true cyclic element M6, and M# Mg since 
#8 and T-1(8)=k(M). Thus But M is connected 
(2.29) and this contradicts the fact that the components e X —T-—(&) which 
contain a and d are distinct. 


3.15. Lemma. If a and B are distinct conjugate pointe in Xn, then either (1). 


it 
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one of the sets T~*(a), T-*(B) is the kernel, k( M), of some true cyclic element M 
and the other is a single point in M—k(M); or (2) both T-\(a) and T-*(8) are 
single points which are conjugate. 


Proof. The proof is left to the reader. It follows easily from the fact that 
if the two inverse sets T-'(a) and 7~'(8) are separated in X by a point x 
(which is a closed inverse set in X), then a is separated from 8 by T(x) in Xi 
(see 3.11). 


3.16. Lemma. Jf Ais an N-set in X; such that the inverse of every point EA 
is degenerate, then T-(A) = N is an N-set in X and k(N) = T-*[k(A) ]. 


Proof. Let a and 6 be distinct points in A whose inverses are a and 5 re- 
spectively. By 3.15, a~b. It follows by 2.11 that there exists a unique N-set, 
NCX, which contains a+b. By the coherence and completeness of N, 
T-“(A)CN. 

If y is an arbitrary point of N, it will be shown that the image T(y) =7 
is in A. If this were false, then by 2.10 one of a~7 or B~7 would be false. If 
some point £ in X, separates a from 7, then T~1(£) is closed; moreover, if S, 
and S, denote the components of X — 7-(£) containing a and y, respectively, 
S,: S,=0. Otherwise, S,= S,. Then, by 3.7, T(S,) is connected, contained in 
X,—£&, and contains a+ 7. This contradicts the separation of a and 7 by the 
point §. Since a~y, it follows by 2.2 that T7-*(£) is nondegenerate. But then 
T-1(&) = k(M) for some true cyclic element M. Three cases arise: (1) N- M=0, 
(2) N- M is a single point x, and (3) N= M (see 2.12 and 2.15). 

Cases (1) and (2). In either case the set N—N- M is contained in a single 
component S of X—N-M (2.9). Thus a+yCNCSCX—k(M). But T(S) is . 
connected (3.7) and contained in X,— 7 [k(M)]=X,—£. This contradicts the 
separation of a and 7 by the point &. 

Case (3). If N=M, then 7T-1(£)=k(M) and 3.15 together imply that 
T-"(a) M—k(M). Hence, by 3.14, ~a. Similarly, &~8. But then EEA 
and 7~1(£) is nondegenerate which contradicts the hypothesis. 

It has been established that 7-'(A)=WN. It remains to show that 
T-*[k(A) ]=k(N). 

Let & be any point in k(A) and set x = 7-"(£). If xGk(N), then for some 
component S of X —N, x€ F(S). Since N fulfills the hypotheses of the set E 
of 3.11, the component S is an inverse set and 7(S) is a component of 
X,—T(N) =X, —A. If T is any open set containing 7(x), the set 
is open and contains x. But then xGF(S) implies ['-7(.S)#0 and thus 
§€F[T(S)] contrary to Thus xGk(N), and T-*[k(A)]CR(N). 

Finally, k(N)CT-*[k(A)]. To see this, let x€k(N) and suppose that 
T(x) = —GR(A). Since EEA, there is some component = of X,—A such that 
§EF(Z). By 3.12, T-*(Z) is a component of X—N. But xEk(N) implies 
F[T-*(Z)]; therefore Moreover, by 3.10, is an inverse 
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set so X —7~-1(Z) is an open inverse set containing x. Thus the open set 
T[X —T=(3)] contains the point £ and is disjoint of 2; this contradicts 
F(Z). 


The lemma follows. 
3.17. THEOREM. The hyperspace X» contains no true cyclic elements. 


Proof. Consider any N-set, AC Xx. There are two cases. 

Case (1). If there exists a point a€A such that 7-'(a) is nondegenerate, 
it will be shown that aDk(A) and so A cannot be a true cyclic element (2.15). 
Now 7-!(a) =k(M) for some true cyclic element M. By 3.15 for any point 
£#a contained in A, T-(£) is a point x= F(S) for some component S of 
X-—M. By 3.11, T(S) is a component of X,—A and &€F[T(S)]. Thus 
aDk(A). 

Case (2). For every point A, is degenerate. By 3.16, T-1(A) = N 
is an N-set and T-'[k(A)]=(N). If N is a true cyclic element in X or if 
k(N) is degenerate, then k(A) is a single point. In these cases A is not a true 
cyclic element (2.15). If N is not a true cyclic element but k( NV) is nondegener- 
ate, then for some component S of X —N the frontier F(.S) contains x and y 
where x #y. By 3.11, the set T7(S) = 2 is a component of X,—A. Also, x and y 
are distinct inverse sets. This implies that F(Z) is nondegenerate. By 2.15, 
A is not a true cyclic element and the theorem is established. 

3.18. In 2.1 the space X was assumed to be connected. That this restric- 
tion imposed no loss of generality is easy to see. If the space X is not con- 
nected, the definitions in 2.2 and 2.3 of separation and conjugacy need only 
be regarded relative to the individual components X* of the space X. Thus, 
a point p will be said to separate two points a and b if (1) the points a, 5, 
and ? lie in a single component X* of X, (2) =>, and (3) a and 6 lie in dis- 
tinct components of X* — p. Similarly, two points a and b are conjugate if they 
lie in the same component X* of X and are separated by no point of X*. 

The hyperspace X, of X will be the totality of cyclic elements of all the 
components of X, each being topologized according to 3.2. 

A locally connected topological space is said to be acyclic if its hyperspace 
is topologically equivalent to itself. If a space has no true cyclic elements, 
then it is easily seen to be acyclic; conversely, if a space is acyclic, it has no 
true cyclic elements. : 


THEOREM. If X is a locally connected topological space, then each true cyclic 
element of X and the hyperspace X;, are locally connected topological spaces. 
Moreover, the hyperspace X;, is acyclic. 


Proof. The proof is a direct consequence of 2.29, 3.8, 3.17, and the re- 
marks above. 
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IV. HEREDITARY CLASSES OF SPACES 


4.1. The theorem of 3.18 suggests the following definition. A subclass 
of the class X of all locally connected topological spaces will be called heredi- 
tary if whenever X is in X, the hyperspace X;, is in # and each true cyclic ele- 
ment of X is a member of KH. The theorem of 3.18 can now be phrased as: 


The totality of locally connected topological spaces is a hereditary class of 
Spaces. 


Remark. Any hereditary class is cyclicly reducible (Kuratowski and Why- 
burn [4]). 

Consider the class P of all peano spaces. The example consisting of two 
tangent circles in the plane is a member of the class. However, the hyperspace 
for this example contains only three points. Since such a space cannot be con- 
nected and metric, it is not a peano space. Thus, the class P is not a hereditary 
class. On the other hand, every peano space is a locally connected topological 
space ; therefore there exists a hereditary class which contains P. An immedi- 
ate question is: what is the smallest class (if it exists) which is hereditary and 
which contains all peano spaces? This question is answered in 4.3 and 4.4. 


4.2. THEOREM. The logical product or sum of any number of hereditary 
classes is a hereditary class. 


The proof is immediate from the definitions. _ 
4.3. Let P* be the product of all the hereditary classes which contain the 
class P of all peano spaces. One immediately obtains the 


THEOREM. The class P* is the smallest hereditary class which contains all 
peano spaces. 


This result demonstrates the existence of an answer to the question posed 
in 4.1. A constructive definition of the class P* is found in the following sec- 
tion. 


4.4. THEOREM. A necessary and sufficient condition that a space X be con- 
tained in the class P* is that X be either a peano space or the hyperspace of a 
peano space. 


Proof. Let P and h[P] denote, respectively, the class of all peano spaces 
and the class of all their hyperspaces. The class P+h[?] is hereditary by 
3.18 and because every true cyclic element of a peano space is in P. Then by 
the definition of P* one has P* CP+h[P]. The reverse inclusion follows since 
any hereditary class that contains P must contain h[?]. 

4.5. The class P may be defined as the totality of compact, metric spaces 
which are connected and locally connected. It would be interesting to know 
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an analogous intrinsic definition for the class P*. With this in view, the re- 
mainder of the paper is devoted to a list of intrinsic properties of P*. 

4.6. Asubclass of X is invariant with respect to strongly continuous trans- 
formations if every strongly continuous image of a member of the class is 
again a member of the class (3.4). 


THEOREM. Any invariant subclass of X is hereditary. 


Proof. As the hyperspace X; of a space X is a strongly continuous image 
of X (see 3.5), half of the theorem is proved. For the last part we need the 


THEOREM. A true cyclic element of X is a strongly continuous image of X- 


Proof. Let M denote any true cyclic element in the space X. Define the 
transformation f(X) = M by 


fl) = x if the point x is in M, 
* F(S) if the point x is in the component S of X — M. 


Let A be any open set in M; then f-(A) = A*; and A* is open (2.22 and 2.24)’ 
On the other hand if A is a set in M such that f-1(A) = A* is open in X, then 
A is clearly open in M because A = M-A*. Thus f(X) = M is strongly continu- 
ous. (M is, in fact, a retract, see Borsuk [10].) 

4.7. The reader will have no difficulty in proving that these subclasses 
of X are invariant and hence hereditary (4.6): 

(1) the class of connected spaces, 

(2) the class of separable spaces, 

(3) the class of compact spaces (for any of the usual interpretations of 
compactness), 

(4) the class of spaces having the property that the number of compo- 
nents of an open set is denumerable, 

(5) the class of spaces which are strongly continuous images of some fixed 
space. 

An interesting subcase of (5) occurs when the fixed space is the closed unit 
interval. In this case the class is a subclass of the four preceding classes. 

A tabulation of hereditary classes might be continued on the above lines. 
However, there are hereditary classes which are not invariant and some of 
these will be considered in the concluding sections of the paper. 

4.8. Before turning to this topic some remarks should be made about the 
Pipe separation axiom, attributed to Kolmogoroff (Alexandroff and Hopf 

1, p. 58]}). 


To: If x and y are distinct points, then at least one of them is contained 
in an open set that does not contain the other. 


This axiom will be referred to as the To-property and topological spaces in 
which it is satisfied will be called To-spaces. 
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If x and y are distinct points of a T»-space such that x€4, then x will be 
called a satellite of y. 
Clearly, if x is a satellite of y, then y cannot be a satellite of x. This follows 


from the hypothesis x4 and the T»-property which then requires y-#=0. 
Thus one has the 


THEOREM. In a To-space, the relation ‘x is a satellite of y’ is asymmetric. 


4.9. It will be shown in 4.10 that the class of locally connected To-spaces 
is hereditary. This result requires the 


Lemma. If x ts a point in any locally connected topological space, then the 
set £ is coherent (see 2.7.) 


Proof. The lemma is trivial if #=x. Suppose that for y#x, it is true that 
y€&, and z is a point distinct from x and y and such that =z. If S denotes 
the component of X —z containing x, then x+y is contained in S since x+y 
is connected (1.6). Thus y~x. The lemma follows by 2.5. 


CoroLiary. If a point x in any locally connected topological space is an in- 
verse set, then so is £ an inverse set (see 3.2.) 


Proof. Let M be any true cyclic element and suppose that #-k(M) 0. 
It follows by the coherence of # and the corollary of 2.20 that xE M. But x 
is an inverse set sox © M—k(M). Thus, by 2.19, it is true that #=x, and the 
theorem follows. If #-(M) =0, then # is an inverse set by 3.10. 


4.10. THEOREM. The class of all locally connected To-spaces is hereditary. 


Proof. Let X be any space in the class X; suppose the To-property satisfied 
in X. Let £ and 7 be distinct points in the hyperspace X,. There are two cases 
according as (1) at least one of the inverses T-1(£) and T~1(n) is nondegener- 
ate, or (2) both inverses are degenerate. 

Case 1. Suppose 7-(£)=k(M) for some true cyclic element M. If 
M:T-*(n) =0, let S be the component of X—M which contains T~*(n); 
S exists by 2.29. Now S is an open inverse set so T(S) is an open set con- 
taining » but not & (3.11). If #0, then =yG@M—k(M) by 
2.12 and 7.15. Let S be the component of X —y containing k(M) (2.28). Since 
9=y, it follows that S is open and T(S) is an open set containing & but not 7 
(3.11). 

Case 2. Let x=7-*(£) and y=T~-(n). By the To-property in x, either 
yz or x4; assume the former. By 4.9, # is an inverse set. Hence 3.11 may 
be applied as in Case’1 to obtain an open set containing 7 but not &. 

Remark. The example of 4.1 shows that the class of all locally connected 
T;-spaces is not hereditary (Alexandroff and Hopf [1, p. 58]). 

4.11. The hereditary classes discussed so far have been of a general nature. 
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In those to follow, attention is focused more explicitly on certain properties 
of peano spaces. 

If M is any true cyclic element in a peano space, then the kernel of M 
is such that its closure contains M. Let %, be the totality of spaces in X for 
which k(N) =N for any N-set. 


THEOREM. The class K; is hereditary. 


Proof. Let X be any space in the class ; and let A be any N-set in X,. 
There are two cases. 

Case 1. If every point in A has a degenerate inverse, the result follows 
from 3.16 and the hypothesis that k(N) =N in X. 

Case 2. Suppose that some point GA has a nondegenerate inverse k(M), 
where M is a true cyclic element in X. By 3.15, T-*(A) C M. By the continuity 
of T and the hypothesis, &(N) = N, it is true that T(M) CA. Hence M is the 
inverse of A. It follows (3.11) that k(A) = and ¢=A. 


4.12. Lemma. If X is in i, then for every point in one has T-*(g) 


Proof. Clearly T-1(£) >7-*(£) and hence 


= 


To see the reverse inclusion, consider first the case in which T~'(£) =x, a 
single point. Since x is an inverse set, the same is true of # (4.9). Thus if any 
point y is not in #= 7—1(€), then y is in some component S of X —#. By the 
corollary of 4.9, # satisfies the hypotheses of 3.11. Hence S is an inverse set 
and 7(S) is a component of X,—T(#)CX:—&. Thus there is an open set, 
T(S), containing T(y) but not Hence T(y)€£. Therefore C 
In case T~'(£)=k(M) for some true cyclic element M, it follows that 
T-1(~) = M=k(M) = T—) and the lemma is proved. 


4.13. CoroLLaRyY. Under the hypotheses of the lemma, if § and n are dis- 
tinct points in the hyperspace X» of X, then E€% if and only if either: (1) T-*(€) 
and T~*(n) are single points such that T-*(£)ET-(m), or (2) T-*(n) =k(M) for 
some true cyclic element M, and M—k(M). 

The proof is easy and will be left to the reader. 


4.14. Let %, be the class of all spaces X in %; having the property that 
if x is any point, the frontier of any component of X — is a single point. 


THEOREM. The class K2 is hereditary. 


Proof. Consider X €%;. If M is a true cyclic element in X it certainly 
has the property (2.25). Let £ be any point in X,. If =£, the result is im- 
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mediate. Suppose By 4.12, T-"(E) = If T-*(£) is degenerate, then 
any component of X —7-*(£) has a single frontier point by hypothesis. If 
T-(£) =k(‘M) for some true cyclic element, then M=T7-(£) and again any 
component of X — T-(¢) has a single frontier point. It follows easily with the 
help of 3.11 and 3.12 that every component of X,—£ has a single frontier 
point. 

4.15. Let X; be the totality of spaces X in %, such that if N is any N-set, 
then the frontier of any component of X —N is a single point. 


THEOREM. The class K; is hereditary. 


Proof. Suppose X €K;. Let A be any N-set in X,, and let Z be any com- 
ponent of X,—A. If for some point £CGA, it is true that T~1(£) =k(M) for 
some true cyclic element M, then T-1(¢) = M and =A. The frontier F(Z) is 
a single point by 4.14. Suppose that for every point EGA the set T~1(£) is de- 
generate. By 3.16, T-"(A) = is an N-set and k(N) =7-*[k(A) ]. By the as- 
sumption on the inverses of points in A, the set N is not a true cyclic element. 
It follows by 2.15 that the kernel k(N) is degenerate. But k(N) = N and hence 
N is of the form # where x is a single point. Then F(Z) is a single point by 4.14. 


4.16. THEOREM. Let X be in K2. If x is any point in X such that £%#x, then 
the set & is an N-set. 


Proof. The set # was proved coherent in 4.9. Let y be any point in X —#. 
Let S denote the component of X —# that contains y and let R denote the 
sum of the remaining components of X — #. As in the proof of 2.19, one shows 


that the point F(S) separates y from every point in #—~y. It follows that £ is 
complete and the theorem is proved. 


Coro_iary. Let X be any To-space in K2. If the point xEX is a satellite 
of the point y, then y is not a satellite of any point. 


Proof. If and yG2, then z#x since y-£=0. Moreover, z-7=0. Let S 
be the component of X — 4 that contains z. Now C5 =S+F(S) and F(S) isa 
single closed point. Thus F(.S)#y since ~y. But then y-2=0 which is con- 
tradictory. 

4.17. Conclusion. Let Y denote the totality of all locally connected topo- 
logical spaces which are (1) strongly continuous images of the closed unit line 
interval, (2) To-spaces in 3. By the theorem of 4.2, Y is a hereditary class. 
Moreover, it contains the class P* (see 4.3). More restrictive hereditary 
classes which contain ?* will suggest themselves to the reader. The class Y 
has been mentioned because it’ yields considerable insight into the nature of 
the hyperspaces of peano spaces. 

It is a consequence of 2.15 and 4.15 that in any space of the class Y every 
N-set is either a true cyclic element or a set of the form # where x is a point. 
Thus, in any peano hyperspace, the only N-sets are of the form £ where £ is 
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a point. The corollary of 4.13 states explicitly how such N-sets arise; namely, 
from the incidence in the original peano space of a degenerate cyclic element 
on a true cyclic element. This relationship is certainly not symmetrical. There- 
fore, the asymmetry of the T»-property seems particularly fitting in this con- 
nection. 

BIBLIOGRAPHY 


1. P. Alexandroff and H. Hopf, Topologie I, Berlin, 1935. 

2. F. Hausdorff, Mengenlehre, Berlin, 1927 or 1935. 

3. B. Knaster and C. Kuratowski, Sur les ensembles connexes, Fundamenta Mathematicae, 
vol. 2 (1921), p. 206. | 

4. C. Kuratowski and G. T. Whyburn, Sur les éléments cycliques et leurs applications, 
Fundamenta Mathematicae, vol. 16 (1930), p. 305. 

5. G. T. Whyburn, Cyclicly connected continuous curves, Proceedings of the National Acad- 
emy of Sciences, vol. 13 (1927), p. 31. 

6. ———, Concerning the structure of a continuous curve, American Journal of Mathemat- 
ics, vol. 50 (1928), p. 167. 

7. R. L. Moore, Rice Institute Pamphlet, vol. 23, no. 1, 1936. 

8. T. Radé and P. V. Reichelderfer, Cyclic transitivity, Duke Mathematical Journal, vol. 6 
(1940), p. 474. 

9. J. W. T. Youngs, Arc-spaces, Duke Mathematical Journal, vol. 7 (1940), p. 68. 

10. K. Borsuk, Sur les rétractes, Fundamenta Mathematicae, vol. 27 (1931), p. 152. 


Onto STATE UNIVERSITY, 
Co.umsBus, OnIO 

PurpDvE UNIVERSITY, - 

LAFAYETTE, IND, 


} 
ithe 
4 
+ 
‘ 
a/ ’ 


\ 


